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Preface to the English Edition

The theory of variational methods, in particular, gauge theory and the the-
ory of harmonic maps has developed explosively over the last decade. The
theory is of essential importance in both physics and mathematics. In this
theory, the notion of a manifold, particularly an infinite-dimensional mani-
fold plays an essential role. However, a physicist colleague at my university
said to me once that mathematics, especially the notion of “manifold”, is dif-
ficult to learn. Every physicist wants to know mathematics, but every book on
differential geometry begins with an explanation of the notion of “manifold™.
This is a hard obstacle for beginners. At the time, I could only reply that the
earth is round and that to analyze it as lying in a flat plane is easy but would
lead only to a theory appropriate to the time before Columbus. When the
opportunity arose for me to write a book about harmonic maps, I recalled the
above dialogue and decided to write a book in which the first chapter contains
no definitions of mathematical notions, but rather contains an introduction
that explains the importance of learning the notion of “manifold™.

Such being the case, I started this book by giving a perspective of the roles
of variational methods and infinite-dimensional manifolds in mathematics
and in physics followed by elementary examples of physical problems includ-
ing problems in classical mechanics.

Readers of this book, who are familiar with Riemannian geometry and
want to get quickly to the theory of harmonic maps, can start with Chapter
4.

Logically, this book is constructed as indicated by the diagram on the next
page.

In Chapter 2, the notions of a Banach manifold, Hilbert manifold, and
the usual finite-dimensional manifold are introduced. Several notions in Rie-
mannian geometry and several examples of Riemannian manifolds are given,
and this chapter closes with the example of the infinite-dimensional manifold
consisting of all L, ,-maps from a compact manifold M into another com-
pact manifold N. This manifold, denoted by L, (M, N), is important in
Chapters 3, 4, and 6.
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In Chapter 3, the Morse theory on Hilbert or Banach manifolds, which was
initiated by Palais and Smale under the assumption of the Palais-Smale con-
dition (C), is explained. It is proved that if p > dim M, then the manifold
L, ,(M,N) satisfies the condition (C).

In Chapter 4, the notion of harmonic maps and the first variation formula
are introduced. Several examples of harmonic maps are presented.

The main topic in Chapter 5 is the second variation formula, and the
notion of stability of harmonic maps is defined. Xin’s instability theorem is
proved, and related results about the stability of holomorphic maps between
Kihler manifolds are given along with their proofs.

This book closes with Chapter 6 whose main topics are the existence and
construction problems of harmonic maps to the unit sphere, the complex
projective space, the unitary group, or to a compact nonpositively curved
Riemannian manifold.

I hope this book will be helpful to students of mathematics and to math-
ematical scientists who want to know and to study the recent developments
in the theories of harmonic maps and the variational methods which have
applications to broad areas of science.

Chapter 1

!

Chapter 2

N

Chapter 3 —— Chapter 4

!

Chapter 5

l

Chapter 6

Hajime Urakawa
Sendai
February 1993



Preface

In ancient times, Queen Dido of Carthage ordered her subjects to enclose
a maximum area of land making use of a given string made from the skin of
a cow. This problem has been known as the isoperimetric problem and one
of the origins of the calculus of variations. What did the Queen’s subjects
answer to her ?

As time went by, it was observed by J. Kepler, I. Newton, and G.W.
Leibnitz that the laws of nature can be described in terms of differential
equations. In particular, the law of universal gravitation due to Newton
became the origin of the differential calculus.

In the middle of the eighteenth century, L. Euler and J.L. Lagrange found
that the equation due to Newton is induced from “the problem of maximum
and minimum”. This was the origin of variational calculus and analysis.
Since then, Cauchy, Weierstrass, and Fourier established the foundations of
the differential calculus. At present, in high schools and the first year of
college, one studies differential and integral calculus from these historical
perspectives.

In the nineteenth century, Lobachevsky, Bolyai, and Gauss discovered the
notion of non-Euclidean spaces, and Riemann discovered the notion of Rie-
mannian metrics, and the differential and integral calculus of curved mani-
folds, that is, differential geometry. In the early part of the twentieth century,
A. Einstein’s theory of general relativity led to an increase in interest in Rie-
mannian geometry and in differential geometry.

The word “Geometry” originally meant measuring “Geo = the earth”, the
origin of geometry is geodesy. A geodesic is, roughly speaking, a shortest
curve between two points. This means that one should treat the notion of
“shortest curve™ in the space of all curves. This is a typical model of the
calculus of variations. The space of all curves is a very big space of infinite
dimension, and the differential calculus and the calculus of variations due
to Newton, Euler, and Lagrange allowed the study of calculus in an infinite-
dimensional space. Several principles in physics can be described by this
fundamental idea in the calculus of variations, which is the search for the
minima of some function such as the length.



xii PREFACE

M. Morse began the study of the relation between critical points of a func-
tion on a curved manifold and the topology of the manifold by making use
of these studies about geodesics. But to systematically study several varia-
tional problems one had to treat infinite-dimensional spaces which were also
important in the quantum field theory due to Dirac and Heisenberg. Fur-
thermore , the notion of a curved infinite-dimensional space, a so-called
“infinite-dimensional manifold” was necessary to handle a space of curves in
a satisfactory manner. From the latter half of the 1950°s to the early 1960’s,
J. Eells, R.S. Palais , and S. Smale showed the space of all smooth mappings
to be an infinite-dimensional manifold, and established a general theory of
differentiation of smooth functions on it and a critical point theory of func-
tions. The notion of harmonic mappings was established as critical points
of the energy (the action integral), and the existence of a harmonic mapping
into a nonpositive curved manifold was shown by Eells and Sampson.

Another origin of the theory of harmonic mappings was a problem pro-
posed by J. Plateau in the nineteenth century. This is a problem concerning
the existence and uniqueness of soup bubbles bounding a given wire (a closed
Jordan curve) in the 3-dimensional Euclidean space, in other words, to search
for a surface minimizing the area among all surfaces bounding a given Jor-
dan curve. T. Rado and J. Douglas solved this problem independently in
1930 ~ 1931. C.B. Morrey solved Plateau’s problem for an arbitrary Rie-
mannian manifold in 1948. These results can be regarded as theories of
harmonic mappings defined on a two-dimensional region with the boundary
conditions.

Today the theory of harmonic mappings is one of the most important
theories in areas of geometry such as the theories of Einstein metrics (=
theory of gravitations), Yang-Mills connections (= gauge theories), and it
has many applications in several fields.

It has been known for some time that there are difficulties in applying the
theory of Palais and Smale to several variational problems, for instance, the
theory of harmonic mappings. In particular, to apply the theory we need
the condition (C) of Palais and Smale. For condition (C) to be satisfied
we need the boarderline estimate of Sobolev’'s Lemma which is one of the
fundamental tools in analysis. So one can not apply variational methods
which do not satisfy condition (C). Many interesting geometric problems,
the theories harmonic mappings and Yang-Mills connections do not satisfy
condition (C). So one of the crucial objectives is to find a detour that bypasses
condition (C). K. Uhlenbeck succeeded in 1981 in finding a method that
gives an alternative proof of the Eells and Sampson’s theorem about the
existence of harmonic mappings into nonpositively curved manifolds, and
she proved, independently of L. Lemaire, the existence of a harmonic map
of a 2-dimensional manifold without boundary into a target manifold N
with n,(N) = {0}, which is the analogue of Plateau’s Problem. But in the
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case of a domain manifold of higher dimension, the existence problem for
harmonic maps is still unsolved, and there are a lot of unsolved interesting
problems in the calculus of variations.

In this book, except for the “Coffee Breaks™in Chapters 1, 3, and 4, we
have devoted the exposition to presenting a general theory of the calculus of
variations and the theory of harmonic mappings. If one reads through this
book, one obtains a fundamental knowledge of differential geometry and can
start to do research on harmonic mappings after referring to the three vast
works due to J. Eells and L. Lemaire. We hope this book becomes a good
handbook to researchers working on harmonic mappings and the calculus of
variations. This book is based on the author’s lectures at Hokkaido Univer-
sity, Osaka University, Hiroshima University, Tokyo Institute of Technology,
Ryukyu Univiversity, Tsukuba University, and on lectures in undergraduate
courses at Tohoku University. During the time this book was being prepared
at M. S. R. I, Berkeley, I was stimulated by a workshop related to the global
analysis, algebraic topology, and quantum field theory which has been stud-
ied by Atiyah, Witten, Manin, Segal, Tsuchiya, Kanie, and others. We hope
that reading through this book will also become a first step toward the study
of these vast research areas.

Finally, I express my sincere gratitude to Professor Shingo Murakami and
Mr. Shuji Hosoki of the Shokabo Publishing Co., Ltd. who encouraged me
to publish this book and who have given many valuable suggestions during
the preparation of this book.

Hajime Urakawa
Sendai
Fall 1990






CHAPTER 1

Calculus of Variations

The calculus of variations is a theory based on the belief that it is possible
to explain all things in the universe. In this chapter, we shall observe several
important theories of mathematics and physics that are derived by variational
methods and we will present some examples of the calculus of variations.

The aims of this book are to present a general theory of the calculus of vari-
ations, its applications, along with some serious difficulties with the calculus
of variations and how to overcome these difficulties in applying the theory
of harmonic mappings, which have been called nonlinear sigma models by
theoretical physists. In this chapter, we give an outline.

§1. The aims of this book

The aims of this book are, using a principle, called the variational method
or the calculus of variations which is useful in natural sciences, to under-
stand harmonic mappings (nonlinear sigma model) which are the most nat-
ural objects among smooth mappings and to introduce development of their
theories.

L What is the method of variations, or the variational principle ?

This is a method to select the best among a variety of objects. It is the
following process (see Figure 1.1, next page):
(1) Gather all relevant objects into a space X .
(2) Take an appropriate function E on X . If E is appropriate for the
purpose, then minima or maxima of E in X are the best objects.
Putting this idea into practice has been very difficult. However, a lot of
people have been fascinated by this idea.
From the time of 1. Newton, G.W. Leibnitz, P.L. Maupertuis, L. Euler,
and J. L. Lagrange, the calculus of variations has been carried out as follows:
(1) On the space X , one may consider the concept of the differential E'
of E.
(2) Then if x, € X is best, then it should attain the maximum or mini-
mum of E. So the derivative of E vanishes at x,, i.e.,

E'(x)) = 0.
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Among the elements of X, there
are good ones, x,, X,, ... ;
how does one find them?

FIGURE 1.1

(3) The point x, satisfying E'(x,) = 0 (called a critical point of E)
could be written and characterized in term of some differential equa-
tion (called the Euler-Lagrange equation).

(4) Thus, it remains only to solve this differential equation.

Sometimes, we can trace the inverse of the above approach:

(1) One should solve some differential equation which is important but
difficult to solve.

(2) To solve this equation, one could consider a certain space X and a
function E on X in such a way that the Euler-Lagrange equation
corresponding to E, i.e., E'(xo) = 0 corresponds to the equation in
question.

(3) Then one may only find a maximum or minimum of E on X.

For many interesting problems in mathematics and physics, one could
formulate the calculus of variations in this way, but it often happens that
both to find maxima and minima of E and to solve the corresponding Euler-
Lagrange equation are very difficult.

In the mid-1960s, R. Palais and S. Smale independently clarified under
which conditions on E and X, E has minima. This condition is called the
Palais-Smale condition (C).

To explain the Palais-Smale condition (C), we consider the following ex-
amples:

f(x)=x}, -c0<x<o0, (1)
g(x)= & , —00< X <oo. (2)
Both functions have infima 0, have only one critical point at x = 0, and tend
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glx)=e*

flri=x?

Here is the point.
FIGURE 1.2

to infinity as x — oo. (See Figure 1.2.) But they are very different from each
other. (1) has a minimum 0 at x = 0, but (2) does not attain any minimum.
What is the reason for these phenomena ?

One answer. For (1), /(0) =2 > 0, but for (2), £”(0) =0, g”(0)=6.
(so-called a study the sign of the second derivative of a function.)

Another answer. The former satisfies Palais-Smale’s condition (C), but the
latter does not (see §2, Chapter 3).

The first answer can be formulated in a theory of stability of critical points,
i.e., to study the sign of the second derivative E” (the second variation, or the
Hessian) of a function E on X . The second answer, i.e., to check whether
the Palais-Smale condition (C) holds or not is a litmus test as to whether
a given variational problem is difficult or not. We shall show that if the
condition (C) holds and the corresponding function E is bounded below,
then E attains a mimimum, which gives the desired answer! Otherwise, the
problems are very difficult. It so happens that many interesting problems
arising from geometric problems do not satisfy condition (C), but E has a
minimum.,

This book consists of the following chapters:

Chapter 1. We shall give several examples of the method of variations,
calculate the first variation E’, and learn how to derive the Euler-Lagrange
equations.

Chapter 2. Considering the derivative E' of E on X is, strictly speaking,
introducing a “manifold structure” on X and a differentiable function E on
it, and considering the derivative E'. This chapter is the foundation for a
rigorous treatment of the methods of variation.

Chapter 3. We shall explain the notions of critical point of a differentiable
function E on X, and the second derivative (the Hessian). We shall also
explain the Palais-Smale condition (C) and show that if it is satisfied, then the
function E which is bounded below, attains a munimum. We shall present
a theorem that holds when the condition (C) is satisfied.
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Chapter 4. As applications of the above theory, we shall introduce the
theory of harmonic mappings, called nonlinear sigma models by theoretical
physicists. Chapters 4, 5, and 6 can be read independently of the previous
chapters.

Chapter 5. We shall present the second variation formula for harmonic
mappings, and the stability or unstability of harmonic mappings as applica-
tions.

Chapter 6. The theory of harmonic mappings does not, in general, sat-
isfy the Palais-Smale condition (C). We shall explain Uhlenbeck’s method to
overcome this difficulty, and present recent developments on the existence,
construction, and classification theories of harmonic mappings.

§2. Methods of variations and field theories

Methods of variations are essentially important in physics, in particular,
in the field theories. In this section, we shall give an overview of harmonic
mappings and other related field theories.

It is known that there exist in nature, four kinds of forces — the grav-
itation, electromagnetism, weak interaction, and strong interaction. There
have been attempts to join these forces in a unified field theory. Gravitation
has been described as Einstein’s general relativity theory, and electromag-
netism as Maxwell’s theory. These four forces are understood as gauge field
theories by physicists. Recently, superstring theory, conformal field theory,
and topological quantum field theory have received much attention in both
mathematics and physics.

Mathematics, especially geometry, has been developed, sometimes deeply
influenced by and sometimes independently of such developments in physics.
In fact, some of the theories in physics correspond to theories in mathematics.
See Table 1.1

TABLE 1.1
Mathematics Physics
Einstein metrics Gravitations
Geometry of connections | Gauge theory
Harmonic maps String theories (Nonlinear sigma models)

Here, postponing any rigorous definitions, we describe these three theories as
derived by methods of variations.

Einstein metrics. We take as the space X the totality of Riemannian met-
rics with volume 1 on a fixed m-dimensional manifold, and as the function
E on X we take

E(g) :=/ S v, (called the total curvature of (M, g)), g€EX.
M

Sg is the scalar curvature, and v, is the canonical measure given by
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] ) Cu

- M

FIGURE 1.3

v, = ,/det(g,. j)dx,---dx, for a Riemannian metric g = 3_ g, dx, ® dx;.
It is known (cf. [N], called Hilbert’s theorem) that for any deformation
gp —€<1I<E, go=gv

g is a critical point of E in X < g? E(g)=0,
1=0

<= g is an Einstein metric, i.e., p=cg.

Here p is the Ricci tensor of g, and ¢ is some constant.

Yang-Mills connections. Let E be a vector bundle over a compact Rie-
mannian manifold (M, g), for example, E = M x C" (a direct product).
See Figure 1.3.

Then for the a space X we take , the totality of connections V of E,
and as a function E on X we take

E®):= % /M IR Pv,, $ex.

Here RY is the curvature tensor of V of E, and Il- Il is its norm (see 1.3
in Chapter 4). Then by definition for any deformation V, of V, —€ < t <
€, V,=V

’ 0 ’

¥V is a critical point of E < % E(V,) =0,
1=0

<= V is a Yang-Mills connection.

Harmonic mappings. We consider two compact Riemannian manifolds
(M, g), (N, h) and take for X the set C*°(M, N) of all smooth mappings
of M into N. For the function E on X, we take

@)= [ ldelv,,  seX=C(M. M),

where ||d¢|| is the norm of the differential d¢ of a mapping ¢ € C*(M, N)
with respect to the metrics g, h. (See Figure 1.4, next page.) Then by
definition (see 1.2, Chapter 4) that for any deformation ¢, of ¢, —€ <t <
€, ¢0 = ¢ ’
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a deformation ¢, of ¢

FIGURE 1.4

¢ is a critical point of E <= ‘-‘d- E(¢)=0,
t t=0

<= ¢ is a harmonic map,
i.e., a nonlinear sigma model.

It is known that there are several mysterious and strong similarities among
these three theories. See Table 1.2.

TABLE 1.2
Einstein metric | Yang-Mills conn. | Harmonic map
Stable nothing (A.) S.D. conn. holom. maps
Moduli E-met. deform. | moduli of S.D. Calabi constr.
Homog. | invar. E-met. invar. Y.M. minimal orbits
O.D.E. inhomo. E-met. | non-S.D. Y.M. O.D.E. constr.

In Table 1.2, “Stable” means stability or minimality of E; “nothing” in-
dicates that every Einstein metric is unstable, but Einstein-Kihler metrics
have some stabilities; “(A.) S. D.” stands for (anti)selfdual connections, and
“holom. maps” stands for holomorphic maps between Kiihler manifolds (cf.
§3, Chapter 5)

“Moduli” stands for theories of moduli spaces or deformation theories; “E-
met. deform.” , stands for deformation theories of Einstein metrics; “moduli
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of S.D.” stands for moduli theories of (anti)selfdual connections, and “Calabi
constr.” stands for the Calabi construction of harmonic mappings from 2-
spheres into symmetric spaces (cf. 2.3 Chapter 6).

“Homog.” stands for homogeneity; “invar. E-met.” stands for group action
invariant Einstein metrics on homogeneous spaces; “invar. Y.M.” stands for
group action invariant Yang-Mills connections on homogeneous spaces, and
“minimal orbits” stands for the theory of homogeneous minimal submani-
folds (cf. [H.L], [T.T], [M.O.U])).

“0.D.E.” stands for the theories of ordinary differential equations arising
from equivariant theories; “inhomo. E-met.” stands for the constructions of
inhomogeneous Einstein metrics; “non-S.D. Y.M.”, stands for the construc-
tions of unstable non-(anti)selfdual Yang-Mills connections; "O.D.E. constr.”
stands for the theory of constructions of harmonic mappings using by ordi-
nary differential equations(cf. 2.4, Chapter 6). (This table could be contin-
ued.)

A moral obtained from Table 1.2 is that if one finds an interesting result
in any box of these three theories, then one can expect to find analogues in
the others! This suggests a possibility of the existence of a unified field theory
in physics.

This book is an exposition introducing the methods of variations and fo-
cussing on the theory of the last vertical line in Table 1.2, harmonic mappings.

§3. Examples of the method of variations

In this section, we shall introduce examples of the “method of varia-
tions” known classically and show how to derive the Euler-Lagrange equa-
tions. The calculations in this section are in the textbooks for the first course
in physics at many universities. We recommend that the reader refer also
these textbooks.

3.1. Equation of Equilibrium States of Strings. Let us consider a homo-
geneous elastic string put first on the closed interval [0, L] in the xy-plane
and not pressed by any external forces. See Figure 1.5, next page. Next
we assume an external force acting in the direction y-axis and with strength
f(x) at each point x € [0, L]. In this case, we consider a problem finding
the position of equilibrium state of this string. Here our assumptions for a
string being homogeneous and elastic mean the force of tension is constant
u, and the density is constant p.

We denote by u(x), x € [0, L], the position of the string. Then the
position energy U is the sum of the energy U, arising from the tension u
and the energy U, arising from the external force pressing on the string. We
write

U=U+U,.
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FIGURE 1.5

Here U, and U, are given by
U, = u{ length of string — L}

_,,{/ Vi+ulds- L} p/{ 1+u,? }dx,

U= /0 fxux)dx,

respectively, where u,_ := §§ Therefore, the total energy E of the string
with position at u(x), x € [0, L], is given by

Eu=U=y /OL {\/1 Ul - 1}dx+/oLf(x)u(x)dx.

Recall the least potential energy principle.
e The equilibrium position should minimize the total en-
ergy E.
From this principle, we obtain

d
e ¢=oE(u +€ev)=0.

Here u + ev is a position near the equilibrium, and v is an (admissible)
function on [0, L]. Then we get

d uoE(u+cv) B dif'l;ﬂ.[” /OL{\/W’ l} dx

+/0Lf(u+ev)dx]

de

L L
=u/ (1 +ux2)-"2uxvxdx+/ fvdx
0 0

=/01. {-ﬂdi ((l +u,2)_”2“x) _,.f}vdx

A CGETR R
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using the partial integral formula. Thus, we obtain

/o ‘ {-u% (+u7",) + f} vdx (3.1)

+ {1+ u, D) Pu L) - (141,00, ©Ow©)} =

Thus,
(i) if the endpoints of the string being not fixed, then the function v
may be chosen arbitrarily, and we get

{ 4 ((l+u )"2 )=f(x), on the open interval (0, L),
ux(O)-ux(L)

(ii) if both the endpoints are fixed, then v should vanish at both of the
endpoints 0 and L, and we have

{ g ((+27%0) = 70, on the open imterval 0,.1), (3 5
u(O) =a, u(L) = p'

(3.2)

Since
((1 +u ) ) = (14 a7, (3.4)
the above nonlmear differential equation can be also written as
pu, (1 +u ) =71
In summary, we have

(3.5) REsuME. (1) In order to determine the equilibrium position of a string
in the field which the external force acts vertically to the x-axis, one may
search for a minimum of the function defined by

E(u) = p/{ 1+u, —l}dx+/ S(x)u(x)dx.

(II) To do the above, one may solve the nonlinear differential equation on
the open interval (0, L) given by

d u 2,-3/2
b= | === x)or pu (1+u’) """ =f(x),
dx( /l+ux2)

under the boundary conditions
u 0)=u(L)=0o0r u)=a,u(lL)=_4.
REMARK. If we take
P L
Eu):=5[ u, dx+/ Sfudx,

2 Jo 0

one can derive the Poisson equation
uuy = f.
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3.2. Equation of a vibrating string. We next consider the equation of a
vibrating string. We denote by u(t, x), the position of a string changing
with time ¢. The position energy U(¢) at ¢ is given by

U =[1/0L{\/1 +ul- 1} dx+[0Lf(x)u(x)dx.

At each point of a string, the kinetic enegy is locally } - mass - Ispeed|’, so
the kinetic energy T'(f) of the string is

Ll 2
Tt=/-udx.
(1) 02#,

Therefore, the total energy E(t) at time ¢ is given by the formula:

E@)=T()-U(1)
=/0L{%pu‘2-p\/l+u,z+u—fu} dx

Here recall Hamilton’s principle:
e The total energy is defined by

L}
E := E(t)dt

4

for an arbitrary position u(z, x) of a string. The real motion
of the string from time f, to time !, minimizes £ among
the totality of all possible positions which coincide with the
real motion at times ¢,, {,.

Since E is a function of u, we denote it by E(u). For all v(¢, x) satis-
fying

v(t,, x)=v(,,x)=0, xe€lo0, L),
the position u(f, x) of the real motion of a string must satisfy
iI E(u+ev) =

Here E(u) is given by

E(u) = /‘2/{ l+u +u- fu}dtdx.
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Therefore, we get

i' E(u+e€v)

=/:‘1/;L{-;-p(u,+ev,)2—u(l+(ux+€v,)2)l/2
+y—f(u+ev)}dtdx
=/;t2/:{pu, —u(l+u, H=izy ,,-fv} dtdx.

Using the partial integral formula, we find that it is equal to

[)L{[pu,v]:: —/tzpuuvdt} dx

/ {[““W )™ 0 ]:T—/OL;:%((I+u,’)"”u,)vdx} dt
—/;/fvdldx

/;'1[{ —PUytugT ((l+“ )-1/2 )-f}vdtdx

_[ {(l+u (t, L) )-'/zu,(t,L)v(r,L)

1
-1/2
2
- (l +u(t,0) ) u (1, 0)(t, 0)} dt.
Therefore, the last equation should vanish for all v satisfying v(¢,, x) =
v(t,, x) =0, x € [0, L]). Taking first v in such a way that the closure of
{(z, x); v(1, x) # 0} is contained in the set (¢,,,) x (0, L), we get the
equation
d -
puy— 1o ((1 +u’) '/2ux) +£=0 on(t,,1,)x(0,L).  (3.6)

Next taking v such that v(¢,, x) = v(1,, x) =0, x € [0, L], we get
X -1/2
/ ' {(1 +u(t, L)’) u (1, Lyv(t, L) 3.7
L

_ (1 +u(t, 0)2)—”2 u (1, 0)u(t, 0)} dt =

Hence, we get
(i) The endpoints of a string being not fixed, there are no restrictions of u
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and v, so we have

{pu“—u%((l +u,’)"”u,) +f=0, Rx(0,L),
u(t,Ly=u/,0=0, teR.

(ii) When the endpoints are fixed, v(¢, L) = v(¢, 0) = 0, Then in this
case, (3.7) holds always. Therefore,

{”“u‘”d_d;((“'“,z)"’zu,)+f=°’ Rx (0, L),

ut,L)y=a,u(t,0) =4, teR.

Moreover, we need the initial condition at ¢ = ¢, in order to determine
the motion of a string:

Uty X) = uy(x),
u,(ty, x) =uy(x), x €[0, L].

(3.8)

(3.9)

(3.10)

Summing up the above, we have

(3.11) REsuME. (1) To determine the motion of a string under an external
Jorce acting vertically the x-axis, for all times t,, t,, we may search for the
minimizer of the function E(u) of u defined by

1
E(u) =/;1 {%pu,z—u\/l+ux2+u—fu}dtdx.
1

(II) The equation of the motion of a string is the following nonlinear wave
equation on R x (0, L) given by

pu _,,i % _l+7=0
y dx \/H-uz

2,-3/2
pu, —pu  (1+u’) 2y f=0.

In order to determine the motion, we may solve this equation under the initial
condition at time t = t,:

or

u(ty, x) = uy(x), u,(ty, x) = uy(x), x €0, L],
and the boundary condition at both the end points x =0, L:
u(t,Ly=u(t,0)=0 or u(t,L)=a,ut,0)=_4.
REMARK. If we take as the function E,

6, rL 1 2 1
E :=/ / {- u —-=zu - }drdx,
(u) i Jo zp 1 zux Su

then we derive the wave equation
pu,—pu  +f=0.
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Iy

FIGURE 1.6

3.3. Equation of equilibrium states of membranes. Assume first that a
membrane is at a stationary state under no external force and is put on
a domain Q c R?> . Then when an external force with strength f(x) at
x =(x,, X,) € Q acts vertically the xy-plane R?, we shall find the equations
of equilibrium state and a vibrating motion for the membrane. We sketch
them briefly since they are similar to the material in subsections 3.1 and 3.2.

(3.12) We assume the strength of the membrane is constant u and its
density is also constant p. Then the total energy of the membrane being at
u(x), x € Q is given by

E(u)=U,+U,,
where

U, : = p{surface area of membrane — |Q|}

—u/{ l+|Vu|z—l}dx,

and

IVuI2 :

2 2
du
2(5;) ,  dx:=dx dx,, |9 :=/ndx
U,:= / Sfudx.
o
See Figure 1.6. Therefore ,

E(u)=u]‘;{\/l+|7ulz-l}dx-o-/ofudx.

For v a function on Q and u + €v a position of a membrane near the one
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u of equilibrium, we get

d _d 2
= E(u+ev)—d—é'(ﬂ[ﬂ/g{\/l-{-lV«+éVt}| -l}dx (3.13)

€=0
+/0f(u+ev)dx]
=;¢/;{F(Vu, Vv) + fv}dx,

where F := (1+|Vul’)""? and (Vu, Vo) := T}, §% 22 . Recall the fol-
lowing Stokes’ theorem:

STOKES' THEOREM. For continuous functions P, Q on Q smooth on Q,

[8 (Pdx,+ Qdx) = /; (aQ oF )dx,dxz,

ox, axz
where Q is the closure of a domain Q.
Applying Stokes’ theorem to P := —vF % , Q:=vF % , we get

aQ oP 2 du dv ( )
9x,  x, =F P ax; 8x Z dx; '
Thus, we get

-dd?ﬂoE(u+ev)=/0[ ”Zax( 8x,)+f]vdx

iw]

+/ao{ azdxl+vl-'ax dxz}

Here denoting by do the canonical surface measure of Q2, by v the inward
unit normal vector at 2, and by g—g the derivative of u in the direction
v, we get

the second term of the above = — / vF ou do.
an 8u

Therefore, we obtain

/Q[-“gaixi( )+f]vdx vFg—:da=o. (3.14)

an

Thus,
(i) if the membrane is vibrating freely, then v may be taken arbitrarily,

and so )
E(r3)-1 .

du
E—O on 9Q.

(3.15)
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(ii) If the boundary of the membrane is fixed, then since v = 0 on 992,

we get
”Zax( ) / @, (3.16)

i=1
u=g9 on 89,
where ¢ is a given boundary value on 9Q2. Summing up the above, we have

ReEsuME. (I) To determine the position of the equiblium of a membrane
under the external force which acts vertically to the xy-plane R?, search Jor
a minimizer of

E(u)=;4/0{\/l+|Vu|z—l}dx+qudx.

(I)  To do this, we may solve the nonlinear equation

2 7] 1 du
f inQ,
"2, (\/u: .(g-)””‘)

under the boundary condition §* =0, on 8Q, or u= g, on 8Q.

REMARK 1. If f =0, this equation is called the minimal surface equation
or the Euler equation.
REMARK 2. If we take

E(u):= /0 {gwuﬁ- fu} dx,

then we get the Poisson equation

2, 8% _ .
”.-Z:,bx—’ =f (in Q). (3.17)

REMARK 3. The nonlinear equation of a vibrating membrane can be
obtained in a similar way and is of the form

1 ou
Uy ﬂ§ (\/Hz‘,a'(ﬂ)zax)ﬁ 0 (in @),

and the linear wave equation is

pu, — :u+f 0 in Q.

i=|
3.4. Closed geodesics on the standard spheres. Next we shall consider a
more geometric problem. A closed smooth curve in R® whose period is 2z
is written of the form
#(x) = (¢,(x), ¢5(x), ¢3(x)) € R, xe€l0,2n]
Here periodicity of period 2z means ¢(x + 27) = ¢(x), i.e., ¢,(x +2xn) =
¢,(x), i=1,2,3. Let us consider the following problem:
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PROBLEM. Among such curves, which are the critical points of the energy

given by
22 3 do. 2
E@):=3 /0 2(2%) dx? (3.18)
i=1

To answer this question we take a deformation of such a curve ¢, ¢,(x)
(¢¢'](x)' ¢‘.2(X), ¢(.3(X)), X € [0, 27!], where ¢° = ¢ and ¢((x+ 27!)
é.(x), x €0, 2n]. Then

d 1 [*d| & (9% i(x)\?
del F@o=3 [ Zl . E(—dx ) ax
w3 d| do, (x)dg, x) .
=./o EZEGO dx dx
d¢ (X) x=2%
[Zde ¢‘ '( ) x=0

S G ) S

Since both ¢,(x) and ¢, ,(x) are periodic of period 2z, the first term of
the final expression above vanishes. Moreover, for

d d d
7l o= (7| o0 2| ecm. 2| o).

since ¢, is an arbitrary deformation of ¢, we may take for £/ _.4, LX),
an arbitrary smooth periodic function. Therefore, that the above vanishes
implies

2
d¢(x) i=1,2,3.
Thus, we get ¢,(x) = B,.x +A;,i=1,2,3, where 4,, B; are constants.
But periodicity yields B; = 0; thus, we obtain ¢,(x) = 4,, x €[0, 2x], i.e.,
we obtain only trivial solutions in this case.

On the other hand, we add to smooth curves ¢ of period 2x, the following
constraint condition: all curves ¢ should lie on the unit sphere

2 3 2 2 2
S ={0, V. V) ER; y +y, +y; =1}

We consider the similar problem that among such curves which are the critical
points of E.

In the same way as before, calculating £|,_oE(¢,) = 0, after taking a
deformation ¢,(x), x € [0, 2n], we get

[ (.

i=1

d’s, (x)

dx =0.

Slx ) =2
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Here we must take account of the constraint condition: ¢,(x) € s, xe
[0, 2x).

For this, we consider the tangent space of s? at y € s? , which is the
plane perpendicular to the vector y, i.e.,

TS :={VekR’;(V,y) =0}, (3.19)
where (, ) is the standard inner product of R’. Then each vector V € R®
can be decomposed into

V=(W,yy+V-(V,yW), (3.20)
and the second term belongs to T,,S2 .

Now the constraint condition that ¢,(x) € S? for each x implies that
(¢.(x), ¢,(x)) = 1. Differentiate it at € = 0. Since ¢y(x) = ¢(x)

(7| e, 000) =0,

At each y = ¢(x), 3-| 0% (x) € “X)S can be taken to be any element in
T, 82 by (3.19) the «x)s -component of the element

&x)
d’¢ _ (d’cs. d’¢, d’¢,)

RACEE oY

dx? \dx?’ dx?’ dx?

must vanish. By (3.20), we get

d’¢ _ /d’(x)
5= (T8 p0) o), (3.21)
which can be rewritten as
d’¢  /do dé
2t <dx dx>¢ 0. (322)
since by differentiating (¢(x), ¢(x)) =1 at each x € [0, 2x], we get
(22, 400 =o. (3.23)
Differentiating (3.23), we get
d’¢(x) dé(x) dg(x)
< 2 ,¢(x)> +< . > 0. (3.24)

Here due to (3.22), notice that (442, 4%x)) js constant in x. Indeed,
=-2<<:ﬁ Zﬁ>¢, ¢> (by (3.22))
--3{2¢.29)(.2) <0 w529
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FIGURE 1.7

So assuming ¢ is nontrivial, we may set

<d¢ de\ _ 2

5’3? =c, c>0.

Then
d’s <d¢ d¢>¢=0 d’¢,

2, _ s

& ¢ (x)=A;coscx+B;sincx,i=1,2,3
<= ¢(x)=coscxA+sincxB,
where A:=(4,, 4,, 4,;), B:=(B,, B,, By) € R®. Necessary and sufficient
conditions for such a curve ¢(x), x € [0, 2x], to lie in S? and to be periodic
in x with period 2z are
{(A,A):(B,B):l,(A,B):O, and

. (3.25)
c=m, integer.

Thus, such a ¢(x) is a great circle of S? and turns m times when x varies

from 0 to 2z (if m <0, it turns in the reverse direction). See Figure 1.7.

(3.26) RESUME. Among the set of all smooth periodic curves ¢(x) =
(#,(x), ¢,(x), #5(x), x € [0, 2n] of period 2=, all critical points of E given
by

1 =& (dg;\?
Bo=3 ), 2 (3) o
are, under the constraint condition that ¢ lies in the unit sphere
2, .2, 2
Sz = {(y| s V. V3)s ¥ty Y3 = 1},
solutions of the differential equation

Lo, (8 46\y

dx’ dx
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All such solutions are great circles of s? turning around m times when x
varies from 0 to 2=n.

§4. A guide to the further study of the calculus of variations

Summing up the calculations of §3, we shall give some guidance to the
further study of the calculus of variations and the benefits of this book.

(1) It would be a misunderstanding of the calculus in §3 if someone were
to guess that he found the Euler-Lagrange equation, the only remaining thing
might be to solve it, and even if he could not do it, he might find any ap-
proximate solution by using a computer. For such a person, the instability
theorem stated in §2 of Chapter 5 might be a good moral. It says that any
nonconstant harmonic mapping from the unit sphere of dimension higher
than two is unstable. The notion of harmonic mapping is quite natural, and
it is easy to find the Euler-Lagrange equation. Nevertheless, this theorem says
one can only constant mappings even to intend to find an approximate so-
lution unless one comes up with ideas. But to the contrary, Theorem (2.52)
in Chapter 6 claims that any smooth mapping of the unit sphere of lower
dimension than eight into itself can be deformed to a harmonic mapping.
We should continue to elaborate to solve the equation.

(2) Following the next chapter, we shall treat the notion of “a mani-
Jfold” and in addition, “an infinite dimensional manifold”. Our only aim is to
derive and solve the Euler-Lagrange equation. This seems to be a long detour;
however, the reason for using the notion of manifold is this: Once one seizes
the concepts of a manifold, a smooth function on it, its tangent vectors, then
one can see the calculations of §3 in perspective. This is the most important
thing in global differential geometry.

The meaning of the calculations in §3 is this: We took

X = the totality of all possible positions of a string
= the totality of smooth functions on [0, L],

for the problem of determining the equilibrium of a string in subsection 3.1,
and we took X = the totality of smooth periodic mappings of period 2n of
[0, 2] into S?, for the problem of finding closed geedesics in the unit
sphere in subsection 3.4. We then take a deformation u + €v or ¢, of
u€ X, ¢ € X, respectively, and we require the condition

% e=o£(u +€ev)=0 or ‘% (=OE(¢¢) =0,
for all deformations. At first glance, this might appear rather strange, but it
is quite natural if one introduces the notion of manifold:

Let us consider a manifold X, and a differentiable function £ on X.
This guarantees we can consider smooth curves in X, a differentiation of
E, etc. In this way, the meaning of the rather lengthy calculation in §3 is
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/ \/x
FIGURE 1.8

clearly like the situation of a surface in 3-dimensional Euclidean space. See
Figure 1.8.

o Take a deformation of ¢, of ¢, that is, a smooth curve
€—¢, in X.

¢ Then consider the tangent vector, say v, of this smooth
curve:
d

V= =

de P

ex=0

o Wesee £| _oE(8,) is the partial derivative of E at ¢
in the direction v :

dE,(v) = %| _E@).

o Therefore, ¢ a critical point of E means that all the
derivatives of E at ¢ in the directions v vanish, i.e., the
total derivative of E at ¢ vanishes:

dE¢ =0 < dE¢(v) =0 foreachv.

Thus, that the first derivative of E at ¢ is zero is just that ¢ is a critical
point of a function E on X . This enables us to understand the Palais-Smales
condition (C) which is a key to the theory of the calculus of variations.

Even if it is difficult to solve problems of the calculus of variations, it is
very important to imagine a 3-dimensional geometrical figure. The concept
of a manifold in a differential geometry is to guarantee this magic. Of course,
one needs some effort to get such magic.

Exercises
1.1. For a smooth function u on [0, L], we put

L L
J(u) :=](; u’dx (0<p<o), E(u) :=/o u’dx,
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where u, = u'(x) = 4¢.
(i) Fmd the Euler-Lagrange equation corresponding to E .
(ii) Find the Euler-Lagrange equation corresponding to J .
(iii) For 0 < € < oc, find the Euler-Lagrange equation to E, (1) := E(u)+
€J(u).
1.2. Find a general solution of the following ordinary equation for an un-
known function y = y(x),

d ’
o4 () o
Here a is a positive constant, f(x) is a given function, and y' = % .
1.3. Let Qc R? , be a bounded domain, and let
2
A=—(£ﬁ—z+5i—2z),x=(x,,x2).

Then using the method of the separation of variables, solve the following
differential equation

pu,+puAu=0 on RxQ,
under the initial condition at ¢ =,

u(t,, x) = uy(x), u,(ty, x) = u,(x),
and the boundary condition on 9Q2,
u(t,x)=0, (t, x) e Rx 8Q.

1.4. Let (x,y) = (x,, x,) € RY. Then if u = u(x, y), the equation of a
minimal surface is

c’)ix( uxz z)+%( “yz 2) =0.
Vi+u'+u, Y\Ji+ul+u,
Show that this is equivalent to the equation

2
uxx(l+uy)- u.u, +u, (1+u, )-

xy

<« Coffee Break > Classical mechanics
In his epochmaking book Principia mathematica philosophiae naturalis
(1687), 1. Newton clarified the motions of planets of the solar system which
obey the following three laws:
The first law --- the law of inertia,
the second law --- the law of motion,
the third law --- the law of action and reaction.
Here we note briefly the second law “the law of motion™ and its develop-
ment.
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By the second law, the orbit of a particle of mass m in the space R® with
a potential field given by a function V(x), x=(x,, x,, x;) € R®, traces a
curve x = x(t) = (x,(7), x,(f), x5(¢)) which obeys the equation

mx +grad V(x) = 0. (n
Here we denote the first and seconczl deri:rativo;c of x with respect to time ¢
by x = (42, 42, 40) and i:(%’{l,f-ﬁi,d—?).l!ydeﬁnition,

av av av
gradV(x) = (8xl ax,’ 8x3)

so (1) can be written as

av
ax;

i

(mx)+ =0, i=1,2,3. (1

Moreover, putting F := —grad V' (x), called a field of conservation potential,
(1) is also written as
F=mx, (1"
which is the famous formula in classical physics.
Euler and Lagrange reformulated this into the following form (which is
the origin of the method of variations).
Consider a function on R® x R®, called a Lagrange function, given by

L(x, %) := %u*u’ -V(x), (x,%x)eR’xR

Here we regard X = (x,, X,, X;) € R’ as an independent variable. Then we
consider the equation of motion of a particle through two points Xos X at
times to, 4 (to < t,). Euler and Lagrange showed the orbit of motion of a
particle is given by a curve which among the curves a(f) = x(¢) satisfying

a(t,) =Xp>» a(t,) =x,,
minimizes the following function E : for any curve in R’ ,
[t 1,13t a(1) = (0,(1), 05(1), 04(1) €R’,
we define
{
E@):= [ L(ew), 6@t 3)

)
Indeed, the orbit of the motion, ¢ = g(t) satisfies the condition that for all
R’-valued functions h(t) = (h, (1), hy(t), hy(1)) € R® on [t,, t,] satisfying
h(t)) = h(t,) =0

d
y ¢=oE(a +eh)=0. (4)
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Using the partial integral formula, we get

" il L(a(t) + €h(1), 6(t) + eh(2)) dt

/"gl{ h}dt

h 9L d L =h
[ ,l{ax dlax}hd [E h] =ty
h 6L d oL
[ z{«‘ix dtax }h dt.

0 jm]

d
de (=OE(0 +e¢eh) =

Here h = (h,, h,, h;) is any smooth function with h(t) = h(z,) = 0.
Therefore, the equation which the curve o(f) = x(¢) satisfying (4) should
obey is

— -5 ===0, i=1,2,3, (5

which is called the Euler-Lagrange equation of motion. Moreover, since the
function L is given by (2),

L cmx, 2LV 12,3
ax, "' ax,” Tox, IO

which are substituted into (5), and (1’) is obtained.

As above, Euler and Lagrange reconstructed Newton’s motion equation
through the method of variations.

After them, W.R. Hamilton called p := m x, the momentum, and consid-
ered the function H on R’ x R® (called the Hamilton function)

H(x’ l’) = % ||p||z+V(x), (x’ p) = (xl ’ va x}v pl ’ p2, p3) e Rsxksv

(6)
and the equation for a curve (x(f),p(?))=(x,(2), X5(2), X5(2), P, (1), P5(2), P5(2))
in R* xR® in time ¢,

’ . (7)

which is called Hamilton’s canonical equation. The first term of (6), and
the second term of (6) are called the kinetic energy, the potential energy,
respectively. Since the function H is given by (6),

O0H _ p; OH _aVv

3, m’ ax, = ox,’ i=1,2,3,
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which is substituted into (7), then (1’) is obtained. Therefore, Newton's
equation of motion can be obtained through Hamilton’s canonical equation
corresponding to Hamilton’s function on R® x R?.

The theory for studying the Euler-Lagrange motion equation ($) is called
analytical dynamics. The theory of Hamilton’s canonical equation can be
formulated into a geometry on the cotangent bundle 7°M of a manifold
M , which is one of most important theories of differential geometry and has
been developed greatly. This beautiful theory is called classical mechsanics.
We recommend for the mathematical theory of classical mechanics, a famous
book by V. 1. Amold, Mathematical methods of classical mechanics, Grad-
uate Texts in Math., vol. 60, Springer-Verlag, Berlin and New York, 1978.
Classical mechanics is the foundation of both mathematics and physics and
is a treasureland of unsolved problems.

In 1744, in Berlin, L. Euler while 37 years old, wrote the first book in
history about methods of variation. He moved to Petersburg, in Russia, at
the age of 59. He lost his eyesight, but remained active mathematically until
his death at the age of 76. He is called a father of Russian Mathematics.



CHAPTER 2

Manifolds

The notion of differentiation initiated by Newton, Leibnitz, Euler, and
Lagrange needed to be extended to differentiation on an infinite dimensional
space which goes beyond ordinary differentiation or the partial derivative
with respect to n variables. We start to lay the foundation to carry this out.
To do this, we shall need the notion of a manifold.

From the partial derivatives of n variables, one got naturally the notion of
an n-dimensional manifold, which gave a foundation for Einstein’s general
relativity and for Riemannian geometry. But it was not sufficient to deal in
earnest with the calculus of variations. An infinite dimensional manifold was
necessary. From the late 1950’s to the mid 1960s, this theory was established.
We shall explain it in detail.

§1. Continuity, differentiation, and integration

We start with continuity and differentiation. We shall extend these notions
given in the first undergraduate course, to a Banach space. For readers not
familiar with Banach spaces, not much is lost if it is regarded as the calculus
on the n-dimensional Euclidean space R".

1.1. Continuity and Linear Operators.

(1.1) Banach spaces. A Banach space is by definition (E, || ||) such that
E is a vector space over R with the following three conditions (i), (ii), (iii)
satisfied:

(i) Addition and scalar multiplication.

x,yeEE, A, uyeR= Ax+uy€kE,

are defined.
(ii) Amorm || || On E,i.e.,
(ii-a) llx +yll < lixli+1lI¥ll, x, y€ E,
(ii-b) |lAx|=|Alllxll,A€R, x€ E,
(ii<) |[lx|| 2 0, x € E, and equality holds if and only if x = 0, is
given and satisfies the following condition:
(iii) Completeness.

25
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A sequence {x,}.., in E isa Cauchy sequence if ||x,—x,|| — 0 (if n, m —
oc). A vector space (E, || ||) with a norm || || is complete if for any Cauchy
sequence {xn}::, , there exists a point p in E such that x, converges to
p.ie., |x,—pll = 0 if n — s . (We denote this simply by x, — p.) We
assume this condition.

(1.2) A Hilbert space. A Hilbert space is by definition, (H, (,)) such
that
(i) H is a vector space over R,

(ii) an inner product (,) on H,i.e.,
(ii-a) (Ax+uy,z)=Alx,2z)+uly,z), A, ueR, x,y,z€eH,
(ii-b) (x,y)=(y,x), x,yeH,
(ii-c) (x,x) > 0, x € H, equality holds if and only if x = 0, is

given and if we give anorm on H by | x| := (x, x)'/z, xXeH,
(iii) (H, | ||) is complete in the sense of (1.1).

EXAMPLE 1. Let H =R". We define the usual inner product on H by

n
X, =d Xy, x=(x,....%,), y=0,...,y,) €R".

i=1

Then (H,( , )) is an n-dimensional Hilbert space, which is called
n-dimensional Euclidean space.

ExamPLE 2. (i) Let 0<p <oco. Wedenoteby E = L,(R") the set of
all real valued measurable functions f on R" satisfying

= ([ [ 1o dxdz,) <o

For f,, f, € Lp(R"), we write f, = f, if fi(x) = f(x) for almost every
x € R", and we set

Afi +uh)(x)=Afi(x)+ufi(x), x€eM.
Then (E, || |l,) is a Banach space. If p=2,

o0 oo
. fo) :=/ L) f(x)dx,---dx,,
-0 -0

gives an inner product (, ) on L,(R"),and (L,(R"), (,)) is a Hilbert space.

(ii) Let c® ([0, 1]) be the space of all real-valued continuous functions
on the closed interval [0, 1] with the same addition and scalar multiplication
as the above example (i). Then by the following norm || ||, it is a Banach
space:

I/l := sup{lf(x)I; x € [0, 1]}.

In the following, we denote Banach spaces by, E, F, ..., and denote by

the same letter || ||, eachnormon E, F, ....
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I

FIGURE 2.1

For p € E, r > 0, the open ball centered at p and with radius r is the
set
B(p):={x€E;|x-pll<r}
A subset U of E is called an open set if for each point p in U, we can
take a small number 7 > 0 such that B, (p) C U. See Figure 2.1.

(1.3) Continuous functions. Let E, F be two Banach spaces and let U
be an open subset of E. An F-valued function f definedon U, f:U —
F , is continuous at p € U if for any sequence {x,},-, in U convergent to
p, f(x,) = f(p)(n — 00). A function that is continuous at each point in
U is said to be continuous on U.

A mapping T : E — F is said to be linear if T satisfies the equation

T(Ax +uy) =AT(x)+uT(y), A4, nu€R,x,y€eE.
A mapping T is bounded if there exists a positive constant C > 0 such that
IT(x) <Clix]] forall xe€kE. (1.4)

(1.5) Any bounded linear mapping is continuous, and conversely any con-
tinuous linear mapping is bounded.
In fact, if a linear mapping 7 : E — F is bounded, since

IT(x,) = TPl = IT(x, - p)Il £ Cllx, = pll = 0 (1 — ),

T is continuous. Conversely, assume that a linear mapping 7T is continuous
at p € E. Then there exists B > 0 such that

Ix-pll<B = |T(x-p)Il=IT(x)-Tp) <1
Then if ||yl < B, |T(»)l| < 1. Hence, forall 0#z€ E,

irn = L r( 22| < L

Therefore, taking C = 3, we get the inequality (1.4). O
(1.6) We denote by L(E, F) the totality of all bounded linear mappings
of E into F. Then L(E, F) becomes a Banach space as follows:
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(i) Addition and scalar multiplication. For T,, T, € L(E, F), 4, pu €
R,
(AT, + uT,)(x) := AT\ (x) + uT,(x), x€E.
(ii) Normon L(E, F). For T € L(E, F), we define its norm ||T| to
be the infimum of the constants C satisfying (1.4), i.e.,

71 := sup{lIT(x)Il/lixll; O # x € E}.
Then by definition,
ITCH < UTNlxll, x€kE.

(iii) Completeness of (L(E, F), |l |l). Let {T,},., be a Cauchy se-
quence in L(E, F) with respect to || ||. Then for each x € E, {T,(x)}.,
is also Cauchy sequence in F. Since F is complete, there exists y, say
T(x), such that T, (x) — y € F. We need only check such 7T belongs to
L(E, F) and ||T, — T|| — O (see exercise 2.2).

(1.7) Direct product of Banach spaces. For n Banachspaces E,, ..., E,,
let
E:=E x---xE, ={(x,,...,x,);x,€E,,... ,x, €E,}.

Define the addition and scalar multiplication on E by,
AX+py=@Ax,+ Uy, ... ;Ax, +uy,),

for x = (x;,...,x,), ¥y = (¥,...,¥,) € E, A4, u € R, and define the
norm |jx|| of x =(x,,..., x,) € E by

llxll = (Z nx,-u’) ”

i=1
Then (E, || |]) = (E,x---xE,_, || ||) becomes a Banach space, called a direct
product Banach space.

(1.8) n-multilinear mappings. A mapping T of a direct product Banach
space E, x---x E, into a Banach space F is called n-multilinear if for each
number i=1,...,n,

T, e s AX+FUXG ey X,)
SAT(x, ooy Xy ey X)) FHT(X ey Xy e X,)
for 1, p€R, x;, x; € E;. We denote by L(E,, ..., E,; F), the totality
of all bounded n-multilinear mappings of E, x --- x E, into F. Here an
n-multilinear mapping 7T : E, x --- x E, — F is bounded if there exists a
positive constant C such that
ITCx s XIS Clx I lx,l, X, €E,

The space L(E,,...,E,; F) becomes a Banach space as follows. The
boundedness of T is equivalent to its continuity in the same way as (1.5).
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The addition and scalar multiplication of L(E,, ..., E,; F) is clearly de-
fined. The norm is defined as follows. For T € L(E, ..., E,; F), define
|IT}l as the infimum of the above constants C, i.e.,

TN == sup{[IT(x,, -~ xJI/lx, Ml - lix,ll; 0 # x; € E;, 1 <i < m}.
(1.9) In particular, if E, =---= E, = E, wedenote L(E,,--- , E ; F)
= L"(E; F). There exists a canonical isomorphism (as Banach spaces):
L(E,,E,; F)= L(E,, L(E,, F)).

In fact, the isomorphism is given as follows: For T € L(E,, E,; F),
define a linear mapping of E, into L(E,, F), E, 3 x, = T(x,) € L(E,, F),
by

T(x,)(x,) :=T(x,, X;), X, €E,.

Repeating the above inductively, we get
LE,,....,E;F)=L(E,,...,E; L,

in particular,

srr oo Egs F)), (1.10)
L"™*\(E; F)= L(E; L"(E; F)). (1.10)

1.2. Differentiation. Here we consider a mapping f: U — F, not linear
in general, defined on an open subset U of E. f is differentiable at p € U
if there exists a bounded linear mapping T € L(E, F) such that

I/ +x)-f(p) - TX)I/IIx|| =0  asx—0. (L11)

Note that since U isopenin E, if x is close to O, then p+ x € U and
S(p + x) is well defined.

This T € L(E, F) is uniquely determined as we shall show below, thus,
T is called a differential of f at p, denoted by df,, f,,, f'(p).

In fact, assume that there is another T' € L(E, F), then
T(x)-T'(x)= - {f(p +x) - f(p) - T(x)}
+{f+x)- f(p) - T'(x)},
and using (1.11) we get
IT(x) - T'(x)I/IxIl = 0, asx—0. (1.11")

Then for arbitrarily given 0 # z € E, we shall show ||T(z) - T'(z)|| = 0.
For a sufficiently small € > 0, we get p+€z € U, and so substituting x =€z
into (1.11') we get

IT(ez) - T'(e2)li/lezll » 0, ase —O.

On the other hand, since T, T  are linear, the left hand side coincides
with ||T(z) — T'(2)||/llzll which is independent of €. Therefore, we obtain
[IT(z)-T'(z)|| = 0, which is the desired result. See Figure 2.2, next page. O
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FIGURE 2.2

(1.12) If f:U — F is differentiable at p, then its differential df, €
L(E, F) is defined by setting
df (x) = lim }{ f(p+1x)- f(p)} forx€E.

Here the right-hand side is a limit in the Banach space F, and we denote it

also by

d

7 :-of(p +1x),

which we call the x-direction derivative of f at p.
Conversely, we have the following

PROPOSITION (Zorn [Z]). Assume that f : U — F satisfies the condition
that for each p € U,
d
df,(x) .-m’gof(p-i-tx), x€eE

exists and dfp € L(E,F), ie, E> x — dfp(x) € F is bounded linear.
Moreover, we assume E > p — df, € L(E, F) is continuous. Then f is
differentiable on U and dj,‘, is a differential of f at p.

OUTLINE OF PROOF. We need the mean value theorem (1.26) below, which
asserts that taking v € E suchthat p+tve U, 0<t<1,

1
f+v) - o) = [ df ().
For such p, v, we put
w(p,v) = f(p+v)- f(p)-df,(v)€F. (1.12")

Then by a proof of the Hahn-Banach theorem below (1.27), there exists a
bounded linear mapping 4 : F — R such that

AMw(pp,v)) =llwpp,v)l and [4]=1.
Then by (1.12'),
lw(p, v)ll = Aw(p, v))
=A(f(p +v) - f(p)) - Mdf,(v))

1
= [ Adpyn, - .
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Together with [|A]| =1, we get
lo(p, v)ll < flvll up df, ., — a7, |-
By the assumption that dj; is contim:o:ss in p, we have
osgl:lgn Ndf,,p, —dfl = 0 as [lv]j = 0.

Together with the above, we get
lim Jlo(p, v)II/llvll = 0,

which implies that f is differentiable and its differential at p coincides with
df,. O

pThe interpretation of the above Zorn’s proposition is that a function f
which is partially differentiable in all directions and satisfies the additional
continuity assumptions about the partial differentials, is in fact, differentiable.

(1.13) If f is differentiable at p, then f is continuous at p.

Indeed, if x — 0, the assertion follows from the inequality

I/ +x)= N < ITN+ /(P +x)- flp)-T(x)| -0 O
The following facts can be seen by definition, their proofs are left to the
readers.
(1.14) If f is differentiable at p, and p € V C U open subsets, then
the restriction g = f],,, of f to V is differentiable at p and dfp = dgp .
(1.15) If f:U — F is constant, then f is differentiable at any p and
[, =0.

? (1.16) If T:E — F is a bounded linear mapping, p € U C E, an open
set, and f = T|, the restriction to U, then f is differentiable at p and
df, =T.

p(l.l7) If f, g: U — F are differentiable at p € U, and 4, u € R,
then Af + ug is also differentiable at p and d(Af + ug), = Adf, + udg, .
(1.18) Diffferentiation law of the composition. Let E, F, G be three

Banach spaces,let UCE, VCF beopensets,let f:U—-F, g:V—-G
be mappings differentiable at p € U, f(p) € V, respectively, and assume
S(U) c V. Then the composition go f: U — G is differentiable at p and
d(g > 1), = dgy,, odf,.

ExaMpPLE 3. A mapping f:R™ — R" can be expressed using the coor-
dinates of R”, R" as
S ="f(x)s s f,x)), x="(x,,...,x,)€EUCR"”,

where ‘ is the transposed matrix. Then the differentiation df, : R™ — R"
of f at pe U is given by
i (?rffm %{:(p)) uy ,
( p)(u)= ‘e . .
w0

u, u,
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In fact, if we denote by T the (7, m)-matrix on the right-hand side of
the above, then the ith component of f(p+u)— f(p)— T(u) coincides with

fo+u-50)-3 2oy
ip +u) = fi(p) & 9% Yu;.
Therefore, if each f, is differentiable at p, then

IS +u) - f(p) - T(w)ll/llull -0 asu—0. O

(1.19) C'-function. If f: U — F is differentiable everywhere on U,
then df :p — dfp isan L(E, F)-valued function on U. We say f is C'
if df : U - L(E, F) is continuous.

Moreover, if df is differentiable at p € U, the differentiation of U 3
xw—df € L(E,F) at p is d(df), € L(E, L(E, F)) and T = d(df),
satisfies

1@y, —dfy = TCN/IXI =0 as x —0.
We write also d j;, for d(df)p and call it second derivative. Using (1.9)
and the identification L(E, L(E, F)) = LZ(E ; F), we find that d? fisa
bilinear mapping of E x E into F and moreover,

(1.20) &%/, is symmetric, i.e.,

df(x,y)=d*fy,x), x,yeE.

This implies that twice differentiation of f at p, first in the x-direction
and then in the y-direction coincides with the twice differentiation first, in
the y-direction and then in the x-direction. This can be proved using the
mean value theorem in subsection 1.3, and it is left for the reader (see also
(1.21) below).

If dzf:Uon—»dzf is continuous, we say f is c.
14

(1.21) C* functions. Define inductively, if d*f : U — L¥(E; F) is
defined and differentiable at p, then

d**'f, =d(d*f), € LE; L*(E; F)) = L**'(E; F)
is called (k + 1)th differentiation.

dk“f :Ex---xE o F
P
k+1
is a (k + 1)-tuple linear mapping and is symmetric, i.e., for all permutations
ogof {1,...,k+1},
k+1 k+1
a7 [y Xgpan) = A X000 Xyy)s X, €E.

If d*'f: U apr-»d"“fp € L**'(E; F) is continuous, then f is said to
be C**' Ifall k>1, fis C* on U, then f issaidtobe C° on U.
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If fis C*,thenforall x,,...,x, €E, it follows that

ak
T TH S +tx,+- +14,x)

k
d j;,(x,, e X)) =
(. )=(0,...,0)

which is very useful for calculating d fp .
For its proof, for instance for k =2 with x,, x, € E, we get

& (%, %) = dp{%|‘=of(p + tx,)}(xz)

= 3872 ‘ -o{‘;l’n :,=of(p +1,x, + t,x,)}
__o
oy 3’2|u..tz)=(0.0)
For more details of the differential calculus of Banach spaces, see E. Hille
and R.S. Phillips [H.P] and S. Lang [L2).

(1.22) Curves. If E =R (1-dimensional Euclidean space), then f: U C
E — F isacurve in F. Any linear mapping T : R — F is given uniquely by
the value T(1) at 1 € R, since T(4) = AT (1), A € R. So for a differentiable
mapping f : U C R — F, define a derivative coefficient f'(p) by f'(p) =
df,(1). Note that df,(x) = xf'(1), x € R. If f is differentiable everywhere

on U, then we get a mapping f' :U — F. If f is C, then (f'):U—F

is defined. If f is C*, then f* :=(...(f')---) is defined.
(1.23) If f:UCR—F and g:F — G are differentiable, then

(80 /Y (p)=dgy,, o f (), peU.

1.3. Integration and the mean value theorem. Let I = [a, b] be a closed
interval in R, and let F be a Banach space. For an F-valued function on
I, the Riemann integral of f is defined as follows:

For any division A: a =1, <t, <--- <1, = b, take any point ¢, €
[t,_;, t;] and consider the Riemann sum 37, f(§,)(t; - t,_,) € F. Define
the width of the division A by §(A) := max,, (¢, — ¢;,_,). If the limit in
F with respect to the norm || || T

S +1,x, +1,x,).

n
J(IAlEoogf({i)(li - t[-])
exists, then we denote the limit by f: f(t)dt € F, called the (Riemann)
integral of f. The following proposition is the same as in the case of F =R,
and its proof is left for the reader.

PROPOSITION (1.24).  For any continuous function f : I — F , the integral
f: S(t)dt is defined.
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FIGURE 2.3

For a continuous function f : I — F, if there exists a continuous function
g :1 — F such that

gW=r1t), te(a,b),

then we call g an indefinite integral. The following proposition is also the
same as in the case of F = R. We omit the proof.

PROPOSITION (1.25). For a continuous function f:I — F, define g(x) :=
[ f(ydt, x € I. Then g is an indefinite integral of f .

THE MEAN VALUE THEOREM (1.26). Let E, F be Banach spaces, let p €
UCE bean open set, and let v € E be such that p+tve U,0<t<1
andput x=p+v. Let f:U—F bea ck mapping, k > 1. Then

1
J(x) - flp) = ]0 df,,,(v)dt.
See Figure 2.3.
ProOOF. We use the following Hahn-Banach theorem.

LEMMA (1.27) (Hahn-Banach). Assume that y € F satifies A(y) = 0 for
all bounded linear mappings A: F — R. Then y =0.

SuBLEMMA (1.27') (Hahn-Banach). Let M C F be any subspace, let A :
M — R be any bounded linear mapping, and let x, € F satisfy x, ¢ M.
Then A can be extended to the subspace M +[x,) without changing its norm.
Herefor ye F,set M+ [yl={x+ay; xe M, acR}.

PrOOF. We shall determine a := A(x,) at the end and put A(x +ax,) :=
A(x)+aa, x € M, a € R. We may assume ||A]] = 1. We should determine
a satisfying the claim with

lA(x)+aal < ||x +axy|| foreach x € M and a # 0.
Dividing both sides of the above by a and rewiting the equation, we get
—A(x,) = lIx; + X/l € a < —A(xy) + [Ix;, + Xl X, X, €M.

But by the assumption that ||4]] = 1, it is true that the left-hand side of the
above is smaller than the right-hand side because

A(x,) = A(x)) = A(xy = X;) S Ixy, = X, 11 < Wy + Xl + Hlx, + Xl
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Therefore, we can choose o satisfying the desired inequality. We obtain
Sublemma (1.27').

PrOOF OF (1.27). For y # 0, it suffices to show that there exists a
bounded linear mapping A : F — R satisfying A(y) = |yl and ||A]| = 1.
First, we can define a linear mapping 4 :[y] — R with ||A|| =1 by A(ay) =
ally]l. Let X be the totality of all subspaces X of F including [y] such
that A can be extended to X with norm 1. We define a partial order > on
Xby X>Y iff XDV for X, Y € X. Then for any subset {X,, i € A}
of X satisfying X, > X, or X;> X, forany i # j € A, A can be extended
1o a subspace | ¢, X; of F with norm 1. Therefore, by Zorn’s lemma there
exists a maximal element M in X with respect to the partial order >. But
M is F itself. Because if there exists an x, € F such that x, ¢ M, then
due to Sublemma (1.27') and the definition of M, i can be extended to
M + [x,] with norm 1 which contradicts the maximality of M . We obtain
Lemma (1.27).

PrOOF OF THEOREM (1.26). For any bounded linear mapping A: F — R,
we have

1
(10 -10)- [ df,,0)a1)
1
=GN -G Ne) - [ dlio N, o)t

Because d(A o /) = A o df for any bounded linear mapping A : F — R,
and any ck mapping f : U — F, due to (1.16) and (1.18). For a real-
valued function g(7) := (4 o f)(p +tv) on [0, 1], g'(t) = d(4o f),,,,(v)
and g(1)-g(0)= fo' g'(t)dt. Therefore, the above equation should vanish.
Hence, by Lemma (1.27), we get the mean value theorem (1.26). 0O

By repeated application of the mean value theorem (1.26), we get the
following Taylor’s theorem.

TAYLOR's THEOREM (1.28). Under the same hypotheses as the mean value
theorem (1.26),
d*f

parn(Us oo V)

k times

is continuous in t, and the following holds:

J(x)=f(p) + %dfp(v) +oe ﬁd""fp(v, )

P =0%" &

+ AT d j;+,v(v,...,v)dt.
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In particular, if we put M := SUPy< /< ||dk f‘p +nll» then

|70 - 10 - a0 -
(1.29)

M k
- =m0 < MEL

REMARK. Let pe V c U, where V is an open convex set, i.e., if x, y €
V then tx+ (1 -t)ye V,foreach ¢t with 0<t<1. For m<k,let

R,(x):= [ (—l;d’” Lo dt.

(m=1) p+i(x~p)
Then R, (x) € L"(E;F) and ¥V 3 x — R, (x) € L"(E;F) isa cmk
mapping called the remainder term.

1.4. The inverse function theorem. Let E, F be Banach spaces, and let
U c E, V c F, be open subsets, respectively. A mapping f: U — V is
called a C*-diﬂ'eomorphism (k>1)if f:U — V is one-to-one and onto,
andboth f:U—V and f~':¥V = U are C*.

THE INVERSE FUNCTION THEOREM (1.30). Let E, F be Banach spaces,
andlet Uc E, V c F, be open subsets, respectively. Let f:U — V bea
ck mapping. Assume thatat pe U, dj;, : E — F is a linear isomorphism,
ie., df E — F is a bounded linear mapping, and bijective, and the inverse
(df, )'l F — E is bounded. Then there exists an open set W such that p €
W c U and f(W) is an open subset containing f(p), and f: W — f(W)
isa C* -diffeomorphism.

ProoF. Since df, : E — F is a linear isomorphism, it is also a Cc™ dif-
feomorphism by (1.16). Therefore, without loss of generality we may assume
E=F, dfp = I, the identity mapping, and moreover, p =0 and f(p) =0

Define g: U — E by g(x):=x - f(x), x € U. Then dgp=0. By the
continuity of g, there exists r > 0 such that

. 1
lIxll < 2r implies |ldg |l < 3
Then by the mean value theorem (1.26), we get that
- 1
x|l < 2r implies |lg(x)ll < 5lix|I-

Therefore, if we denote by B,(q) := {x € E; |ix — q|| < r} the closed ball
centered at p with radius r, then g(B,(0)) C F,/z(O) .

Here we note that any closed ball F,(q) is a closed subset in E, and we
can define a distance or metric 4 on B,(q) by

dix,y):=|x-yl, x,yeB,lq.
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Then (B,(q). d) is a complete metric space.
REMARK. In general, (X, d) is a metric space if
(i) d(x,y)=d(y,x), x,yeX,
(i) d(x,y)+d(y,z)>d(x,z2), x,y,z€X,
(iii) d(x, y) >0 and the equality holds if and only if x = y.

A sequence {xn}:i, is a Cauchy sequence if d(x,, x,,) =0 for n, m —
oc. A metric space (X, d) is called complete if every Cauchy sequence is
convergent.

Now we shall show:

Foreach y € §,/2(0) , there is a unique x € B,(0) such that f(x) = .
(1.31)
In fact, let g (z) := y+z~— f(z). Thenif |ly|| < § and ||z|| < r, then
||gy(z)|| < r. Therefore, g, is a mapping of the complete metric space
B,(0) into itself and satisfies

"gy(zl) - gy(Zz)“ = "g(zl) — g(zz)"
1
- I|L dgzg*"(’-‘zz)(zl - ZZ) dl" (by (1.26))

1 —
< -2-||zl -2, 2,z €B,0).
Therefore, by the following fixed point theorem (1.32) for a contraction map-
ping, g, has a unique fixed point x in B,(0): 8,(x) = x. Note that
gxX)=y+x-f(x)=x iff y=f(x), x€B,0)
which yields (1.31). Thus, we obtain the inverse mapping of f:
¢:=/""':B,,(0) - B,0).

THEOREM (1.32) (Fixed point theorem for a contraction mapping). Let
(X, d) be a complete metric space, let f: X — X be a contraction mapping,
i.e., there exists a constant K with 0 < K < | such that

d(f(x), f(y) <Kd(x,y), x,yeX.

Then there exists a unique x, € X such that f(x,) = x,. (We call such a
point x,, a fixed point.)

PrOOF. Uniqueness. Let x,, x, be two fixed points of f. Then
d(x,, x;) =d(f(x,), f(x;)) < Kd(x,, x;);
thus, we get
0<(1-K)d(x,,x,)<0. ..d(x,,x)=0, .. x =x,.

Existence. For x € X, we shall show that {f"(x) := f(---(f(x)) - )}oe, is
a Cauchy sequence in X . In fact,

dif'x), Loy < kd(f o, £ ) - <K df(x), x).
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Thus, for m>n> N,
d(f™(x), £/x) <d(fMx), M)+ X)L ) + -

+d(f*' (x), £1(x))

<(K™" '+ K™ 4+ KNYd(f(X), x)
n N
d(f(x), x) € Torpd(f(x), X) =0,

as N - oc

<

1-K

which implies {f"(x)}:2, is a Cauchy sequence. But since (X, d) is com-
plete, it converges, say its limit is x, := lim S(x). Since f is continu-
ous,

R—e00

fxg) = £ (lim £"(x)) = fim " (x) = x,.
We get (1.32).
CONTINUATION OF THE PROOF OF (1.30). The inverse mapping ¢ of f
satisfies

le() — el <20y, =y,ll,  y,, ¥, €B,,(0) (1.33)
and is continuous. Because for x, = @(y,), x, = @(¥,), f(x,) = y,, and
J(x,) =y,,and since g(x) =x - f(x),

llx, = x,ll = L (x,) = f(x;) + &(x,) — &(x,)ll
S (xy) = SO + llg(x,) — 8(x,)Il
<IF0) = S + 3%, = X,
which yields that |
’i"x| ""lel < "f(x|) - f(xz)"
Thus, we get (1.33).
(1.34) ¢ is differentiable on B, /2(0) . Because if y, = f(x,),
¥, =f(%,), ¥, ¥, € B,,(0), x,, x, € B,(0), we get
lle(y,) - o(y,) - df};'(y. =)l =lx -x,- dj;z"(f(x,) = S
= Idf, " IS = S 0x) - df, (x, = %)l
Since |Ix, — x,|l £ 2[ly, - y,ll and f is differentiable, we get
o)) - ey) - df, = &y = y)I/lly, = ¥yl
< 20df, IS0, = £0xy) = df, (x, = x)l/llx, = X,)l = 0,
if [ly, = y,ll — O since f is differentiable. This implies that ¢ is differen-
tiable and d¢, = df”)" » ¥ € B,,(0). Since ¢, df, df”"' are continuous,

d¢ is also continuous and then ¢ is C ' Repeating the above arguments,
we see @ is ck. (s ]
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i
vector field and an integral curve
FIGURE 2.4

1.5. Ordinary differentiable equations. Let F be a Banach space, and let
U C F be an open set. We call a c* mapping X : U — F,a C*-vector field
on U. Foranopeninterval /CR,a C l-mapping o:1 - U is a solution
curve (integral curve) of X if

a'(t) = X(a(1)), tel.

If 0 € I, we call g(0) the initial condition of the solution a. It is well
known that

(1.35) For a continuous curve ¢ : I — U and a continuous vector field
X : U — F, a necessary and sufficient condition for ¢ to be an integral
curve of X with g(0) = x, € U is that

1
¢7(t)=xo+'/o X(o(s))ds, tel.

(1.36) Uniqueness and existence of solution. Let F be a Banach space,
let U C F be an open set, let X be a Cc* vector field on U (k>1), and
let p, € U. Then there exist an open subset V' with p,€ V' c U and a ck
mapping @ : (—€, €) x V — F such that

(i) for p € V, putting o,(t) := @(t, p) for t € (€, €), then o, isa
solution curve of X at the initial condition p.

(ii) The solution curve o : (a, b) — F of X of an arbitrary initial
condition p, satisfies

o(t) = op(t), -€<t<E.
See Figure 2.4.

§2. C*-manifolds

In this section, we introduce C "-manifolds, C"-mappings, tangent spaces,
differentials of C"-mappings, vector bundles, vector fields, etc. These notions
are basic and are needed for later uses. We shall give several examples of
finite dimensional manifolds in §3 and of infinite dimensional manifolds in
§4.
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2.1. Definition of C*-manifold. A (connected) Hausdorff topological
space M is called a manifold modelled to a Banach space E if for each
p € M there exist an open neighborhood U, of p and an into homeomor-
phism a : U, — E such that a(U,) C E. A pair (U,, a) is a coordinate
neighborhood in A . When a collection {(U,, a); a € 4} satisfies the fol-
lowing two conditions (i), (ii), then it is called a C*-coordinate system, and M
is called 2 C*-manifold modelled to a Banach space E, or simply a (Banach)
manifold.

(i) M= Uae,q Ua »
and

(ii) for any two coordinate neighborhoods (Ua‘ ya,), (Ua2 » @) with
Ua' N Ua, # @, the mapping

ay0a,” tEDa,(U, NU,)—ayU, NU,)CE

isa C "-diffeomorphism.
In particular, if E=R", thena C*-manifold modelled to the n-dimensional
Euclidean space R" is called an n-dimensional C*-manifold.

2.2. C*-mapping. Let M, N betwo C*-manifolds modelled to Banach
spaces E, F, respectively. A mapping ¢ : M — N is c if, denoting by
{(U,,a); a€ A4}, {(Vy, B); B € B}, C*coordinate neighborhood systems
of M, N, respectively, for each x € M, there exist a € A, B € B such
that

i) xeU, ¢(x)eV,
(i) &U,) CV,,
and
(iii) Boa™':EDa(U,)— B(V,) CF isa C*-mapping.

(21) If¢:M—~NisC* then ' ogoa’ :d(U,)— B(¥)
is also C¥. Therefore, the above definition is independent of a choice of
a€ A, B € B. Because

Bopoa '=(B o )o(Bodoa)o(a 0a)

is also C* by the definition of C*-manifolds and be (iii) above. See Figure
25. O

We denote by C"(M , N) the totality of C"-mappings of M into N, and
if N =R, we also denote C¥(M)=C*(M,R).

2.3. Tangent spaces and differentials of mappings.

(2.2) Tangent spaces. Let p € M, and let I be an open interval of
R containing 0. A curve ¢ : I — M passes through p if ¢(0) = p. A
curve ¢ through p is ck a p if for a coordinate neighborhood (U_, a),
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aoc:I —alU)CE:s c*. Two Ck-curves ¢,, ¢, through p are
equivalent if for a coordinate neighborhood (U, , a) of p,

(a0 ¢,)'(0) = (a ° ¢,)'(0).

See Figure 2.6. We denote an equivalence class u containing a Ck<curve ¢
through p, by
' d
u=c(0)= 7 :-_-oc(t)

which is called a tangent vector at p. We denote by T,M the totality of all
tangent vectors at p.

We can define naturally an addition, a scalar multiplication, and a norm
on TpM which is isomorphic to the Banach space E, and TpM is a Banach

acCy

E a l,

FIGURE 2.6
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space itself which is called the tangent space of M at p (see also subsection
2.8).

(2.3) Differential of a mapping. Let M, N be C*-manifolds and let ¢:
M — N bea C"-mapping. For p € M, define a linear mapping d¢p :
TpM - TW)N as follows: Letting u = ¢'(0) € TpM and c,a C k curve
in M through p, ¢ o c isa C*curve in N through é(p). Then define
a’¢p(u) = (¢ 0 ¢)(0) € T, N . Here note that for two C*-curves €» G
contained in u through p, if (a o ¢,)'(0) = (a © ¢,)'(0), then by (1.23)

(Bodoc,) O =d(Bodoa)aoc)(0)
= d(ﬁ [} a-l)(a ° cz)l(o)
=(B o ¢0c)(0)

which implies that d¢p(u) is determined uniquely independent of the choice
of elements ¢,, ¢, in u. This linear mapping d¢p T, M3 ur— d¢p(u) €
TW)N is called tke differential of ¢ at p and is denoted by d¢p or ¢,,.

2.4. Vector bundles and the induced bundles.

(2.4) Vector bundles. For two C*-manifolds E, M, Eisa Cvector
bundle over M if

(i) thereexistsa C "-mapping, say n,of E onto M, (called the projec-
tion)

(i) foreach pe M, n"(p) =: Ep (called the fiber over p) has a Banach
space structure, and

(iii) (local triviality) for each point p, € M, there exist a neighborhood
Uin M of p, and a C"-diﬂ'eomorphism ¥ of U pro onto n~'(U) such
that

n(¥p,v))=p, peU,veE,,

and for each p € U, the mapping EPo 3v— Y¥Y(p,v) € E‘D gives a linear
isomorphism between two Banach spaces Epo and Ep .

(2.5) Bundle mapping. For another C* vector bundle n’' : E — M,
aC "-mapping f:E = E' is called to be C*-bundle mapping if for each
P € M, there isa unique p' € M’ such that f(E,)CE , and f:E, ~ E',
is a bounded linear mapping. In this case, defining f (p) = p', a mapping
f: M — M isinduced from f, which is still a C*-mapping. It is called
the induced mapping from f.
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(2.6) Induced bundle. Given a C*-vector bundle n: E — M anda C*-

mapping ¢ : M’ — M from another C*-manifold M’, we can construct the
following vector bundle 7' : E' = M’

E={p,v)eM xE;¢(p)=n(v)}, (', v):=p"

That is, the fiber of this bundle over p’' € M’ is E,,, the fiber of E over

#(p'). We denote E' by ¢"E or ¢'E and call it the induced vector bundle
of E by ¢. Its local triviality can be seen by considering that ¢~ '(U) x

Ed‘(l’o) =3 nl-'(¢-'(U)) if Ux Eé(l’o) o ”_|(U).
¢'E —— E
M .M

(2.7) Ciross section. For a Ck-vectorbundle n: E - M,a C"-mapping
s:M—Eisa C"-(cross)sectionif mos = id; thatis, n(s(p))=p, pEM.
A C-section s of the induced bundle ¢~ 'E of E by ¢: M' — M is by
definition a C*-mapping s: M’ — E satisfying s(p’) € E,,. P eM.

2.5. Tangent bundle.

(2.8) For a C**'-manifold, let T(M) := U,es T,M , and define n :
T(M) — M by n(T,M)=p, p€ M. Then T(M) isa C*-manifold, and
a:TM)—- M is C*-vector bundle. In fact, for p € M , rake a coordinate
(U,,a), a: U, — E, and let ).q : Tq — E be the linear isomorphism in
(2.2) for each ¢ € U,. We define ¥ (q,v) := ).q“'(v). Then it turns out
that this is a homeomorphism giving the local triviality (iii) of (2.4) ¥, :
U xE>(q,v) — ¥,(q,v) € n"(Uo) C T(M) and also giving a local
coordinate of T(M) (see also subsection 2.8). T(M) is called the tangent
bundle of M.

(2.9) Let M, N be C**'.manifolds, and let ¢ : M — N bea C**'-
mapping. Then a mapping d¢ : T(M) — T(N), which is denoted also by
¢, , is given by d¢(v) = d¢p(v), v € T,M. Then do is a C*-bundle
mapping inducing ¢: M — N.
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2.6. Submanifolds and product manifolds.

(2.10) Let D be an open subset of a C* manifold M ,andlet {(U,, a);
a € A} be a coordinate system of M. Then {(U,ND, a); a € A} gives a
coordinate system of D, and D becomes a C*-manifold called a C* -open
submanifold of M.

(2.11) Foraclosedset N ofa C* manifold M, if {(U,NN, a);: a € 4}
gives a coordinate system of N, i.e., there exist two closed subspaces F, E'
of a Banach space E suchthat E=F®E',ie., E=F+E',andFNE =
{0} and each a : U NN — a(U, N N) C F is a heomomorphsm and
satisfies the conditions (i), (ii) of subsection 2.1 for N, we call N a C*-
closed submanifold. Then the inclusion mapping 1: N C M is C*.

(2.12) For two C*-manifolds M, N, let {(U,,e);a€ 4}, {(V;, B);
B € B} be coordinate systems of M, N, respectively. Then the direct
product M x N := {(p, q); p € M, q € N} with coordinate system given
by {(U, x ¥, ax B); (a, B) € Ax B} isa C*-manifold called the product
manifold of M and N.

2.7. Vector fields and (differential) forms.

(2.13) A C-vector field on a C**'-manifold M is a C*-section X,
ie, a C"-mapping X : M — T(M) satisfying n o X =id, i.e., X(p) €
T,M, pe M. The value X(p) of X at p isalso denoted by X, € T M.

(2.14)For p € M, let T)M := L(T,M, R), which is a Banach space with
addition, scalar multiplication, and norm given by (1.6). T;M is called the
cotangent space of M at p. T (M) := U, T, M, which is also a vector
bundle over M, is called the cotangent bundle. A C*cross section is called
1-(differential) form.

(2.15) For s > 1, an integer, we denote by A’ T, M, p € M, the totality
of all s-tuple linear mappings

w: Tpx---x TpM —+R,
N— —

s

satisfying the condition

w(ua(,), vees ua(,)) =sign(o) w(u,, ..., u,), u;, € TpM, 1<i<s,
for any permutation ¢ of {1,...,s} and sign(o) is its sign. Then it is
a closed subspace of a Banach space L*(T,M; R). Moreover A\’ T"(M) :=
Upewr N T, M isa C*-vector bundle over M. A C*-cross section is called
a C* -(differential) form.

(2.16) Let X,,..., X, be s C*-vector fields, and let @ be a C*-s-
form. Then p — w’,()&’l ), ..., X,(p)) isa C*-function on M.

(2.17) In general, considering the tensor space 7,'M = @ T, M ®
®' T,M, p € M, we get the tensor bundle T'**M whose C*-section is
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called a C*-tensor field of type (r,s). An s-form is a tensor field of type
(0, s) satisfying the alternating condition in (2.15).

(2.18) Let ¢: M — N bea C**'-mapping. Then for a C*-tensor filed
w of type (0, s) on N, we can define the same type C*-tensor field v
on M by

(O o)y, ..., u) =wddW,),...,dou,)), u,, ..., u € T,M.

¢ w is called the pull back of @ by ¢.
(2.19) Given a C*-rform @ and a C*-s-form n on M, we define a
ck. (r + s)-form w A n, called exterior product of @ and n, by

@AM,y s X Xy s X,L,)

=) (sign ) O(X, s s X)) M yrys -+ s Xogragy)s
for r+s C*-vector fields X,,..., X,,, on M. Here the sum on the right-
hand side runs over all permutations ¢ of {1,...,r+s}.

2.8. Vector fields and coordinate neighborhoods. In this subsection, we
give an alternative definition of vector fields using coordinate systems.

First note that a Banach space E is itself a C°°-manifold and that for
each point p € E, the tangent space T, E at p can be identified with E
itself by considering ¢'(0) = v where a curve ¢(¢) = p + tv through p for
each ve E.

Now we can give an alternative definition of the tangent space TpM at

peM of a C¥*'-manifold M.

(2.20) Tangent space. Let M be a C**'-manifold and take a point p €
M. For u, ve E, u,and v are called to be equivalent if we can choose
coordinate neighborhoods (U, , a), (Ug, B) of pe M with

dBoaYu=v,

where d(B o a”') is a differential in the sense of subsection 1.2 at a(p) of
a C**! diffeomorphism g o a™' : E > o(U,nUj) — B(U,NU;) C E.
Define a tangent vector at p by its equivalence class, and define the tangent
space TpM at p to be the totality of all equivalence classes. Namely, if
we take a coordinate neighborhood (U, , a), where a: U, — a(U,) C E is
a homeomorphism, then E can be regarded as the tangent space of M at
p. If we take another coordinate neighborhood (Up , B) of p, we should
identify according to the above relation.

This definition of the tangent space is equivalent to the one in (2.2), and
the local triviality of T'(M): n"(Uo) > U, x E is automatic, i.e., for a fixed
coordinate neighborhood (U, , a), all tangent vectors at each point ¢ € U,
are determined by both the point g itself and a vector in E. This gives the
local triviality. See Figure 2.7, next page.
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(2.21) A C*vector field X is defined by taking a coordinate neighbor-
hood (U,, a) and writing
X@)=X,(a(q)), aq€U,,

where X, :a(U,) — E is a C*-mapping satisfying the condition

d(B oa™'),,X.(a(@) = X4(B(a), qeU,NU,,

for two coordinate neighborhoods (U, , a), (Ug, B), with U, NU,; #93.

We denote also by X, , the value X(p) € T,M of X at p. Fora ck+l.
function f: M — R, if we denote by df : TM — TR the differential of f,
then for all C¥-vector fields X we can define a C*-function X f by

Xf(p)=X,f:=df,-X(p), PpeEM.
Here the right-hand side is the X(p) € T, M-direction derivativeof f at p €
M and we identify T;,,R=R. That X fis C* is proved as follows: that
[ is ck* s by the definition in subsection 2.2, f := f o a”! :a(U)—R
is C**' and

X,f =df,-X(p) = df, -X,(alp))
which is C* since X, :a(U,) = E is C*.

(2.22) Commutator of vector fields. For two C*-vector fields X, Y on
M , we define a C*~'-vector field [X, Y], called a commutator or bracket, as
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follows. For pe M, [X, Y], € T,M isatangent vector which is represented
by

dy, -X(a(p)-dX, -Y,(a(p)),
for a coordinate neighborhood (U, , @) of p € M. Here dY, " X, (a(p)) is
the X (a(p))-direction differentiation of a C"-mapping Y :Eda(lU)—E
at a point a(p), and anM -Y_(a(p)) is defined in the same way. If we take
another coordinate neighborhood (Uﬂ , B), then we can calculate directly

d(f o a”')dY, -X.(a(p)-dX, -Y(a(p)
=dY, -Xy(B()-dX, -Yy(B(p)).

Moreover, for each f € C*(M),
(X, Y),f=X,(Y))-Y,(Xf) (2.23)
In fact, the left-hand side is by definition,
df,- (@Y, -X,(ap)-df, -dX, Y, (ap)

The X,(Yf) of the right-hand side is by definition, d(df,-Y,)- X (a(p)).
which satisfies
d(df,-Y,)- X (a(p)) = d*f(¥,(a(p)), X,(a(p)))
+df,-(d Y,,M - X, (a(p))).

By (1.20), the first term satisfies

4’ (Y, (a(p)), X,(a(p)) = d*f,(X,(a(p)), ¥, (a(p)).
The similar equations hold for Y (X f), and we get (2.23). D
REMARK. One can use (2.25) for an alternative definition of [X, Y].
But in this case, one must check that f — X (Y N- Y, (X /) gives a tangent
vector at p. We shall find this troublesome to do in the case where dim M =
oQ.

(2.24) Exterior differentiation of a form. For a C*-r-form w, we define
a C""-(r+ 1)-form dw by
r+l

do)(X,, ..., X, ) =Y (- X(@X,,.... X, ..., X,,))
i=1
+ 3 DMolX, X)X, XXX,
i<j

for r+1 C*.vector fields X,, ..., X,

r+l

X; is deleted. Then one can check that
d(dw) =0. (2.25)

. Here we write X, to indicate that
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2.9. Integral curve of a vector field. Let us recall that a C'<curve ¢ ina
C**'.manifold M is by definition a C'-mapping of an open interval I =
(a, b) (an l-dimensional manifold) into A . Then we get a continuous
mapping ¢’ : I — T(M) by

o'(t)=da(l), tel.

For the mapping 7 : T(M) — M in (2.8), n(d'(t)) =0o(2), tel.

(2.26) A C'curve 6 : I — M is an integral curve (solution curve) of
a C*.vector field X if o' = X o g, ie., da(l) = o’(t) = X(o(1)) €
T M, tel.When O0€!, g(0) is called the initial condition of o .

o(l)
/ T(M)
1 e C}l

THEOREM (2.27). Let k > 1. Fora C*-vector field X ona C**'-manifold
M and p € M, there exists an integral curve o, of X whose initial condition
is p and satisfies the following condition: Any integral curve ¢ of X with
the initial condition p is a restriction of o,. (This o, is called the maximal
integral curve of X with the initial condition p. We denote the existence
interval I of o, by (" (p), t*(p)).)

OUTLINE OF THE PROOF. Using a coordinate neighborhood U, , a: U, —

E , transform a C'-curve ¢ through p toacurve aog:I — E in E. Then
the condition ¢’ = X o ¢ for o to be an integral curve of X is transformed
to the corresponding condition for a o ¢ which is given by

(a © 6)'(1) = da,,(X(a"'(a o a(1)))).
Therefore, if we define a vector field X, on a(U,) C E by

X, (z):=da X '(z)), zea(U)CE,

o-'(:)
then a o o satisfies

’
(@ao0) =X, 0 (aoo0)

That is, a o ¢ is an integral curve of X . Together with the uniqueness and
existence (1.36) of a solution of a differential equation, and using the relation
dp o a-l)a(q)Xo(a(q)) = X4(B(2)), g € U,nU, in (2.21) for X and X,
we obtain the existence of such a o, . See Figure 2.8.

By Theorem (2.27), we immediately obtain

COROLLARY (2.28). We put q :=0d,(s) for a fixed s € (t”(p), t*(p)). Let
o, be a maximal integral curve of X with the initial condition q. Then

aq(t) = ap(t +9)
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and t*(q)=1*(p) -5, 7 (g)=1"(p) -s.

THEOREM (2.29). (i) If t*(p) < oo, then a,(t) has no accumulation point
in M as t tends to t*(p).

(ii) If —o0 < t”(p), then ap(t) has no accumulation point in M as t
tends to t” (p).

COROLLARY (2.30). If M is compact, then t*(p) = 0o, and t~(p) = —o0
Jorany pe M.

PROOF OF COROLLARY (2.30). Assume that there exists a p € M such that
t*(p) < co. Take a sequence {1,} such that 1, — t*(p) < oo (as n — ).
Then since ¢*(p) < oo, we may assume that {cr,,(t,,)};."f;l is bounded. Since
M is compact, {g,(t,)},2, has a convergent subsequence, say {0,(, )};2, -
Then 1, — t*(p) and o(t, )~ Yo €M as k — oo, which contradicts to (i)

of Theorem (2.29). See Figure 2.9. We get (ii) in a similar manner. u}

Op

FIGURE 2.9
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PROOF OF THEOREM (2.29). Assume that there exists {¢,} such that ¢, —
t*(p) < o and a,(t,) = ¥ € M . Taking a sufficiently small neighborhood
V of y, and a sufficiently small open interval / = (-4, §) such that for all
z € V, we find that there exists an integral curve g, : ] — M with the initial
condition z by (1.36). For a large n, we can take ¢, such that

r'(p)-d<t,<t’(p) and o,(1,)€V.

Considering a maximal integral curve g, : / — M with the initial condition
z=0,(t,), we see that a curve { — o,(t+1,) is also an integral curve with
initial condition z. By uniqueness, it follows that o (1) = o,(t+1,) for
some interval containing 0. So we define

o,(1), " (p)<t<t*(p),
o(t) := .
o.(t—1t,), r(p)<t<t, +0.
Then o is an integral curve of X with initial condition p, and its defin-

ing domain is larger than interval (¢~ (p), t*(p)) which is a contradition.
a

2.10. Riemannian metric.

(2.31) Hilbert manifold. Let M be a C**'-manifold, and let (H, (,))
be a separable Hilbert space, i.e., it has a basis consisting of a countable
number of elements. If M isa C**'-manifold modelled to (H, (,)), then
M is called a Hilbert manifold. Since the Euclidean space (R", (,)) is
an n-dimensional Hilbert space, any n-dimensional manifold is a Hilbert
manifold.

(2.32) Riemannian metric. If a C*-tensor g of type (0,2) on M satisfies
(i) g(u,v)=g,v,u), u,veT M, peM,and
(ii) g,(u,u) 20, and the equality holds if and only if u = 0, then
wecall g a C*-Riemannian metric on M, and (M, g) is called a ck.
Riemannian manifold. We write g,(u, u)'/ = |lu] for brevity.
If we take a coordinate neighborhood (U,, a), a : U, — H, for each
x € U_, then using da: T M — H we can express

g, (u, v) = (G°(x)da(u), da(v)), u, ve T M.
Here G°(x): H — H is a positive definite operator of (H, (,)); that is,
(G*(x)w, w) >0, we H, and the equality holds if and only if w = 0.

That g is C* means that the mapping U, 3 x — G, (x) € L(H, H) is ck.

The inner product 8, on TpM , P € M, induces the ones on the cotangent
space T, M, p € M . The tensor space T;"M, p € M, of type (r, s) is de-
noted by the same letter 8, or simply by (, ). We denote the corresponding
norms by | ||.
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(2.33) Length of a curve. For a C'curve g : [a,b] = M, ie., for a
sufficiently small ¢ > 0, o isextendedtoa C I-mapping of (@a-—€,b+e¢)
into M , the function [a, b] 3t — ||l@’(?)]| is continuous, and then the length
of o

b
L(o):= / I’ (1)) dt
a
is well defined.

(2.34) Riemannian distance. For each pair of points x, y € M, we de-
fine p(x, y) by

p(x,y):=inf{L(0g); ogisa C'-curve connecting x and y},

(here we assume M is connected, i.e., x and y can always be connected by
a finite number of C'-curves.) Then p satisfies the three axioms of distance:

(i) px,y)=p(y,x), x,yeM,

(i) p(x,y)+pWy,2)2p(x,2), x,y,2€M,

(iii) p(x, y) >0, and the equality holds if and only if x =y.

Moreover, the topology on M induced from this distance coincides with

the original topology of M. If (M, p) is complete as a metric space; that
is, any Cauchy sequence {x,},, ie., p(x,,x,) = 0 as n, m — oc, is
convergent, then we call (M, g) complete. If M is compact, then (M, g)
is always complete.

§3. Finite-dimensional C* -manifolds

For the remainder of this book, a C*>°-manifold always means a finite di-
mensional C™-manifold. We shall always indicate when we are considering
an infinite dimensional manifold .

3.1. Local coordinates. Let M be an n-dimensional C*-manifold, and
let (x,, ..., x,) be the standard coordinates of R” . For any local coordinate
neighborhood (U, , ) of M, where a: U, — R", define a local coordinate
(xy, ..., X)) by

a

x;:==x,0a:U —R, i=1,...,n.

Then each point of U, can be uniquely expressed by the coordinate
(x7,...,x;). We often simply write U, (x,, ..., x,) for the coordinate
neighborhood and its local coordinate, omitting a.

(3.1) Coordinate expression of vector field. Let U_, (x}, ..., x,), bethe
local coordinate of M, and then for p € U, we denote by

(x;(P),...,x5(P)) = (a,,...,a,). Then we consider a C'-curve ¢; through
p defined by

c):=(a,,...,a,_,,a,+t,a,,,...,4a,),
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and we denote by (8—%!)’ , its tangent vector c;(O) at p. Then

(e=), (@)}

is a basis of the tangent space T M of M at p. A C*-vector field X on
M is written on U, as

X, = ,z:;‘?‘”’(aaT?),’ pel,,

where &, i = 1,...,n, are in C™(U,). Moreover, if we take another
coordinate neighborhood U, , (xf yeens xf ) and denote also on U,, ,

n ﬁ a
X = l =),
§€' (axf)
then both (&7, ..., &), (&F, ..., ¢&0) satisfy on U,NUj,

n B
8 x!
$ = ax‘? 67

Compare this to (2.21). We denote by X(M) the totality of all C™-vector
fields on M.
For X, Y € X(M), denoting X and Y on U, by

X = Ze,aa, Y= Zn,aa,

we see the commutator [X, Y] of X, Y is given by

K. 11=3 {anton - 40} 5oe

i=1

> (55 o )}axa,

1

because [5%;, —%] =0 and by definition (2.22).

(3.2) Local expression of forms. For a C™-function f on a coordinate
neighborhood U, , we defined in (2.21) a C*™-1-form df on U, by (@), :
TM— T, ,R=R, peU,. Fora coordinate (x},...,x;) on U,
{(dx}),};_, is a basis for the cotangent space T, M because

a o 8x L.
(dxi)p((aT;)p)—W—tsU, 1<i, j<n.
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Then df, f € C*(M) can be written on U, as

df = Z o) 5o
We denote by A" (M) the totallty of all C*-r-forms on M. Each w €
A"(M) can be written on a coordinate neighborhood U, using (x|, ..., X}),

1 < a a
W= > w, , dx; A---ndx]
Sy i =1

= Y o dx{ A---Adx],

1<i,<-<i, <n i !

where , ., € C*(U,). Since, for pe U,,
dx?y, A---Adx]),, 1<i;<---<i <n

ip i’p 1 r

is a basis of A" T;M . Moreover, the exterior differentiation dw of w €
A'(M) is calculated by

:

| a
W= > do, ., Adx; A---Adx].
iy izl
(3.3) Local expression of a Riemannian metric. Assume that g isa C>-
Riemannian metric on M. Write g := 8(32x, 52x) using coordinates
. J
(x{s -+, x,) on U,. The n x n-matrix (g;;) is a positive definite sym-
metric matrix and n
g= ) g;dx]dx].
ij=1
Here dx] dx] = dx{ ® dx] is a quadratic form T,M x T,M — R defined
by
dx; ®dx](u,v) =dx](w)dxj(v), u,veTM.
3.2, Levi-Civita connection.

(3.4) Connection. A connection (covariant differentiation) V on a C*-
manifold M is a mapping
V:XM)xX(M)3(X,Y)~V,Y € X(M),

satisfying the following conditions:

(1) Vy(Y+2)=V,Y+V,Z,

(2) ViirZ =VyZ + vyZ,

(3) Vyy¥Y=/V,Y,

@) Vy(Y)=(XNY +fV,Y
for fe C®(M), X, Y, Z € X(M). Due to (3), it turns out that the value
(VyY), e T M of V,Y at p € M dependsonlyon u =X, € T M and
Y, it can be written as VY .
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THEOREM (3.5). Let (M, g) be an n-dimensional C*-Riemannian man-
ifold. Then a connection V (called the Levi-Civita connection) can be given

28(VyY,Z)=X(g(Y, Z))+Y(8(Z, X)) -Z(g(X, Y))
+8(Z,[X,Y)+g(Y,[Z, X)) -g(X,[Y,Z)),

for X, Y, Z € X(M). Moreover, the Levi-Civita connection V satisfies
(i) X(g(Y,2Z)=g(VyY,Z)+g(Y,V,2Z)
and
(i) VyY-V,X-[X,Y]=0
Conversely, any connection V satisfying (i), (ii) coincides with the Levi-
Civita connection.

(3.6)

Using local coordinates U, (x,, ..., x,), we put
V] 7]
hom = Llha  TyecTw.

where by (3.6) and [a—Q- ] 0, the functions l"fj are given by

Sfe(n ) o
24 x; X,
Here let g, = 3(39- 52-) and let (g**) denote the inverse matrix of (8;)-

l'fl is called Christoffel’s symbol of the Levi-Civita connection.

3.3. Parallel displacement. Fora C'<curve o :[a, b]— M, X is called
a C'-vector field along o if
(1) X()eT, M, forall t€|(a,bd],
and
(2) if we express X(1) =¥, C,(t)(a%‘) o() USing local coordinates U,
(%X ...,X,), then each §,(1) is c'.
Such a vector field X along o is called parallel along o if

VnX=0, te(a,b). (3.8)

o'(1)

o(l)

Xb)

FIGURE 2.10
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See Figure 2.10. A parallel vector field X along ¢ is uniquely determined
by the initial value X(a) at g(a) in the following way: In terms of local co-
ordinates (x,, ..., Xx,), we write the curve g by a(f) = (a,(1), ..., g,(1),
then we have ¢'(1) = 3], a'(l)(&)am. By properties (1)-(4) of V, (3.8)
is equivalent to '

d“’) + 3 Iy’ ()ck(:)_ i=1,..,n. (39
J k=l
Therefore, if a curve o and the initial condition ({,(a),--- ,¢,(a)) at
p = o(a) are given, then such a §,(f) is uniquely determined due to the
existence and uniqueness of solutions of the ordinary differential equation.
In particular, the value (,(b),...,¢,(b)) at ¢ = a(b), and hence, X(b)
are uniquely determined.
Therefore, in particular, we obtain the correspondence

T, oM 3 X(a)— X(b)e T, , M,
which is denoted by P,. Then this mapping
P :T yM—-T,,M

a(a)

is a linear isomorphism and satisfies
g,(b)(P,(“), P (v)) = gm,(u, v), u,veT M.

a(a)
Because, in (i) of Theorem (3.5), substituting for Y, Z, two parallel vector
fields along ¢ satisfying Y(a) = u, Z(a) =v and for X =a'(t), we get
d
7180 (Y (). Z(1)) = 8(V, Y, Z) +8(Y, Y,y 2) =0
which implies that 8,(Y(t), Z(1)) is constant in 1. o
This mapping P, is called the parallel displacement (transport) along o .
Using the parallel displacement, the covariant derivative V can be defined
in the following way. Indeed, for u € M, X e Xx(M), VX TM,
p € M satisfies (cf. [K.N})

d
V= _oa(z), (3.10)

where ¢ isa C'-curvein M satisfying a(0) = p, ¢’'(0) = u, and for all ¢,
a,(s) :=a(s), 0<s<t

P T, M—>T,,M is the parallel displacement along ¢,. Then the curve

a(l)
a(r) in (3.10) is the C'<curve in T,M given by
a(t) := P, X(a(1)) € T,M.

The differentiation of the right-hand side of (3.10) expresses the tangent vec-
tor of the curve a(f) in T at ¢t = 0. The equation (3.10) can be regarded
as the definition of the covanant derivative.
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Xiout .
at)

FiGURE 2.11

3.4. Geodesics. A C'<curvein M, a:1 — M is a geodesic if
V,a =0, (3.11)

on each point of the open interval /. (See Figure 2.11.)
In terms of local coordinates (x,, ..., x,) of M, denoting a(t) = (g,(1),
.2 0,(1)) and o'(t) = 0, o' (1) (& ),,, » We see that (3.11) reduces to the
equation ‘

‘ do;da, .
‘+Z: ,,‘dt—-o. i=1,...,n, (3.12)
Jjok=
in the same way as for (3.9). Putting ¢{; := "7‘-} , (3.12) is reduced to the follow-
ing ordinary differential equations in the unknown functions ({,,...,¢,),
Z: F&&. i=1,...n (3.13)
Jok=1

Therefore, for given initial data (,(0), ... ,0,(0) and (FX(0), ..., F#(0),
there exists a unique solution for all ¢ near 0. That is, for given pe M
and u € T M, there exists a unique geodesic o(r) for small |¢| satisfying
0(0) = p and o’(0) = u, denoted by a(t) = exp,(tu) . By putting o(1) =
exp,ue M for ue M, the exponential mapping

exp, : TpM - M

is well defined on a neighborhood of 0 in T M . Concerning the question
of when for all u € T, M, the geodeisc expp(m) can be extended to —oc0 <
t < 0o, the following theorem is well known.

THEOREM (3.15) (Hopf-Rinow). The following are equivalent:
(i) (M, g) is complete (cf (2.34)).
(il) Forany p € M, the exponential mapping exp,: T,M = M is well
defined everywhere on M. Therefore, in this case, any two points p, g € M
can be joined by a geodesic of length p(p, q) (if M is connected).

By theorem (3.15), if M is compact, then forany pe M, exp,: T.M —
M is well defined everywhere on M.
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3.5. Curvature tensor. For an n-dimensional C*°-Riemannian manifold
(M,g8), RX,Y)ZeXx(M), X, Y, Z € X(M) is defined by

where V is the Levi-Civita connection on (M, g). R is a tensor field of
type (1,3) and satisfies

R(fX,gY)hZ)=fghR(X,Y)Z, f,g,heC*M). (3.17)

R is called the curvature tensor field of (M, g). By (3.17), R(X,Y)Z
depends only on u = X(p), v=Y(p), w=Z(p) € TpM at pe M. We
can write R(u, v)w = (R(X, Y)Z)p € TpM.

In terms of local coordinates (x,, ..., x,) of M, writing

a a a .+ 8 o
R(ax,.’axj)axk nguaxl’ 1<i, j, k<n,

we get

(3.18) Curvature. For any two linearly independent vectors {u, v} of
the tangent space T,M of M at p, we define

K, v) = — EROLVIW. W)
8(u, u)g(v,v) - g(u, v)

K(u, v) is called the sectional curvature along {u, v}. (M, g) is positive

curvature (negative curvature) if for all p € M and two linearly independent

vectors {u, v} of 7;M, K(u,v)>0 (K(u,v)<0).

(3.19) Ricci operator. The tensor field p : 7;M - TLM , D €M of type
(1,1), called the Ricci operator, transform, is well defined by

n
p(u):=) R(u,e)e;, ueT,M,peM,
i=1

where {e,.};'=l is an orthonormal basis for (T;M » 8,)- And the symmetric
tensor field of type (0,2), denoted by the same letter p and defined by

n
p(u, v):=g(p(u), v) = g(u, p(v)) =Y _ g(R(u, e)e,, v),
i=1
is called the Ricci tensor.
The C™-function S on M defined by S:= 3 ple,, ¢;), is called the
scalar curvature of (M, g) and is independent of the choice of orthonormal
basis {e,} .
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3.6. Integration. In this subsection, we define an integral [, fv, of
any continuous function f on an n-dimensional C*-Riemannian manifold
(M, g). We always assume M is compact, but integration can be defined,
in general, for a paracompact manifold M , i.e., for any open covering there
exists its locally finite refinement. In any case, we use a partition of unity
{¢,;a € A} for a coordinate system {(U,,a);a € 4}. Thatis, ¢ €
C™(M) satisfying

(i) 0<¢,(x)<1, xeM,a€A,

(ii) the support supp (¢,) := {x € M; ¢,(x) # 0} is contained in U,
for all a € A, where the overline denotes the topological closure, and

(iii) for any point xe M, 3 ., 4.(x)=1.

Now for a coordinate neighborhood (U, , a) and for a continuous function
S on U_, we define

[ fog=[  fvEdxi-dxs,  fi=fea,
U, a(U,)

where g := det (g (-Q. iu)) , and the right-hand side is the usual Lebesgue

8x, ’ 8x
integration of a ocntinuous'function S, V€ on an open set a(U,) of R".
In general, for a continuous function f on M (we assume supp (f) :=
{x € M; f(x) # 0} is compactin M if M is noncompact), we define inte-
grate of f by

using the partition of unity {¢,; a € A}. In fact, it is well defined. Because,
if f is expressed in two waysas: =3, f; =3, g;, where f; satisfies for
each i, there is an a such that supp (f) c U,, and & satisfies the same
condition, then for all « € 4, since

D f9.=2_89¢, and supp(g;4,), supp(/i¢,) C U,
i J

> [ ¢.1v,.

a€A

we get
;/M ',;¢° Vg = ; /M gj¢a V-
On the other hand, since

j;=:§:Lﬂ¢a’ gj=:}E:g}¢°’

a€A a€A

by the assumptions on f;, g;, we can define fo,.vg and [, gv, and get

/Mfive=E/Mfi¢avs and /Mgl e=E/Mgi¢ave’

a€A a€A
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Therefore, we obtain

; .uj;v‘ =EZ/VJ;¢“03 = ZZ/.A:I;¢"03

i a€a”’ a€A i
=EZLgI¢ovs=ZZLg/¢nvx=Z:/Mg/vx
a€d J a€Ad J

which implies that [, f v, is well defined independently of the expression
for f.

If f=1, then Vol (M) := vag is called the volume of (M, g). If M
is not compact, then the volume is not necessarily finite.

For feC° (M), i.e., a continuous function f on M, we define the norm

Illl,, 0<p<oc,by
» 1/p
1t,= ([ 1Ps,) (3.21)

and denote by LP(M ) the Banach space obtained by the completion of
. 0
EO(M) with respect to the norm || ||,. We define the norm || ||, on C (M)
Y
ISl := sup{lf(x)|; x € M},  feC(M). (3.22)

3.7. Divergence of a vector field and the Laplacian. For a C™-vector field
X € X(M), we define div (X) € C*(M) by

div(X)(p):=)_g(e,. V., X)(P), PEM, (3.23)
i=1

where {ei};'=l are n C*-vector fields on a local coordinate neighborhood U
satisfying the condition that {e,.(x)}:'asl is an orthonormal basis for (7, M.,g,)
for each point x € U (i.e., a local orthonormal frame field). The existence
of such a frame field can be shown by using the Gramm-Schmit process of
orthonormalization on {z-., ..., z%-} on a local coordinate neighborhood
(U, (x,,....x,)). Due to the form of its normalization, the {e};_, are
C* on U. The right-hand side of (3.23) does not depend on the choice of
{e;};-, and defines an element in C™(M), called the divergence of X .

If we write X = 37| X2 in terms of local coordinates (x,, - , X,),

i=1 “"idx, n
then it can be shown (cf. exercise 2.3) that

. 1 «— 8
div(X) = 7—§§ a(ﬁxi), (3.29)

where g = det (g(5% . 3%7)) .

(3.25) Gradient vectors. For f € C*(M), the gradient vector field X =
grad f = Vf € X(M) is the one satisfying

gY,X)=df(Y)=Y/, Y € X(M).
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Then it can be shown (cf. exercise 2.4) that

gradf=Vf=zn:e,.(f)e‘.= 2": i0f 8 . (3.26)

¢ ~ 8x 8x
i=1 i,j=1

We also denote by the same letter g the induced inner product on T M,pe
M . Then we get (cf. exercise 2.4)

glgrad f,,grad ) =g(d f,,d f), f,, ,ECT(M).
Next we define the important differential operator.

(3.28) Laplacian. We define (cf. exercise 2.5) a second order elliptic dif-
fential operator acting on C*°(M), called the Laplacian, by

Af—-divgradf

Z 8x (\/—gu 8f)

l]-

=—.Z'.':| U(Bxax Z 'Jax)

L=

n
== {ei(eif) -(V,e)f } . feCO(M).
i=1
The Laplacian depends on a Riemannian metric g, so we write A_ if we

wish to emphasize a Riemannian metric g. The following holds if M is
compact.

PrOPOSITION (3.29). The following hold for f, f,, f, € C™(M),
X e X(M),

(i) [y fdiv(X)v, = - [, g(gradf, X)v,,
(ii) fM(Afl)fzv = fy8lgrad f, gradfz)v =Juh Af)v,.
(iii) f,, div(X) v, = 0 (Green’s formula).

Proor. For (i), since V, (fX) eNX+ [V, X, wegetdiv(fX) =
g(gradf, X) + fdiv(X). lntegratmg this, we get (i) by (iii). For (ii), substi-
tuting f = f,, X = gradf, in (i), we get the second equality of (ii), and by
g(grad/f,, gradf,) = g(gradf,, gradf,), we get the first equality of (ii).

For (iii), we use the partition of unity (cf. 3.6): 1=3__ ¢, . It can be
seen that X = 2?:1)(?3%,‘ on U, . Then

/Mdiv()()v‘=/;div( 24,0) x) v —Z/ div(¢, X) v,.
€A

a€A
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Here since supp (¢, X) = {x € M ; ¢_(x) X # 0} is included in U_, we get

/M div(g, X)v, = /U div(¢, X)v,

-/, \/_2 5 (VB XIVE X, -

= §/U‘. gx—?(\/?qbaXf)dx‘,’u dx

where foreach i=1,...,n, a€ A4, we get
a a a
/v. 5 (VB X)) dx] - dx; = 0.

Because the integral | _,'(\/‘ 2¢,X)dx; equals to the value of \/Z¢ X; at

the boundary of U , which vanishes since supp (¢,X) C U, , we obtain (iii).
o

3.8. Laplacian for forms. We denote by A" (M) = (A" T° M) the total-
ity of all C*™-sections of the C*-vector bundle A" T°M , which admits a
canonical inner product induced from g on each fiber /\' T; M,peM,
denoted by (,). We assume in this subsection that M is compact. Then
A'(M) admits the inner product (, ) defined by

@m:= [ @nv, o nedon. (3.30)

The codifferentiation & : A"™*'(M) — A"(M) of the exterior differentiation
d : A"(M) — A" (M) is by definition

(dw,n)=(w,6n), wed M), ned™ M. (3.31)

r+1

In fact, the codifferentiation dn, n € A (M) is given (cf. Exercise 2.6) by

on(X,,....X,)= —Z(Vc’n)(ej, X,....X), X.,..,X exXM),
—

(3.32)
where {¢;}]_, is a locally defined orthonormal frame field as in subsection
3.7. We explain the V,n, X € X(M) in the right-hand side: In general, the
mapping

AM>>0~VyweA (M), XeX(M)
is called the covariant derivative for forms and is defined by

(Vi) X,, ..., X,) = X(o(X,, ..., X,)
=Y X, .. VX, LX)

i=]
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Then it is known (cf. exercise 2.7) by definition of dw and (ii) of Theorem
3.5, that for w € A" (M),

r+l

(d@)(X,, ..., X)) =D (-1 (Vy@) Xy, ..o, Xy onn s X, )

i=1
We define the Laplacian acting on r-forms by
A :=dé+dd: A/ (M) — A" (M).
By definition, we have that
Aw,n=(w,An, o, nedM). (3.37)
In particular, for r=0 f € A°(M)=C*(M),
Opf =dd f=- i:V,‘(df)(e,.) =- t{e,.(eif) - Ve‘e,.f} =4,/

i=] i=1
For more details about the Laplacian of r-forms, see [Mt].
§4. Examples of manifolds
4.1. Finite-dimensional C*°-Riemannian manifolds.

(4.1) Euclidean space R" . The Euclidean space R" is an n-dimensional
C>-manifold, and if (x,, ..., x,) are the standard coordinates on R", then

n
& :=Y_dx;®dx
i=1

is a Riemannian metric on R" whose sectional curvature is zero.
(4.2) Flat torus R"/A. Let {v,,...,v,} be abasis for R", and let
n
A= {Em,.v,.; mez(i=1,..., n)}.
=1

A is called a lattice of R”. See Figure 2.12.

FIGURE 2.12
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We say two elements x, y € R"” are equivalent if x —y € A, and we
denote by R"/A the totality of all equivalence classes n(x), x € R". Then
R"/A is an n-dimensional compact C*-manifold. We may take as its local
coordinates, R"/A 3 n(y) = n(X,., ¥, v;) — (¥, ..., ¥,). We may define
a Riemannian metric g, on R"/A by

n
8p = Z g,jdy,'®dy]’
t,)=1
where g, = (v;,v). Then n'g, = &,,» where n is the projection of
R" — R"/A (cf. exercise 2.8). The resulting compact Riemannian mani-
fold (R"/A, g,), called a flat torus, has zero sectional curvature.

(4.3) Unit sphere S". The unit sphere

n+l
S" = {(xl veees X, ) ER™S lez = l} cR™'
i=1
is an n-dimensional compact C>-manifold and a closed submanifold of
R"'. We may define a Riemannian metric g on S” by the pull back
g~ 1= 1"g, by the inclusion 1 : S" c R™'. The sectional curvature of
(S", gg») is one (cf. (2.17) of subsection 2.1 in Chapter 4).

(4.4) Unit ball B". The unit open ball

n
B" := {(x,, —es X,) € R"; ZX,Z < I}
i=1
is a noncompact C*°-manifold which is C*-diffeomorphic to R". The Rie-
mannian metric gg. on B", defined by

4 Y dx; ®dx,,

=2 X i

has constant sectional curvature —1. There are an infinite number of n-
dimensional compact C*-Riemannian manifolds (M, g) such that B" is
the universal covering of M and gz. = n"g, where n : B" — M is the
covering mapping. The sectional curvatures of all such manifolds M are
always —1.

Here in general, an n-dimensional C°°-manifold M is the universal cover-
ing of a C*™-manifold M of the same dimension if M is simply connected,
i.e., the fundamental group n (M) = {0} (see (4 45), below), and there exits
the following C*-mapping of M onto M, n : M — M (called the covering
mapping) : For each point p € M there exists a neighborhood V' of p such
that

an =

Tm=Ur.  vinv=o (i#),
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and for each i, # : ¥, — V is an onto C*-diffeomorphism, respectively.

Moreover, if the Riemannian metrics g, g on M, M, respectively,
satisfy § = n°g, then we say (M, g) is a Riemannian covering of (M, g).
The Euclidean space (R", g;) with = : (R", g,) — (R"/T’, g;) is such an
example.

4.2. Lie groups and homogeneous spaces. Here we introduce Lie groups
and homogeneous spaces which give interesting examples of manifolds. For
details, see [Mt].

(4.5) DEFINITION. If a group G is itself an n-dimensional C*-manifold
and the group actions

GxG3(x,y)~xyeG, Gax—x'eG

are both C*™ mappings, then G is called a Lie group. We denote by e the
identity element of G. The C™-mappings L , R, : G — G defined by

L. y:=xy, R y:=yx, x,y€ea,
are called the left translation, right translation by the element x, respectively.

L, and R_are C*-diffeomorphisms of G onto itself.
A C®-vector field X € X(G) on G is called left invariant if

L X=X x,yeGQ

xs Ty xy?
where we denote by X, € T,G the valuein 7,.G of X at x € G. X
is called right invariant if R , X,=X,, x,y €G. Wedenote by g the
totality of all left invariant C*-vector fieldson G. g is a subspace of X(G).
The mapping defined by
82X~ X,eT,G (4.6)
is bijective and dim(g) = dim(7,G) = dim G . Surjectiveness of (4.6) follows.
Let v € T,G. If we define
X, =L veT, G, x€G,

then X €g and X, =v.
For X, Y € g, since their commutator [X, Y] satisfies

L.[X,YI=[L_X,L.Y], x€G,

[X, Y] belongs to g. This g is called the Lie algebra of G.

Here we explain the exponential mapping of the Lie algebra g into the
Lie group G. For X € g, let a(t) be an integral curve of X with the initial
condition e. That is,

a0 =e, d'(t)=X,,
This equation has a solution for all —oco < ¢ < co. Because, if for |f| < €

there exists a solution, then we can extend it by &(f + ¢,) := a(t,) o(t), for
0<t, <e. Then d(t,) = o(t,), and since X is left invariant, it follows that

F(t+t)=L,, .0)=L,, X, =X =

a(tg)e a(t)e " al1) a(te)o(l) a(1+ty)
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which implies that & is an integral curve of X through o(f,) at ¢ = ¢,.
By the uniqueness (2.27) of the solution of an integral curve of X, we get
o(t+1,) = o(t+1,), for 0 < t+1, < €. Therefore o can be extended beyond
the open interval (—e¢, €).

We denote this integral curve o(f), —00 < t < oo, by exp(tX). By
definition, it follows that .

exp(2X) exp(sX) = exp((t + s)X), —00<t, s<o00.

The mapping exp : g 3 X — exp(X) € G is called the exponential mapping
of a Lie group. (Don’t confuse it with (3.14) !)

A subgroup K of a Lie group G is called a Lie subgroup if K is a sub-
manifold of a manifold G. In particular, if K is a closed submanifold of
G, it is called a closed Lie subgroup. Then if we put

t:={Xeg;exp(tX) e K, foreachteR}, 4.7)
then ¢ satisfies [X, Y] et forall X, Y €t, and it is the Lie algebra of K
if we regard K is a Lie group. We call ¢ the Lie subalgebra corresponding
to K.
For two Lie groups G,, G,, a C*-mapping ¢ : G, — G, is called a
homomorphism if

p(xy) =o(x)o(y), x,y€Gq,.

Then the differentiation ¢_, : 7,G, — T,G, of ¢ induces, via the identifi-
cation (4.6), a linear mapping d¢ : g, — g, which satisfies

{d¢([X, Y) =[de(X),do(Y)], X,Yegy,,

4.8
¢(exp X) = exp dp(X), Xeg,. 48

If a homomorphism ¢ : G, — G, is bijective and the inverse ¢" is C*,
then we say ¢ is an isomorphism. If G = G, = G,, then ¢ is called an
automorphism and d¢ : g — g is called an automorphism of the Lie algebra
8.
For x € G, an automorphism 4, : G — G defined by

Ay=LR'y=R'Ly=xyx"', yeG, (4.9)
is called an inner automorphism. Since A4 e = e, the differentiation 4, :
T.G - T,G of A, at e induces an automorphism of g. We denote it by
Ad(x) : g —» g. Wecall G> x — Ad(x) the adjoint representation of G.
This satisfies by (4.8),

expAd(x) X = x exp(X)x~', xeG, Xeg. (4.10)
If dim(G) =n and {X,,..., X,} is a basis for g, then for x € G,
n
xexp(inXi)-—o(x,,...,xn)

i=l
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gives local coordinates in a neighborhood of x in G.
For a Lie group G and its closed Lie subgroup K, let us consider the
quotient space defined by

G/K = {xK; x € G}.
The mapping n : G 3 x — xK € G/K is called the projection of G into
G/K . We introduce a Hausdorff topology on G/K by saying that a subset U
of G/K is an open set if n"(U) isopen in G. Moreover, letting dim(G) =
n, dim(K) = s, and taking as a basis for g, {X,,..., X, X - X}

s+1°°
in such a way that {X,,..., X.} is abasis of ¢, then we may give an (n-s)-

dimensional C*-manifold structure in such a way that

G/K axexp( 3 x,x,)x-»(xm,...,x,,)

i=s+1

are local coordinates on a neighborhood of xK. Then the mappings G x
G/K 3 (x,yK)— xyK € G/K and n : G — G/K are C*. Moreover, for
x € G, amapping 7, : G/K — G/K defined by

1, (yK) := xykK, YEG

isa C™ diffeomorphism of G/K onto itself, called the translation by x.
(4.11) ExamMPLE 1. Let us denote by M(n, R) the totality of all n x n
real matrices, and let

GL(n, R) := {x € M(n, R); detx # 0}.
GL(n, R) is an open submanifold of M(n,R) = R"2 . It can be shown that
GL(n, R) is a Lie group, i.e., the mappings defined by
GL(n, R) x GL(n, R) 3 (x, y) =~ xy € GL(n, R),
GL(n,R)3 x — x~' € GL(nR)
are both C*. The mappings GL(n,R) 3 x = () = x;, 1 <i,j<

n, give the coordinates of GL(n, R). We denote by gi(n, R), M(n, R)
endowed with the Lie bracket given by

[X,Y):=XY-YX, X,YeM(n,R).

Foreach X = (X, ;) € 8l(n, R), we can define uniquely a left invariant vector
field X on GL(n, R) by

~ n F)
X,= Y a, X, (5}—) , = (a,;) € GL(n, R). (4.12)
i,j.k=1 ij/a
The linear mapping X — X is bijective and satisfies
[X,Y)=IX, ¥, X, Yegin,R),
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which implies that gi(n, R) can be regarded as the Lie algebra of GL(n, R).
Then the exponential mapping exp : gi(n, R) — GL(n, R) is given by

- X o o) X'l
exp(X)=e =Z-n-!-, X €gl(n,R),
n=0
see exercise 2.9.
(4.13) ExaMPLE 2. (i) The groups

O(n) :={x € M(n,R); 'xx=x'x=l},
SO(n) := {x € O(n); det x = 1}

are compact closed Lie subgroups, called the orthogonal, the spectial orthogo-
nal groups, respectively. Here we denote by ‘x, det x the transposed matrix,
and the determinant of a matrix x, respectively. 7 is the unit matrix.

(ii) We denote by M(n, C) the totality of all n x n complex matrices.
Then

Un):={zeM(n,C); 'zz=2'2=1},
SU(n):={ze€ U(n); det z=1}

are both compact Lie groups, called the unitary and the special unitary groups,
respectively. Here Z implies the complex conjugate of z € M(n, C).
(iii) The Lie algebra of both O(n), SO(n) is

so(n) := {X € gl(n, R); 'X+X= o},
and the Lie algebras of U(n), SU(n) are

u(n):={ZeMn,C);'Z+Z =0},
su(n) := {Z e u(n); trZ =0},

where the Lie bracket is given by [Z, W) = ZW - WZ, for Z, W €
M(n,C),and tr Z := 2;;' Z, Z=(Z,)eM(n,C) (see exercise 2.10).

DEFINITION (4.14). A Lie group G is said to act on a C*°-manifold M

if there is a C*°-mapping G x M 3 (x, p) — x - p € M such that

i (xy)-p=x-(y-p), x,yeG,peM,

(ii) forall x € G, the mapping M > p— x -pe€ M isa C™-
diffeomorphism of M onto itself.

By (i), e-p=p, p € M. We say G acts effectively on M if for each
x € G, the condition that x-p = p, for all p € M implies that x = e.
We say that G acts transitively on M if for all p, ¢ € M, there exists an
element x € G suchthat g=x-p.

(4.15) If G acts transitively on M, we fix pe M and let K := {x €
G; x-p = p} which is a closed Lie subgroup of G. The quotient space G/K
is C*-diffeomorphic onto M by G/K 3 xK +— x-pe M. We call K the
isotropy subgroup of G at pe M.
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In the following, we assume G is a compact Lie group and K is a closed
Lie subgroup of G. Then a Riemannian metric g on the quotient space
G/K is G-invariant if for all x € G,

1.8=8.
When K = {e}, we say the Riemannian metric g is left invariant (resp.
right invariant) if L, ¢ = g, forall x € G (resp., R, g = g, forall x € G).
We call a metric g bi-invariant if it is both left and right invariant.

Given an arbitrary inner product (,) on g. Then we can define a left
invariant Riemannian metric g on G by

&(X, . Y,)=(X,Y), X,Yeg, xeG, (4.16)
where X, Y, € T,G, x € G. In particular, if (,) is Ad (G)-invariant, i.c.,
(Ad(x)X, Ad(x)Y)=(X,Y), X,Yeg,x€G, (4.17)

then the metric g on G defined by (4.16) is bi-invariant. Any compact Lie
group admits a bi-invariant Riemannian metric. For instance, if G = SO(n),
U(n), SU(n), theu the inner products on g = so(n), u(n), su(n) satisfying
(4.17) are given by

(X,Y)=-t(XY), X,Yeg.

Any G-invariant Riemannian metric on G/K can be given as follows:
First, we fix an inner product (, ), on g satisfying (4.17) and then let m be
the orthogonal complement of ¢ in g with respect to (, ), i.c.,

m:={X€g;(X,Y),=0, forallY €t}.
Then the subspace m satisfies

g=t®dm (direct sum),
Ad(k) X em forall X em, keK.

Then each X € m can be identified with a tangent vector X, € T (G/K)
at the origin 0 = {K} € G/K which is the tangent vector of a curve ¢ —
exp(tX)-0€ G/K at t=0:

d
Xo . T‘Lo
Then this linear mapping m 3 X — X € T (G/K) is bijective. Now we take
an inner product (,) on m satisfying

(Ad(k)X,Ad(k)Y)=(X,Y), keK, X,Yem. (4.19)

exp(tX)-o.

Then we can define a G-invariant Riemannian metric g on G/K by
gx(1..X,,1.Y,)=(X,Y), X,Yem, x€G, (4.20)

xe“"o0?
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where 7, X , 1t Y, €T, ,(G/K) are the images of X, Y € T (G/K) by

xe“C0’ "xe"0

the differentiation of z,. Since xK = xkK for k € K , to show the well
definedness of g by (4.20), it suffices to show that
&k (Take Xy T Y,) = 8k (1. X, » 1,.Y,), xeG,keK. (4.21)

Note that 7,,, = 7,,7,, and the differentiation 7,, of 7, : G/K — G/K
maps 7,(G/K) into itself. Moreover,

1. X, = (Ad(k)X),, Xem, kek,
because for f € C*(G/K), we have
d
WX N =X 0 1) = 77| S(kexp(tX)-0)
1=
d
= 3 f (exp(tAd(k)X)-0) (by (4.10))
(Ad(k)X)of.
Thus, to obtain (4.21) we need that (Ad(k)X, Ad(k)Y) = (X, Y) for all
ke K, X, Y €m which is (4.19).
Given a G-invariant metric g on G/K, we call (G/K, g) a Riemannian
homogeneous space and G/K a homogeneous space.
DEFINITION (4.22). For two Riemannian manifolds (M, g), (N, h),
a C®-mapping ¢ : (M, g) — (N, h) is called an isometry if ¢ isa C>-
diffeomorphism of M onto N and satisfies g = ¢°h. The isometry group
Iso (M, g) is by definition the totality of all isometries of (M, g) into itself.
This is a Lie group by the following multiplications:
Iso(M, g) xIso(M, g) 3 (¢, w)—~ ¢ o y €lso(M, g)
is the composition map,
Iso(M,g)3¢— ¢~ €lso(M, g),
is the inverse map, and it acts on M by
Iso(M, g) x M 3 (¢, p)— ¢(p) € M (see [K.N]).
Note that
{r,; x € G} cIso(G/K, g)
if (G/K, g) is a Riemannian homogeneous space.
(4.23) ExaMPLE 3. Let us denote
R :=(p="(p,,....P,,); P, €ER(1Si<n+1)},
§":={peR™"; Ip| = 1}.

Then SO(n+1) actson S” by multiplication of matrices and column vectors
as
SO(n+1)xS"3(x,p)—x-peS".
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We write 0 =°(1,0, ..., 0). Then

x-0="(x;y,---5 X,,y,) (the first column vector of x).

SO(n + 1) acts transitively on S”, i.e.,
foreach p € ", there exists x €SO(n+1), p=x-o.

Because n+ 1 column vectors of an orthogonal matrix of degree n+ 1 give
an orthonormal basis of R™' and any orthogonal matrix can be given by
this way.

The isotropy subgroup K of G =SO(n + 1) at o is given by

K= { (") ‘;’) ;xeSO(n)}gSO(n),

where 0= (0, ..., 0). Thus, the unit sphere S” is expessed as
S" = G/K =SO(n + 1)/SO(n).
The Lie algebras g, ¢ of G, K are

g=so(n+l)3!={(g :,)eso(n+l);Xeso(n)},

and the orthogonal complement m of ¢ in g with respect to the inner prod-
uct (X, Y)=-tr(XY), X, Yeg=s0(n+1) is

m={()?l “g') ;x,='(x,,...,x,,)en"}.

We give the inner product (, ), by

(X,¥)g:= —3u(XY), X, Yem

which satisfies (4.19). The corresponding G = SO(n + 1)-invariant Rieman-
nian metric g, on G/K = SO(n + 1)/SO(n) = S" coincides with the one
85~ =1"8,. Because gg. isalso SO(n+ 1)-invariant, the corresponding inner
product on m is of the form c(, ),, ¢ > 0, and the constant ¢ = 1. In fact,

for 0 —e
Z:=(,e' 0')60\,
where e, ='(1, 0, ..., 0), the geodesic
o(t)=exp(tZ)-0o="(cos t,sin?,0,...,0)€S", -c0<t<®
satisfies ) )
8s+(0(0),0(0)=(Z,2Z),=1.

REMARK. Recently, there has been a breakthrough in the development
of the theory of homogeneous spaces. One of the fundamental problems in
the theory is the following due to Hsiang-Lawson: Let G be a compact Lie
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group and let K, K’ be its two closed subgroups. Does homeomorphicity
mean diffeomorphicity for G/K and G/K' ?

But M. Kreck and S. Stolz [K.S] found the following counter example.
Let G =SU(3), and k, ¢ integers mutually prime. Then

Toi= 0 €% o ;OERY,
0 0 e-l(k+l)0

is a one-dimensional closed Lie subgroup of G and they showed that among
the family of 7-dimensional homogeneous spaces {G/T, ,; k, ¢}, there are
distinct pairs (k, ¢), (k', ¢’) such that (i) G/T, , and G/T,. , are home-
omorphic, but (ii) G/7, , and G/T,. ,. are not diffeomorphic. They claim
such pairs are

(k, €)= (-56788, 5227),  (k',t')=(-42652, 61213).

The family of the above homogeneous space G/T, , is famous: For all
(k,?), (i) G/T, , admits a positively curved G-invariant Riemannian
metric (cf. [A.W]). (ii) G/T, , admits a G-invariant Einstein metric (cf.
[W]). (iii) The spectrum of the Laplacian of the metric in (i) is determined
(cf. [Ur2), [Ur4)). Kreck-Stolz’s result implies that there exist two positively
curved Riemannian manifolds which are homeomorphic but not diffeomor-
phic. It is very suprising that such a phenomena occurs among such rather
simple homogeneous spaces.

4.3. Infinite dimensional manifolds. In this subsection, we assume (M, g),
(N, h) are m, n dimensional compact C*°-manifolds, and (N, h) satisfies:

(i) N is a closed submanifold of the Euclidean space R*, and if 1 :
N c R¥ denotes the inclusion, then

(i) h=1"g,, where g, is the standard metric of RY.

By J.Nash’s theorem, we may always assume (N, h) satisfies the above.

In 1958, J.Eells [E] showed that the totality of smooth maps of M into N
can be regarded as an infinite dimensional smooth manifold, and this study
was developed into the study of harmonic mappings, one of the themes of this
book. It is also related to infinite dimensional Lie group theory (see [Om]).
We prepare some materials in analysis in order to state Eells’ theorem for
more precisely.

(4.24) For k=0, 1,..., 00, let C¥(M, RX) be the totality of all C*-
mappings of M into R¥ . We denote elements in C"(M , R ) by

u=(u,,...,u) € C(M,R"),
where u, € C*(M,R)=C*(M), 1 <A< K. For k > 1, we put
du:=(du,,...,du,), (4.25)
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where du,, 1 <A<K,are C*~'.1-forms on M. At each point x in M,
we take the following norms | - |, | - |:

K 2 1/2
[du|, := (Z |du4|x) , (4.26)
A=1

K 1/2
|u(x)] := (ZuA(x)z) , X€EM,
A=1

where the norm | - |, in the right-hand side of the first equality is the one on
T_M induced from the Riemannian metric g on M. We often abbreviate
x as |du|, |u|. Moreover, for | < p < oo, we define the | - I, , on

=M, R by

1/p
lull, , = ( /M ldul v, + /M ul® vg) , ueC M,RY. (427

We denote by L, oM, RK) the Banach space completion of C*(M, RK)
with respect to the norm || - ||, ,. We also denote by L,(M, R¥) the Banach

space completion of C*°(M, RK) with respect to the norm || - ||p defined
by

e 00 K
= ([ 1fv,) " wec(M. R
M
We also define the following norm on the totality C°(M ,RX ) of all contin-
uous mappings of M into RX:
llull, := sup{ju(x|; x € M}. (4.29)
It is known (see [Sm], [Lw.M]) that
SoBOLEV's LEMMA (4.30). (i) If 1 > 2, m =dim(M), then we have
L, (M, R")c (M, RY),

and the inclusion is completly continuous.
(i) If k- % >0, k,t>0, k and t are integers, then

L, ,M,R)cC'M,RY),
and the inclusion is completely continuous.
(iii) Ifk—%zt-%l, k>¢,k, LeR, then
L, ,(M.R")C L, (M,R),

and the inclusion is continuous. In particular, if k — 2>t-2 and k > ¢,
then the inclusion is completely continuous.

Here the inclusion L, ,(M,R*) c C°(M,R¥) is said to be completely
continuous if whenever {d:,.}f:l is a bounded sequence in L, p(M s R ); that
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is, there exists a positive constant C > 0 such that
gll, ,<C forall i=1,2,...,
then there exists a subsequence {¢,.‘ };‘;l which is convergent in c® (M, rR¥ ),

ie.,
Iy, = #lloo — 0 & — oo

for some ¢ € C°(M, RK) .
Now we explain Eells’ theorem. In the following we always make the
important assumption:

|>%, m = dim(M) (4.31)
which implies that by (i) of Sobolev’s Lemma (4.30), each element in

L, ,(M,R") can be regarded as a continuous mapping of M into R.
Thus, we can define the space

L, ,(M,N):={¢eL, (M,R");¢(x) €N, x €M}
c C'(M, N).
Then we obtain

THEOREM (4.33) (J. Eells [E), 1958). Assume that 1 > o,om= dim(M).
Then L, o(M, N) isan infinite dimensional C*-manifold, and the tangent
space at ¢ € Ll'p(M, N), T,L, (M,N),is

L, @ 'TN):={XeL, ,(M,R"); X(x)€N,,, xeM}). (434)

Before giving a proof of this theorem, we explain its meaning.

(4.35) The meaning of Theorem (4.33). Note that for each point y € RY,
the tangent space TyRK is identified with R¥ itself. The differentiation of
the inclusion map 1 : N C R at YEN,

di: TN - TR =R"
is injective. We denote by N, the subspace dx(TyN ) of RX. Any c’.
section of ¢~'TN is a continuous mapping X : M — TN satisfying
X(x)eT, N, xeM.
By the above, X can be also regarded as a continuous mapping X : M — R¥

satisfying

X(x)€Ny,, xeM. (4.36)
Therefore, together with Sobolev’s lemma (4.30), the left-hand side of (4.34)
can be regarded as the intersection of L, ,(M, R¥) and the totality of all
continuous mapping of M into RX satisfying X(x) € Ny forall xe M.

x)
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(437) L, p(df'TN) is a closed subspace of the Banach space
L, _p(M, RK) , and then it is itself a Banach space.

In fact, for X, Y € Ll'p(df'TN), A, u € R, let (AX + uY)(x) :=
AX(x)+uY(x), x € M. Then AX+uY € L, ,(M,R"), andforall xe M,
(AX+uY)(x) e Ny since X(x), Y(x) € Ny, - Furthermore, if a sequence
{X,}2, in L, ,(¢”'TN) convergesto X € L, ,(M, R¥) with respect to the
norm | - ||, ,, then by Sobolev’s lemma (4.30), it converges with respect to
Il - ll,- Therefore, for each x € M, X;(x) — X(x) as i — oo. Since
Xi(x) € Ny, which is a closed subspace of RY, X(x) € Ny Thus,
XeL, ,(¢7'TN). O

(4.38) We explain intuitively that L, ‘,(4>'l TN) is regarded as the tan-
gent space of L,'p(M, N) at ¢.

In general, a tangent vector of a manifold M at p is by definition the
tangent vector ¢'(0) of a C'-curve c(¢) through p,i.e., c(0) =p (cf. (2.2)).

Atapoint ¢ of Ll,p(M,N) we may consider a C'-curvein L,‘p(M,N),
Co:Idt—cy ()€ L,'p(M, N), with ¢,(0) = ¢. Here [ isan open interval
containing 0. That is, {c,(¢)},¢, is a one parameter family of C l-mappings
of M into N satisfying c,(0) = ¢:

x)*

cy(t) : M3 xc,(t)(x) € NCR",
cs(0)=¢; thatis, c,(0)(x)=¢(x), x € M.

Then the tangent vector of c,() at t=0 is

d
X:= dt ‘soco(t).

(See Figure 2.13.) This means that for x € M,

Xt = 7| cnm

FIGURE 2.13
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and I 31— c,(t)(x) €N isa C'<curvein N through ¢(x) at ¢t = 0. Thus,
since

d
X)= 3| ¢()x) € Ty N= N, C R¥

t=0
it follows that
X:M-RF , is a continuous mapping

. (4.39)
with X(x) € N, ,,, x € M.

Moreover, since 1 — c,(7) isa C !curve in the Banach space L, p(M ,R¥ )s
X =4 ~oCs) € L, (M, RX). Therefore, together with (4.39), we get
XeL, (¢7'TN).

Thus, we adopt L, ,(¢~'TN) for the tangent space T,L, ,(M, N) at
¢eL, ,(M,N),so in order to introduce a C™-structure to L (M N),
it suﬂices to show that L, (M, N) is a manifold modelled by a Banach
space L,‘p(¢"'TN).

REMARK. The definition of a manifold in subsection 2.1 is the one to
be modelled to a fixed Banach space E. In order to show how to equip

(M, N) with a manifold structure, we should redefine the notion of a
mamfold as follows (then several notions in §2 are given in a similar way).

DEFINITION (4.40). A Hausdorff space M is a manifold if for each point
P € M, there exists an open neighborhood U, in M containing p, and a
diffecomorphism a of U, onto an open subset a(U,) of a Banach space E, .
Moreover, M isa C"-(Banach) manifold if

(i) M UQ A a ’

(ii) for two (U sa;), (U, '0‘2) with U nU # @, the mapping
02002 :E, e NUA nU )-oaz(U nU, )CE isa C -diffeomorphism.
We call also (U, , a) a coordinate neighborhood of M .

Now we start to prove Eells’ theorem (4.33).

(4.41) The first step in proving Theorem (4.33). We give a coordinate
neighborhood around ¢ € L, p(M , N) as follows:
(i) First, we define the exponential mapping

exp,: T,L, (M,N)=L, ,(¢"'TN) =L, (M,N).

Let exp be the exponential mapping of (N, ). Then we define
exp, : X —expolX. (4.42)
The circle in (4.42) denotes the composmon of two mappings. For X €
L, ,(¢7'TN), by means of X(x) € Ny, = T, N, x € M, we get

(exp o X)(x) := €Xpy X (X) € N. Since N is compact, by Hoph-Rinow’s
theorem (3.15), (N, h) is complete, so we can define €Xpy ) X (X). Since

¢eL, (M,N),and X €L, (¢"'TN), we get expoX € L, (M, N).
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The mapping exp, maps 0 € L, p(q&"TN) to ¢ and is the one onto a
neighborhood of ¢ in L, (M N).

Becauseif ¢' € L, (M N) iscloseto ¢ in the sense of the norm |||, ,,
then it is close m the sense of || - ||, by Sobolev’s lemma (4.30). Note
that any point »' in a neighborhood of y € N can be written uniquely as
y = exp, u, u € T N. Therefore, for any x € M, there exists a unique

X(x) e Tm,N such that

¢ (x) = expy,, X(x).

Since ¢' € L, ,(M, N), weget X € L, ,($”'TN) and ¢’ = expoX by
definition (4.42).

(ii) Using exp, : o(M,N)— L, (M,N), we can define a co-
ordinate neighborhood of each ponit ¢ in L o(M,N) as follows. Take a
sufficiently small neighborhood ¥, of 0 in T¢L,.p(M, N)=L, (¢"'TN),
put U, :=exp,(V,). Then we obtain a coordinate neighborhood of ¢

exp;l Uy~ ¥V, C L,‘p(¢"TN).

(4.43) The second step in proving Theorem (4.33). Choosing such two co-
ordinate neighborhoods U,, U, with U,nU, £@, for ¢,¢'€L, ,(M,N),
it suffices to show

®:=exp; oexp, : L, (6" 'TN)DV, =V, L, (6 'TN)

is a C*™-diffeomorphism. See Figure 2.14.

For X € V,, Y = ®(X) is determined as exp,(X) = expy(Y), ie,
€XPy) X(X) = expy(,, Y(x), x € M. Since the diffecomorphisms of the
neighborhoods around ¢(x), ¢'(x) into open setsin R" are given by exp;&) s
exp;.:x) and satisfy Y(x) = (cxp;.:x) © expy,,)) X (x) , the mapping ‘¥ defined
by

Y, = exp;.:x, °expy,, XEM
is a C*™-diffeomorphism by definition since N is a C*™-manifold. Show-
ing that ® is a C™ mapping of an open subset in L, _p(¢"'TN) onto
an open subset in L, p(¢'-'TN) reduces to proving the following lemma
using the definition of ®, the inclusions L, p(¢"TN) » Ly, p(¢'-'TN) C
L, (M, RX ) and the partition of unity on M (cf. subsection 3.6). See
Figure 2.15.

LEMMA (4.44). Let 1> 2, m = dim(M). Let V be a coordinate neigh-
borhood in M, and let U be an open set in M satisfying U C V . Assume
that the mapping

¥: ¥V xR¥3(x, &~ ¥x,¢&eR"
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Lio(¢'TN) Lx‘n(é"'TN)

FIGURE 2.14

€XPoun
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TansN=R" ToxaN=R"

FIGURE 2.15
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satisfies the following conditions:

(i) For & € R*, the mapping V 3 x — ¥(x,&) € R* belongs
to L, (V,RY). Denoting its norm by |[¥(-, &), ,. then & ~—
I¥(-, I, , is continuous.

(ii) For each x € V , the mapping R 5& — ¥(x, &) e RX is C*=.
Then it follows that:
(1) Defining ¥ o X(x) := ¥(x, X(x)), x € U, for X € L, ,(U,R"),
¥ o X belongsto L, U RY).
(2) The mapping ® : L, (U,R")> X ~¥o X €L, (U,R") isa
C®-mapping of the Banach space L, (U, RX) into itself.

PROOF OF THE LEMMA. (1) By means of the composition rule of differen-
tiation, the differentiation of the mapping x — ¥(x, X(x)) is

d ¥(x, X(x))%(x, X(x))+ %(x, X(x))d X.

Therefore, we get
1p
( / 4, ¥(x, X(x)P dx)
U

< ([ |50 xen

oY
_BY(X » c)

14 1/p
|d_x{° dx)

P oY

dx+/u -b-—e—(x,X(x))
1/

de) P

%%(x,x(x))lp /Uldxxl’dx)w < co.

< (S“D
¢evJu

+ (snp

x€U

Here we use the fact that {X(x) € R, x € U} is bounded in RY. By a
similar argument, we get [, |¥(x, X (x)) dx < o0, so we obtain (1).

(2) If t— X, isa C¥<curvein L, (U, R¥) satisfying X, =X at t=
0, then ¢~ ¥(-, X,(-)) isalsoa C™<curve in L, ,(U, R¥) since ¥(x, &)
is C* in ¢. So using Zorn’s proposition (1.12), we can show that @ is
Cc™. o

Thus, we obtain Theorem (4.33). (u]

Before closing Chapter 2, we explain connectivity with regard to C°(M ,N).

(4.45) Connectivity about C°(M , N) and the homotopy. Here we explain
the connectivity about the set C°(M , N) of all continuous mappings of M
into N, briefly. See [MI] for more detail. Two points ¢, ¥ in C(M, N)
are called connected if there exists a continuous curve ¢, : 0 < ¢ <1 in
C’(M, N) satisfying ¢, =¢ and ¢, = y .



EXERCISES iL]

¢

FIGURE 2.16

That is, putting
F(t, x):= ¢,(x), xeM,tel=[0,1],

F satisfies

(1) F:IxM — N is continuous,
(2) F(O,x)=¢(x), xeM,
(3) F(l,x)=y(x), xeM.

In this case, the continuous mappings ¢, y are called to be homotopic and
we write ¢ ~ y . See Figure 2.16. This is an equivalence relation:

(i) ¢~¢,

(ii) ¢ ~ y implies y ~ ¢,

(iii) ¢ ~ ¥, and ¥ ~ n implies ¢ ~ n.

We call the set of all equivalence classes [¢], ¢ € CO(M, N), the free
homotopy, denoted by [M, N]. In particular, if M = S™ (m-dimensional
sphere), then [S™, N] admits a natural group structure. This group is called
the m-th homotopy group of N, denoted by =, (N). =,(N) is called simply
the fandamental group of N. If = (N) = {0}, then N is called simply con-
nected. Since S° = {=1, 1}, the number of all elements of n,(N) coincides
with the number of connected components of N. In general, [M, N] does
not consist of just one element and then c® (M, N) is not connected.

Exercises

2.1.Let E, F be two Banach spaces, let B : E x E — F be a continu-
ous bilinear mapping. Define a mapping f of E into F by f(x) =
B(x, x), x € E. Then prove the following:

(i) df,(x)=2B(p,x), p, x€E,

(ii) d’fy(x, ) =2B(x,¥), p, x, y€E,
(iii) d’fp =0, peE, thus f isa C™-mapping.

2.2. Inthe totality L(E, F) of all bounded linear mappings of a Banach space
E into another one F, define addition, scalar multiplication, and norm
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2.3.

24,

2.5.

2.6.

2.7.

2.8.
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by
(AT, + uT,)(x) := AT, (x) + uTy(x),
A,neR, T,, T,eL(E,F), x€E,
T :=sup{IT(xX)ll/lIxll; O# x € E},  TeL(E,F).

Show L(E, F) is a Banach space.
For an n-dimensional Riemannian manifold (M g), show that

div(X) =) g(e;, v, X) = ‘/_ 3x(¢‘)
i=1

iml
for X =30, X 3-: € X(M). Here {e;};_, is an orthonormal frame
field and 2 —,/det(g,.j).

For f, f,, f, € C*(M), show that

(i) gradf = 21,1 e,(f)e( E, Lj=1 8‘18 7 3%,

(ii) g(gradf,, gradf)) = g(df,, df,).

For f € C*(M), show that
Af = —divgradf = -— ,,E. o (fg" af)
- —Mi-lg”(axax E ok, ) =§(e,.2f—v,'e,n.
Show that

on=-Y(V,n)e)=—div(X), ned (M),

i=1

where X € X(M) is determined by g(X, Y)=n(Y), Y € ¥(M).

Show that
r+1 ) .
do(Xy, ..., X,,) =Y ()" (Ve o)X, ..., Kiu s X, ),
i=1
forwe A/ (M), X,, ..., ,+, €EX(M).

Let {v,}]_, beabasls for R", and let A = (¥, m,v,, meZ, 1<

i<n}. Show that the Rxemanman metric g, on R"/A mduced from
the standard one g, on R" has the form

n
8\ = Z: g,‘jdy,'gdyj-
ij=1
Here g, = (v;,v;) where ( ,) is the standard inner product, and
(Pys---»¥,) is the Ioeal coordinate given by R"/A 3> n(¥]_, »;v,) >~
Dyseees V)
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2.9. Show the vector field (4.12) X in Example 1 (4.11) is left invariant on
GL(n, R), and the equations

(X, 71=[X,Y]", exp(X)=e",
for X, Y egl(n,R).
2.10. In (4.13) Example 2, show that O(n), SO(n) are compact closed Lie
subgroups of GL(n, R), and U(n), SU(n) are compact Lie groups.

Moreover, show that so(n) is Lie algebra of O(n), SO(n) and that u(n),
su(n) are Lie algebras of U(n), SU(n), respectively.






CHAPTER 3

Morse Theory

To study the topology of the manifold, M. Morse developed the theory,
called Morse theory, of minima and maxima of a function on a manifold. In
the early 1960’s, R. Palais and S. Smale studied the theories of critical points
of a function on an infinite dimensional manifold to apply the variational
method. They clarified that the socalled condition (C) is necessary for a
given function to admit a minimum. However, to satisfy the condition (C),
we need the borderline estimate of Sobolev’s lemma. We explain this theory
in this chapter.

Unfortunately, many interesting variational problems do not satisfy the
condition (C). To overcome this difficulty is one of the main problems in the
fields of analysis and geometry. We shall show one of the methods to solve
it in Chapter 6. This method is due to K. Uhlenbeck.

§1. Critical points of a smooth function

1.1. Introduction. We start with the study of the behavior of a given
function on a neighborhood of the origin in the Euclidean space near its
critical point. For examples, we consider the following functions on the xy-
plane:

(i) fix,y)=x*+y?,

(i) f(x,y)=-x>+)",

(iii) fi(x,y)=-x*-)’,

(V) fix,y)=y.

For these functions, one can see easily their graph by their form, and we
know their behavior around the (x, y) = (0, 0). (See Figure 3.1, next page.)

As above, if a given function on R” around the origin 0 is written in the
following form (called the canonical form)

JX) = f(xys s )= fO) = x, = x4 x, P47, (L))

then one can see the behavior of a function around the origin. The following
Morse lemma guarantees this.

83
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MORSE LEMMA (1.2). Assume that a given smooth function f(x) =
f(x,, ..., x,) ona neighborhood of a point p = (p,, ..., p,) of R" satisfies

. 0 i}
(1) 5;"'(1’) == 8x,,(p) =0,
and
(ii) the n x n matrix (ﬂ(p)) is nonsingular
9x,0x; ’

that is, the determinant is not zero. Then by changing the variable y, =
Yixy,...,x,)., 1<i<n, where y,(p,,...,p,) =0, 1 <i<n, wecan
reduce to

2

SO ) =f@) =y ==yt (1.3)

Here a point p is a critical point of f if it satisfies (i) of the Morse
Lemma (1.2). The matrix in (ii) in (1.2) is called the Hessian of f at the

critical point p, and the number 4, i.c., the number of the negative terms
-y, (1 <i<2) is called the index which influences greatly to the graph

FIGURE 3.1
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of f. The index coincides with the number of the negative eigenvalues of
the Hessian. If (ii) in (1.2) is satisfied, then the critical point p is called
nondegenerate. It turns out that a nondegenerate critical point p is isolated;
there is no other critical point in some neighborhood of p. In general, a
critical point might be degenerate like the function in (iv), and the Hessian
might have zero as an eigenvalue. The multiplicity of the zero eigenvalue is
called the nullity of the critical point.

Let f be a differentiable function on a finite dimensional smooth manifold
M. Then p € M is called a critical point of f if it satisfies dj; = 0. This
is equivalent to u(f) = 0, for each u € M. Studying this critical point
of a smooth function on M is very useful for studying the topology of AM .
Such a theory is called Morse theory. For instance, it is known (see [MI] for
more detail) that

THEOREM (1.4) (Reeb). A compact n-dimensional C™-manifold that ad-
mits a smooth function with only two nondegenerate critical points is homeo-
morphic to a sphere.

1.2. Critical points and regular points. We start with a finite or infinite
dimensional C*-manifold as in §2 in Chapter 2.

Let M be a C'-manifold, and let f : M — R be a C'-function on M.
Then by definition, for any point p € M, the differentiation df), : M -R
is a bounded linear mapping. If p € M is a critical point of f at p if
dfp = 0, that is, df,(«) = u(f) = 0, for all u € T,M (which implies,
intuitively, the differentiations at p in all directions vanish). Otherwise, p
is a regular point. For any c € R, f'(c) is called a level set ( of height ¢).
£ Y(c) is called regular if any point in it is regular. Otherwise, f~ l(e) is
called critical. Moreover, c is a regular value (resp., a critical value) if /™' (c)
is regular (resp., critical). (See Figure 3.2.)

In the following, we always assume that M is a C>-manifold and fisa
C’-function on M.

)

FIGURE 3.2
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PROPOSITION (1.5). Let p € M be a critical point of f. Then there
exists a unique bounded symmetric bilinear mapping

H(),: T,MxT,M —R,

such that for any coordinate neighborhood (U, ,a), a : U, = E,

H(Nyu,v)=d"(f 0 a”"),(da(w), da(v)), u,veT,M, (1)
where da(u), da(v) €T, ,E=E. H(f), is called the Hessian of f at p.

PROOF. By definition, f o a~' isa C’-function on an open set a(U,)
in a Banach space E (cf. subsection 2.2 in Chapter 2) and its second dif-
ferentiation with respect to the directions da(u), da(v) coincides with the

right-hand side of (1.6). It suffices to show that H(f), is independent of
the choice of (U,, a). We need the following lemma:

LemMA (1.7). Let U, U' c E, be two open sets, and let ¢ : U — U’
be an onto C*-diffeomorphism (k >2),let f : U' =R bea C’-function ,
andlet g:=foe@ :U—R. lfdg,=0 at pe U, then

d’g,(u,v)=d’f,,(de,), dp,(v)), u,veE.

PRrooF. For x € U, and u, v € E, we have that dg, = df,,, cd¢p, and

d’g (u, v) = d*f,,(dp,(u), 9, (v) +df,, (d’p,(u, v)).
Letting x =p,
0=dg, =df,, o dp,.
Since ¢ is a C*-diffeomorphism, de, is a linear isomorphism, so that
df,m = 0; that is, the second term of the above equation vanishes, which is
the desired result. o

PROOF OF PROPOSITION (1.5) CONTINUED. We take two coordinate neigh-
borhoods a : U, = E, B : Uy~ E. Put p:=ao ™' : B(U,NU,) -

a(U, N U,) which is a C?diffeomorphism. Then for u, v € T,M, we get
do(u) =dp(dp(u)),  da(v) =de(dB(v)).
Then we obtain
d*(f o a”'),,(da(u), da(v)) = d*(f 0 a”"),, (dp(dB¥)), dp(dB(v))
=d*(f o a” o 9)y,,(dB(u), dB(v)) (by Lemma (1.7))
=d’(f o B7)p)(dB(), dB(v). O

DEFINITION (1.8). A bounded symmetric bilinear mapping B : ExE —
R on a Banach space E is called nondegenerate if we can define a bounded
linear mapping 7 : E3 v — T(v) € E® by

T(v)(w):=B(v,w), wekE,
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such that T is a linear isomorphism of E onto E°. Otherwise, T is called
degenerate. The index is by definition

sup{dim(W); B is negative definite on W},
where W runs over all subspaces of E. Here B is negative definite if
B(v,v) <0, forall nonzero v e W.
The nullity of B is
dim{ve E; B(v,w)=0, forall weE}.

Both the index and nullity may be infinite.

DEFINITION (1.9). Let £ : M — R be a C’-function on a C-manifold
M, and let p € M be a critical point of f. Then p is called degenerate
(resp., nondegenerate) if the Hessian H/( f)p : TPM xT,M — R is degenerate
(resp., nondegenerate). The index (resp., nullity) is the index (resp., nullity)
of the Hessian of f at p. A critical point p is weakly stable if the index of
f at p is zero; that is,

H(f)p(u, u)>0, foreachue T;M.
Note that the minimizer of f is always weakly stable.

MoORSE LEMMA (1.10). Let H be a Hilbert space, let U be a convex
neighborhood of 0 in H, andlet f : U — R bea C***-function, k > 1, with
S(0) = 0. Assume that 0 is a nondegenerate critical point of f. Then there
exist an open neighborhood V of 0 containedin U anda C*-d:ﬁbomorphism
@ : V=V of V into itself with (0) =0 and

flp) = IPvll - (I - PYI?, veV,
where P : H — H is a projection (see subsection 1.3).
REMARK. If H =R", then (1.10) is (1.2).

1.3. Spectral resolution of a selfadjoint operator. We review basic facts
about a selfadjoint operator on a Hilbert space which are necessary to explain
the Morse Lemma (1.10). See Yosida [Y] for more detail.

(1.11) (Selfadjoint operators) The adjoint operator of a bounded operator
A : H — H of a Hilbert space (H, (, )) is a bounded operator 4* : H —
H satisfying

(Ax,y)=(x,4"y), x,y€H.
A bounded linear operator A is called selfadjoint if 4 = A°; that is,
(Ax,y)=(x,4y), x,ye€H.

A selfadjoint operator P : H — H is called a projection if P? = P, where
:= P o P, the composition.
(1.12) (Resolution of the identity) A family {E(1); —00 < 4 < o0} is
called a resolution of the identity if it satisfies
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(0) E(A) is a selfadjoint operator of (H, (, )) and satisfies E(A)2 =
E(4),

(i)  E(4) o E(u) = E(min{4, u}),

(ii) E(-o00)=0, E(x)=1, lim,_ 0 E(A) =E(n).

Here 0, I are the null operator and the identity operator, respectively.
E(-oc) := lim,____ E(A), E(cc) := lim,_  E(A), and lim‘_.“oE().) =
E(u) is strong convergence; that is,

lim||(E(4) — E(u))x]| =0, X € H.
Alu

By (i) of (1.12), the operator E(a, f] := E(B) — E(a) is a projection.
Moreover, by (i), (ii), for all x, y € H, the function A — (E(4)x,y) in
A, is said to be of bounded variation; that is, for any division A of [a, b],
A:a=2<i <--<d, =b,

n
S IE@) - E@,_))x]| £ C < oo.
i=1
Here C is a positive constant depending only on a, b, x€ H.
(1.13) Given a resolution of the identity {E(4); —oc < 4 < oo} and
a real-valued continuous function f(41) on R, and x € H, the integral
f: f(A)dE(A)x with values in H on [a, b] is defined as follows: For any
division of [a,b], A:a=4,< 4, <--- <4, = b, consider the Riemann
sum
n
Y S(x)EQ;_,, A €EH,
i=]
where x; € (4;_,, 4;] is chosen arbitrarily. Then as 4(4) := max,;,(4; —
A,_,) tends to zero, there exists a limit in (H, (,)), T

n
Am 0; SDE@R,_,, 4,)x

denoted by jf S(A)dE(A)x. We denote by D/(H), the setof all x € H
such that the Riemann-Stieltjes integral ff’; S(A)d\|E ().)xll2 of the function

A ||E().)J:|]2 of bounded variation, is finite. Then it turns out that D (H)
is a dense subset of H and for all x € D (H),

oc
Apx = f(A)dE(A)x e H
-oc
is well defined. In general, for any Borel measurable function f(1), the
operator A, : D (H) — H is well defined. Moreover, if S/ is bounded
measurable, then D (H)=H and 4, is well defined on the whole space H
and is a bounded selfadjoint linear operator.
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(1.14) Spectral resolution of a selfadjoint operator. Conversely, for any
bounded selfadjoint linear operator 4 with f(4) = 4, there exists a unique
resolution of the identity {E(4); —oo < 4 < oo} such that

A=/ AdE(), i.e.,Ax:/ AdE()x € H, x € H.

(1.15) Spectrum of a bounded selfadjoint operator. For a bounded linear
selfadjoint operator 4 of a Hilbert space (H, (, )), the set of all 4 such
that the inverse (A7 — 4)~' of A7 - A is a bounded linear operator of H
is called the resolvent of 4, denoted by p(A4), and its complement is called
the spectrum of A4, denoted by o(A) := R\p(A4). Then

A= /_:wzz(z) = /m)zdls(z),

and if we define r_(4) := lim___ [|4"]|"/", called the spectral radius of A,

n—+00
then

r,(4) < ||4]] and ',(A)=A::l(l:)lll- (1.17)

1.4. Proof of Morse Lemma (1.10).

(1.18) The first step. Assume that there exist a neighborhood ¥ of 0 and
a C"-diﬁ'eomorphism v : V=V with ¢(0) =0 such that f is given by

S(v) = (Ay(v), y(v)), veV, (1.19)

where A is an invertible selfadjoint operator. Then we prove Lemma (1.10).
Let A = [°2 AdE(A) be the spectral resolution of 4. Let h(4) be the
characteristic function of the half interval [0, oo). That is,

h(A)=0 (-00<i<0) and Ah(A)=1 (0<A< o).
Define -
Pi=4,= / h(A)dE(A).
Then by the definition of A,

P= / * dE(3) = E(o0) - E(0) = I — E(0).
0

Thus, P2 = P. On the other hand, since A is invertible, 0 ¢ o(A4). Taking
g(4) := IAI"’ 2 we see that &(A) is continuous and never vanishes on g(A4).
Thus, we can define an invertible selfadjoint operator on H by

T:= 4, = /_w g(A)dE(A)

which commutes with 4. Note that if A # 0, then
Ag(A)? = |41™" = sgn(d) = h(4) - (1 - h(2))
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which implies by (1.13) that
AT =P -(I-P). (1.20)
Therefore, we can take ¢ := v~ ' o T asthe @ in Lemma (1.10). In fact,
9(0)=0,and ¢ isa ck -diffeomorphism of a neighborhood of 0 and satisfies
flo(®)) = fy ™' Tv)

= (ATv, Tv) (by (1.19))

= (A4 Ty , V) (since T is selfadjoint and commutes A)

= (Pv,v) - ((I-P)v,v) (by(1.20))

= IPvll* - I - Pyv))®
since P, I — P are projections. This is the desired result.

(1.21) The second step. The y, A in the first step are obtained as fol-
lows: For f, take p = 0, x = v, and apply Taylor’s theorem ((1.28) and
the remark below it in Chapter 2) for k = m = 2. Then we get

Sf(x) = f(0) + dfy(v) + Ry(v)(v, v).
But since f(0) =0 and dfy(v) =0, we have
f(v) = Ry(v)(v, v). (1.22)
Then R, is a bounded symmetric bilinear mapping defined on U

R, : U3vw— Ry(v)e L*(H; H).

Therefore, by a suitable selfadjoint operator 4(v) of H, R, can be written
as
R,(v)(w, 2) = (A(v)w, 2), w, z€H.

Moreover, since R,(0) = %dz fy» we obtain
(i) f(v)=(A(v)v,v), veU,
(i) d’fy(v, w)=2(400w,w), v,weH, (1.23)
(iii) A(O) is invertible.

(iii) follows from the assumption that 0 is a nondegenerate critical point of

f.
Therefore, define 4 := 4(0), and define y as in the following procedure:
By (iii) in (1.23), taking a sufficiently small neighborhood U of 0, we may

assume A(v) is invertible for all v € U . So, putting

B(v):= A(v)"'4(0), veU,

Bisa C"-mapping U— L(H, H), each B(v) is invertible, and B(0)=1.
Remembering the binomial expansion formula for a real a,

a ala=1)---(a—n+1
hed ( ) nf )x"+--~, x| <1,

1!

M+x)"=1+=x+---+
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we define, taking a smaller U if necessary,
C(v):=B(w)'?, wvel.
Then C isalsoa C"-mapping U — L(H, H), and each C(v) is invertible.
Then
C(v)"A(v)C(v) = 4(0), i.e., A(v) = C,(v)"A(0)C,(v), (1.24)
where C,(v) := C(v)". Because, since 4(0) and A(v) are selfadjoint,
B(v)"A(v) = (A(v) "' 4(0))"A(v) = A(0) and A(v)B(v) = A(0).
Then
B(v)* A(v) = A(v)B(v).
This holds for all polynomials in B(v) and all series in B(v) which are
limits of polynomials. Therefore, it holds for C(v) = B(v)" 2.
C(v) A(v) = A(v)C(v).
Thus, for the right-hand side of (1.24),
C(v)"A(v)C(v) = A(v)C(v)’ = A(v)B(v) = A(0)

which is (1.24).
So we define
y(v) := C,(v)v. (1.25)

Then y is C* on the neighborhood U of 0, and furthermore, by (i) of
(1.23),
S(v) = (4(v)v, v)
= (C,(v)" 4(0)C,(v)v, v) (by (1.24))
= (A(0)C,(v)v, C,(v)v) (by definition of C,(v)")
= (Ay(v), w(v)) (by definition of 4 and y.)
Here we shall show that dy, : H — H is an isomorphism. Then by the

inverse function theorem ((1.30) of Chapter 2), v is a C"-diﬂ'eomorphism
of a neighborhood of 0 as desired.

(1.26) The third step. dy, = I : H — H. In particular, dy, is an
isomorphism.
In fact, differentiating w(v) = C;(v)v in the direction w at v, we get

dy,(w) = di C,(v +w)(v + tw)
t t=0
=—| C(v+tw)v +C (v)w.
dt|,..,
Here putting v = 0, the first term of the above vanishes, so we get
dy,(w) = C,(0O)w, weH
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But note that
C,(0=C0)" =B0)"*=1

which implies, together with the above, that dy, = 1. o

COROLLARY (1.27). Under the assumption of the Morse Lemma (1.10), the
index of f at 0 coincides with the dimension of

range(I — P):= {(I - P)u;u € H}.

ProOF. By the equation of the conclusion of the Morse Lemma (1.10),
we get the estimate index < dim range(/ — P). We shall prove the reverse
inequality. By definition of the index, it suffices to show that the operator
I- P isonetooneon W if W is a subspace of H on which d’f, is
negative definite. Indeed, this can be shown as follows. Suppose w € W
satisfies (/ — P)w = 0. Then by the Morse Lemma (1.10),

2
& fyw, w) = % _{Pw), P(ew) - (1 - PY(w), (1 - PYow)))
t
= 2||\Pw|)’ - 2)|(I - P)w|* = 2||Pw|’ > 0.

Therefore, if w € W is nonzero, then d’fy(w, w) < 0, which contradicts
the above. Thus, w =0. o

1.5. The canonical form at a regular point. By the Morse Lemma (1.10),
we determine the form of f at a nondegenarate critical point. In this sub-
section, we shall show that f is of linear form around a regular point.

ProPOSITION (1.28). Let U be an open neighborhood of 0 in a Banach
space E,andlet f : U - R bea C"‘-ﬁmction on U satisfying f(0) =0.
Assume 0 is a regular point of f. Then there exists a neighborhood W
contained in U on which f is of the following form:

flp(v)) =t(v), veW,

where ¢ : W — U is an into C"-dijkomorphism and t : E - R isa
bounded linear mapping.

PrROOF. Let ¢ := df, # 0. We choose x € E satifying £(x) = 1. Let
N := {v € E; £(v) = 0} . Then the linear mapping

T:E>3v—~T(v):=(v-¢L(v)x,€&(v)) e NxR

is an isomorphism. The injectivity is clear. The surjectiveness is as follows.
For (v,, a) € N xR, we put v := v, +ax. Then we get T(v) = (v,, a).
Now define

y:Udvw—y(v):=(v-L(v)x, f(v)) € NxR.
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Then y is Cc* and

w(u+tv)
=0

d d
= (allgo(u +tv—L(u+tv)x), d—‘Lof(u + tv))
= (v -£(v)x, df,(v)).
In particular, we obtain
dyy(v) = (v-L(v)x, dfy(v)) =T(v), ie.,dy,=T.

d
dy, (v) = 7

Therefore, by the inverse function theorem ((1.30) in Chapter 2), ¢ := vo'T
isa C"-diﬁ'eomorphism of some neighborhood of 0 in E into E satisfying
@(0) = 0. Moreover, we have

Slo(v))=t(v), veW.
Because if we put v’ := y ™' Tv, then
(v' = 2(0")x, f(v') = y(v') = Tv = (v - L(v)x, £(v)).
Therefore, we obtain f(v')=¢(v). O

COROLLARY (1.29). Let M bea C"-mamfold, f:M—-Ra ck Junction,
(k > 1). Assume that a € R be a regular value of f. Then the level set f~ '(a)
isa C*-closed submanifold of M.

Proor. For pe [~ I(a) ,let U , a:U, — E be a coordinate neighbor-
hood of p. Then define a C*-function f:= fo a”! - f(p) on a(U,)CE.
Apply Proposition (1.28) to f . There exist a neighborhood W of O con-
tained in o(U,) and a C"-diﬂ'eomorphism 9 : W — o(U,) such that
f(p(v)) = £(v), v € W. Then letting W,, W, be neighborhoods of 0 in
N ={veE;v)=0} and R, respectively, satisfying T~ ' (W, x W,) c W,
it turns out that

U, =o' (p(T™" (W, x {0})))
is the disired coordinate neighborhood of p in f~'(a). O

1.6. Gradient vector fields.

(1.30) Let (M, g) bea C**'-Riemannian manifold, and let f/: M — R
be a C**'-function. Then at each point p € M, df, : TM - Risa
bounded linear mapping, so there exists a unique vector, say (V f)p € TPM ,
satisfying

df,(v) = &g,(v, (Vj)p) , veT M.
We call (Vj)p the gradient vector of f at p, and

Vi:M3p—(V)),eT M
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the gradient vector field of /. (We wrote grad f in (3.25) in Chapter 2. Next
(1.31) is clear from (3.26) in Chapter 2 in the case dim(M) < oco. )
(1.31) The gradient vector field Vf is a C*-vector field on M.
PrROOF. Let (U,, a), a: U, = H be a coordinate neighborhood in M,
(H, (,)) a Hilbert space which is a model of M . We define a mapping

T:-H 5¢t—~TteH
by
tv)=(v,Tt), veH,teH.

Then T is a linear isomorphism, so it is a C*°-mapping ((1.16) in Chapter
2). The function h := f o a~' is a C**'-function on a(U,), and then
the differentiation dh : U — H® is a C*-mapping. Thus, 1:= T o dh :
a(U,) = H is also ck. Moreover, for x e U,, v € H, we get

(G*(x)da, (VS),,v) =g (VN),,da ")) (by (2.32) in Chapter 2)
=df (d(e”")v) (by definition of V)
=dh,,,(v) (definition of h and the composition rule)
= (v, Tdham) (by definition of T).

Since v € H is arbitrary, we get
da (Vf), =G (x)"' Tdh

a(x) *

where x — G°(x)~' € L(H, H) is C*, and x — Tdh,,, is C*, so we can

conclude that x — da (Vf), is C* asdesired. O

The following is clear:

(1.32) (Vf)p =0 <= p is a critical point of f.

Thus, the set of all critical points coincides with the nullset of ||V /f]].
Moreover, since

(VNS®) =df,((VN),) = &((V),. (VN,) = I(VN,I,
(V) f > 0 on the set of regular points of f.

§2. Minimum values of smooth functions

In this section, we show which smooth functions admit minima. In the
following argument, the condition (C) given by Palais and Smale is essential.

2.1. The condition (C). Assume that (M, g) isa C**'-Riemannian man-
ifold and that f: M — R isa C**'-function (k > 1).

DEFINITION (2.1). [ satisfies the condition (C) if the following holds:

Assume a subset S of M satisfies (2.2).

fis bounded onS, and igf Ivfil=0. (2.2)
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Then there exists a point p in the closure S of S such that p is a critical
point of f,i.e., pr =0.

ExaMpLE. Consider the following two functions on M = R given of §1
in Chapter 1:

i) f(x) =x2,3 —00< X <00,

(i) g(x)=e€*, -0o0<x<o0.

Then f satisfies the condition (C) and takes a minimum at x =0, but g
does not satisfy the condition (C) and takes no minimum.

In fact, if we take S := (—oc, a], then g(x) >0 on S and it follows that
inf s g'(x) = 0. But there is no element x in S =35 such that g'(x) =0;
thus, g does not satisfy the condition (C).

By Weierstrass’ Theorem, any continuous function on a compact set admits
both minimum and maximum. But this is a rather delicate problem for a
continuous function on a noncompact set. The above simple example suggests
that the condition (C) is essential. The condition (C) is very similar condition
to “a given function is defined on a compact set ”. It seems that the naming
of the condition (C) by Palais and Smale comes from “compactness”. We
shall show that under the condition (C), every thing is OK as on a compact
set.

2.2. Minima of smooth functions.

PROPOSITION (2.3). Let (M, g) be C***-Riemannian manifold, and let
f: M = R bea C*%function (k > 1). Assume that f satisfies the
condition (C) and admits only nondegenerate critical points. Then for any
two real numbers a < b, the set of all critical points p of f satsifying
a < f(p) < b is finite. In particular, if c is a critical value of f, then the set
of all critical points of f contained in f~ l(c) is finite.

PRrROOF. Assume that the conclusion is false. Then there exists a sequence
of mutually distinct critical points {p,},., of f satisfying a < f(p,) <
b. Since p, is nondegenerate, by the Morse Lemma (1.10), there exists a
neighborhood such that f admits no other critical point. Thus, such critical
points are isolated. Thus, for each »n, there exists a regular point g, of f
satisfying that

1 1
PP, q) <~ IV II<, and a<f(q,)<b.

Then we apply the condition (C) to the set S := {g,;n=1,2,...} and
choose a subsequence {q,,.}f;, of {q,},., convergent to some point p
which is a critical point of f. But, by p(p,,. , qn.) <l/n, p,, converge to
p . This implies that nondegenerate critical points of f converge to a critical
point of f, which is a contradiction. D

PROPOSITION (2.4). Let (M, g) be a complete C**'-Riemannian mani-
fold, and let f: M — R be a C**'-function satisfying the condition (C),
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(k>1). Let 0: (a, p) = M be a maximal integral curve of V[ defined
an open interval (a, B). Then we have

(i) either lim,_, Sf(a(t))=o0c,0r B=oc andif t — oo, then o(t) admits
a critical point as accumulation point.

(ii) Either lim,__ f(o(t)) = —00, or a = —oco and if t — —occ, then o(t)
admits a critical point as accumulation point.

Before going into the proof, we prepare with the following:
We define the length of a C ! curve defined on an open interval. For a
C'<curve o : (a, b) — M, the length of ¢ is by definition
B
Lio):= lim ["la'@)lde.

a
B—b

L(o) may be infinite. If L(6) < oo, then for any € > 0, there exists a
division of (a,b), A: a=1t,<t <--- <t =b, such that, for any

= l’ ,n,
"
/ I’ (Ol de < e.
{ 1

-

Therefore, if B,(p):={xeM; p(x,p)<r} forr>0and peM,

a((a, b)) c |JB.(a(1)).
i=1

That is, a((a, b)) is totally bounded. Therefore, we get

LEMMA (2.5). Let (M, g) be a C**'-Riemannian manifold, (k > 1),
andlet o : (a, b) — M bea C'-curve with L(o) < oo. Then o((a, b)) is
totally bounded in M . In particular, if (M, g) is complete, then the closure
of a((a, b)) is compact.

LEMMA (2.6). Let (M, g) be a complete C**'_Riemannian manifold (k >
1), let X bea C"-vectorﬁeldon M, andlet : (a, b) - M be a maximal
integral curve of X . Then

(i) if b < oo, JPIX(e(t)dt = co. In particular, | X(a(1))|| is un-
bounded on [0, b).

(ii) If —oo < a, then f: I1X(a(t))lldt = co. In particular, || X(a(1))| is
unbounded on (a, 0].

PRrOOF. Since o(t) is an integral curve of X, o'(f) = X(a(t)). Therefore,
if fob 1 X(a())ldt < oo, we get fob lo’(t)lldt < co. By Lemma (2.5), the
closure of a((0, b)) is compact. Then o(f) has an accumulation point if
t — b. This contradicts Theorem (2.29) in Chapter 2. (ii) follows by a
similar argument. O

PROOF OF PROPOSITION (2.4). We prove (i). (ii) follows by a similar argu-
ment. Let g(1) := f(o(1)). Then

g'(1) = df, (0 (1)) = df, (V) = IV S I” 2 0.



§2. MINIMUM VALUES OF SMOOTH FUNCTIONS 97

Thus, g(¢) is nondecreasing, so Iim,_¢ g(1) exists, say B. Assume that
B < oo. We shall show § = oo and o(¢) has an accumulation point which
is a critical point of f as ¢ — oc. Note that

{ {
£(0) = (0) + /o g'(s)ds = g(0) + /o V1, I ds.

Thus, by the assumption that B < oo, we get f: v ftm,ll2 ds < 0. By the
Schwarz inequality,

B 12 B ) 172
[ 19 s <8 ([ 10s0ds)

Therefore, if f < oo, the right-hand side of the above is finite which implies
f(f v famll ds < oc . But this contradicts (i) of Lemma (2.6). Thus, § = oc.

Moreover, since we get [~ ||V j;mllz ds < >, we have
.. 2
h&g\fllv,f;(,)ll =0.

Thus, there exists a sequence {s,},., which convergesto oo and ||V f,(,,)ll —
0. The assumption that B < oo implies that {f(a(s));0 < s < oo} is
bounded, so applying the condition (C) to

S:={o(s,);n=1,2,...},

o(t) has an accumulation point which is a critical point of f as 1 — oc.
0

PROPOSITION (2.7). Let M be a connected C l-mam’fold let f: M—-R
be a nonconstant C'-function, and let K be the set of all critical points of f .
Then we have

S(K) = f(3K),
where 8K := K - K° is the topological boundary of K (K° is the interior of
K).

Proor. It suffices to show that for all p € K, there exists an g € 8K such
that f(x) = f(p). See Figure 3.3, on next page. Since f is nonconstant,
there exists g € M such that f(g) # f(p). Connect p and g bya C'<curve:

o:I=[0,1]1- M, C', o(0)=p, o(l) =q.

Define g(¢) := f(o(t)). Then g'(2) =dj;(,)(a'(t)) and g is nonconstant, so
g #0. Thus, o(/)Z K. Let

to:=inf{tel; o(t) ¢ K},

and let x :=0(t;). Then x € 8K and o'(t) = 0 forall ¢ € [0, {;]. Thus,
8(ty) = g(0) . Therefore,

J(x) = f(a(ty)) = (1) = 8(0) = f(p). O
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olty:

FIGURE 3.3

PROPOSITION (2.8). Let (M, g) bea C !.Riemannian manifold, let f :
M — R a C'-function satisfying the condition (C), and let K be the set of all
critical points of f. Then for any two real numbers a < b, 8K f~'({a, b))
is compact.

PROOF. Let a sequence {p,}.., in the set 9K satisfying a < f(p,) < b.
We have to show that there is a convergent subsequence.

Since p, € 8K, we may choose the regular points g, of f which are
arbitrarily close to p,. Since ||V /]| is continuous and ||V j;_ll =0, we can
choose the g, in such a way that

1 1
IVfl<s, a-€<f@g)<b+e, and p@p,.q,)<..

We apply the condition (C) to § := {g,; n =1, 2,...}, so there exists a
subsequence {g, }ewr of {g,}no, which is convergent to some point of X,
say p. Then by p(p,,., q'u) <l/n,, p,, convergesto p. o

THEOREM (2.9). Let (M, g) be a complete C*-Riemannian manifold, and
let f:M—R bea Cz-ﬁmction satisfying the condition (C). Assume that f
is bounded below on a connected component M,, of M. Then the restriction
of f to M, attains this infimum.

PROOF. We need prove the theorem only in the case M = M, . Let B :=
inf{ f(x); x € M}. By definition, for any € > 0, there exists p € M such
that f(p)<B+e€.

Let 0: (a, ) = M be a maximal integral curve of V /. By the assump-
tion that f is bounded below and by (ii) of Proposition (2.4), a = —o0 and
o(t) has an accumulation point which is a critical point of f as t — —o0.
By the proof of Proposition (2.4), f(o(t)) is a nondecreasing function in ¢,
so

J(@) < f(p)<B+e.
Since our theorem holds trivially in the case that f is constant, we may
assume f is not constant. So by Proposition (2.7), f(K) = f(8K). Then
there exists x € 3K such that

f(x)=f(q) < B+e.
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Thus, for € = !, we may take x, € 3K such that
1
B<f@)=/f(x,)<B+ .

However, by Proposition (2.8), f~ '([B, B + 1}) N 3K is compact. Thus,
{x, }oo, has a covergent subsequence, say {xnk },‘f:, convergent to some point

n=1
z. Then
B< f(x, )< B+ —l—-
s J(x, n
which implies that f(z)=B. 0O
Theorem (2.9) is what we want to show. The next theorem is also im-
portant for determining the topology of M, but we do not need it in our
subsequent arguments.

STRONG TRANSVERSALITY THEOREM (2.10). Let (M, g) be a complete
C**'_Riemannian manifold andlet f: M — R bea C**'-function satisfying
the condition (C), (k > 1). Assume that f admits no critical value in the
interval (a, b). Then M, :={x € M; f(x) < a} is C**'-diffeomorphic to
M, :={xeM; f(x)<b}.

To outline the proof we first consider an integral curve of Vf starting any
point of M, . Then assigning the first point of the integral curve crossing
M, we get a mapping from M, to M,. By using the assumption that f
has no critical value in [a, b], it can be shown that this mapping is a ckl.
diffeomorphism of M, onto M, .

2.3. Finsler manifolds. We should extend Morse theory from the case of
Riemannian manifolds to the case of Banach manifolds in order to apply it
oL ,(M,N), 1> % , where m = dim(M).

(2.11) Finsler metric. A C*-manifold M treated in subsection 2.1 in
Chapter 2 was a manifold modelled on a Banach space. In general, it is not
true that it admits 'a Riemannian metric g. However, we can consider a
Finsler metric || || instead.

DEFINITION. || || is called a Finsler metric if for each point xe M, || ||,
is a norm on a Banach space 7, M such that:

(i) The topology induced from || ||, coincides with the original one as
its Banach space.

(i1) (Local triviality) If we specify the local triviality of the tangent
bundle T(M) for each point p € M using a coordinate neighborhood
(U,,a),a: U, —E,

w,: U xE—n"'(U)cT(M),

where n; T(M) — M is the projection, and define the norm on E through
v, by
Mol == lly,(x, v)l,, x€U,,veE
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then there exists a constant C > 0 such that
1
Elllvlll,, <llielll, < Cllivlll,, veE, xeU,.

A Banach manifold with such a Finsler metric || || is called a Finsler

manifold. In this case, we can define the length L(o) of a C'<curve o :
[a, b) = M by

b
L(o):= [ o' (£)l d.

If p, g € M belong to the same connected component of M, then the
distance p(p, q) is defined by

p(p, q) :=inf{L(0); ais aC'<curve connecting p, q}.

Indeed, it turns out that p satisfies the three axioms of distance, and the
topology on M induced by p coincides with the original one on M . When
the metric space (M, p) is complete, a Finsler manifold M is called com-
plete. We simply write M to abbreviate a Finsler metric || || .

(2.12) A Finsler metric on the cotangent bundle of a Finsler manifold
M is defined as follows: for pe M and ¢ € T;M s

llell := sup{je(u)l; ue T,M, lull = 1}.

Then it is clear that if f: M — R isa C'-function, then M 3 p — ld/, Il is
a continuous function on M.

(2.13) The condition (C). A C*-function f: M — R on a Finsler ck.
manifold M satisfies the condition (C) if a subset S of M has the property
that if

fisboundedon S and il}f idfl =0,

then there exists a point p in the closure S of S such that dfp = 0; that
is, p is a critical point of f.

Then we use the following psendogradient vector field X instead of the
gradient vector field V/ of f in the argument in subsection 2.2.

DEFINITION (2.14). Let M bea Finsler C**'-manifoldandlet f: M — R
be a C**'-function (k > 0). Then a tangent vector X € T,M ata point p
is called a pseundogradient vector of f at p if

i) XN <2040,

(i) XS =df,(X) > df,)*.

Moreover, if at each point p of an open subset S of M, X, is a pseu-
dogradient vector of f at p and X is C* on S, then X is called a C*-
psendogradient vector fieldon S.

The existence of such a pseudo gradient vector can be shown as follows:

If p is a critical point of f, i.e., dfp = 0, then the zero vector of TPM
is the pseudogradient vector of f at p. If p is a regular point of f, then
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we first choose Y € TLM forany 0 <€ < 1, in such a way that
IYI=1 and dfy(¥)2(1-e)ld]l.
This follows from the definition of ||df || in (2.12). So forany ¢ > 0, letting
l 1+9

x:= 1y
then
11 = 122 gy
and
Xf = dfy6) = T2 lap s 0) 2 (14 6) sy,

Therefore, we can choose d > 0 and 0 < e <1 as || X]||is arbitrarily close to
||d/;,|| such that X f > ||dj;,||2 . (Note that the number *2’in (i) of Definition
(2.14) can be replaced to any number bigger than 1. )

LEMMA (2.15). Let M be a Finsler C**'-manifoldandlet f: M — R bea
C"“-ﬁmction (k>0). If pe M isaregular point of f, then we can choose

an open neighborhood U of p on which there exists a ck -pseudogradient
vector field.

PrOOF. For p € M, we choose Xp € 7;,M such that
IX,ll < 2\df,ll and X,f > |df,I’.
This can be shown by the above argument. Here we extend X , 0a ck.
vector field on a neighborhood V' of p. Then letting
Ui={geV; X,f>df,I’ and [|X,]l<2df,li},

U is an open set containing p and the desired result follows because X f,
lldfll, IIX|| are continuouson V. 0O

PROPOSITION (2.16). Let M be a Finsler Cz-manifold, let f:M—R
be a C'-function, and let M", be an open submanifold of M consisting of
regular points of f. Then there exists a pseudogradient vector field on M*
which is locally Lipschitz continuous.

Here a vector field X" is locally Lipschitz continuous on M° if for each
p € M*, and each coordinate neighborhood (U,,a), a: U, — E, with the

local triviality of T(M) givenby v, : U x E — n~'(U,) C T(M), where
v,”'(X,) = (x, X,(x)), xeU, X, (x)€E,
then there exists a positive constant C such that
X, (x) = X,0Ill, < Clla(x) —a®)ll, x,yeU,.
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OUTLINE OF THE PROOF OF PROPOSITION (2.16). For each p € M"°, let Up

be a neighborhood of p in M" and let X, be a C'-pseudovector field
on Up . M" is paracompact (see definition in subsection 3.6 of Chapter 2),
because M* admits a distance induced from the distance p of M and any
metric space is always paracompact. Therefore, there exists an open covering
{Uy; B € B} which is a refinement of an open covering {U,; p € M’} and
is locally finite. Then there exists a partition of unity {¢ ,} geB (in the sense
of Lipschitz) corresponding to {Up; B € B}. That is,

(i) 0<ggx)<1, xXeEM* .

(ii) supp(@,) C U, for each BeB.

(iii) Y pep@p(x)=1 foreach xe M".

For each p € Uy, there exist an open neighborhood ¥V of p contained in
Uy anda positive constant C such that

|95(x) — 0,(»)| < ClIB(x) - B, forallx, yeV.
Then foreach B € B, let U, bean open neighborhood of p(#) in Lemma
(2.15), and let X"'?) be a C'-pseudogradient vector field on Uj, . Define

X = Z ¢p Xp(ﬂ) ,
peB

which is the desired pseudo gradient vector fieldof f on M°. O
Using the pseudogradient vector field X instead of VS, the following
theorem can be shown.

THEOREM (2.17). Let M be a complete Finsler Cz-manifold, andlet f :
M —R bea Cz-ﬁmction satisfying the condition (C). Then

(i) if f is bounded below on a connected conponent M, of M, then f
attains a minimum on M, .

(i) For any two reals a < b, if f has no critical value on [a, b), then
M, :={x € M; f(x) < a} is locally Lipschitz diffeomorphic to M, := {x €
M; f(x) < b}.

(This can be shown by a similar argument to the one in §2 and so is
omitted. Refer to R.S. Palais [P2] for a proof. )

§3. The condition (C)

3.1, Main Theorem. In §2, we showed that any C>-function with the con-
dition (C) which is bounded below on a connected component of a manifold
attains a minimum there. So our next problem is to clarify which functions
satisfy the condition (C). But a general theory is still unknown. We only
show Theorem (3.3) about L, oM, N) following [P3).

Let us recall the situation in subsection 4.3 in Chapter 2. Let (M, g),
(N, h) be compact m-, n-dimensional C*°-Riemannian manifolds, respec-
tively. We assume (N, h) satisfies
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(i) N is a closed submanifold of R¥ | and it holds that

(i) h=1"g,, where 1: NC R is the inclusion and 8, is the standard
Riemannian metric on R¥ .

In this setting, we consider the Banach space L, (M, R¥) and the C™-
manifold L ,(M,N)(1>%, where m= dim(M)).

(3.1) Finsler metric. We define a Finsler metric || || on the Banach
space L, p(M , R") as follows: For any element v of the tangent space

LM, R )=L (M,R")of L (M,R") at u, define

p P 'p
lvll, ., := ([uldvl v‘+/M|v| v‘) .

Here for veL,.p(M,RK),wedenote v=(v,, -, V), and
K N
dv], = (ZldvAlx ) , XEM,
A=]

where |d |, is the norm of 1-form dv, with respect to the inner product
on the cotangent space T, M induced from the Riemannian metric g. And

|u| is given by
K 2\ 2
- (wa ) , xeM.
A=
Then || ||I defines a Finsler metric on the Banach space L, oM, R¥ ),

and we denotc the induced distance by p, which is given by
po(u,v)=||u—v|||.p, u,veL,‘p(M,R ).

Since the metric space (L, (M, R¥ ), py) is complete, the Finsler metric
I l||_,, on L, (M, RX ) mcomplete (cf. (2.11)).

Next since L (M, N) is a closed submanifold of the Banach space

(M rRX ) (cf Theorem (4.33) in Chapter 2), we can give a Finsler met-

nc, dcnoted by the same letter || ||, ,, on L, (M N) from the pull back

of || Iy, on L, (M, RK) by the mclusnon 1: N c R*. Then for each
¢eL, (M N) and for

XeT,L, (M,N) =L, (¢"'TN)c L, (M,R"),

1/p
uxu,.p=( /M ldx\ v, + /M le”v‘) .

Now denote by p the distance with respect to the Finsler metric || ||, »
on L,'p(M, N). Then this distance has the property that for ¢,, ¢, €
L[.p(M' N)1

we get
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p(¢,, ¢,) := inf{L(y); v isa C'<curve in L,‘p(M, N) connecting ¢, ,¢,}
> inf{L(y); yisa C'<curve in L, ‘p(M,RK) connecting ¢,,,}
=: po(®,, &,).

Moreover, we get

PROPOSITION (3.2). The Finsler manifold (L, ,(M, N), || ll, ,) is com-
plete.

PROOF. Let {¢,};o, bea Cauchy sequence in L, (M, N) with respect to
p . Then by the above inequality, it is also a Cauchy sequencein L, p(M ,RX )
with respect to p,. But (L, p(M ,RX ), Py) is complete, so this sequence is
convergent:

¢~ b€ L, ,(M,R") asi— co.

However, L, ,(M, N) is closed in L, ,(M,R"), so ¢, € L, ,(M,N).
o
Next we define the function ¥ on L, (M, RK) by

Fu):= /u ldufv,, uel, (M, rRY).

Moreover, we define the function J on L, (M, N) to be the restriction of
F:
J(@)=F(¢), €L, ,(M,N)

Then our main theorem is as follows

MAIN THEOREM (3.3). Let (M, g), (N, h) becompact m-, n-dimensional
Riemannian manifolds, respectively. Assume that N is a closed submanifold
of RX and h = 1°g,, where g, is the standard Riemannian metric on RY.
Assume that 1 > m, where m = dim(M). Then the above function J :
L, ,(M,N)—R satisfies

(i) J isa C'functionon L, (M, N),
and

(ii) J satisfies the condition (C).

(3.4) ProOF OF (i) OF THEOREM (3.3).  Since L, o(M,N) is a closed
C*™-manifold of L, (M ,RX), it suffices to show that £ is C’ on
L, ,(M,RY).

For u, v, we L, (M, R"), we have

a5 ) =p [ du, du*" (du, dv)v,. (3.5)
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Indeed, we may calculate
d
df,(v) = at
Now we use Holder’s inequality: letting r' = r/(r - 1),
[M ALl <TAIIAN . £y € L(M), f, € L.(M). (3.6)
Since {(du, dv)| < |du||dv|, we get
Iright-hand side of (3.5)| < p [ \dul % |dul|dv| v,
M

f(u+w)=%

[ (d(u+ tv), d(u + )" v,.
M

=p/ |dul’™" |dv) v,
M

®-1/p I/p
<p (/ |duf’ vg) ([ |dv|® vg)
M M

<plull, )" ol ,
where we use (3.6) in the last step putting r = p/(p — 1), r' = p. Therefore,
dg,: L, oM, RK) 3 v+ dJf(v) €R is a bounded linear mapping.
Furthermore, for dzf; .

5?2
&S, w) =5 [ d(u+tv +sw)’ v
4 ) 91351, 5)0.0) Ml ( v,
=% P/ (d(u+tv),d(u+w))p/2-'(d(u+tv),dw)vg
t=0 M

=p(p-2) [ (du, du’** (du, dv) (du, dw)v,
M
+p [ (du, dof™ @v, dw)v,
M

Using Holder’s inequality in a similar way, it turns out dzj; t Ly p(M, R)x
L, ) p(M , R) = R is a bounded bilinear mapping, and due to Zorn’s Propo-
sition (1.12) in Chapter 2, £ is C’.

3.2. Proof of the condition (C). We shall prove the following two lemmas
in subsections 3.3 and 3.4. Here we prove (ii) of Main Theorem (3.3) under
these lemmas.

LEMMA (3.7). Assume that a sequence {¢,};-, in L p(M , N) is bounded
in L, (M, RX) that ldJ, |l = 0 as i — oo. Then there exists a subse-
quence, denoted by the same letter for simplicity, such that

df, ($;—¢)—0 asi, j— .

REMARK. Remember that for a C>-function J : Ll‘p(M ,N)—=R and
¢pelL p(M , N), the differentiation of J at ¢, dJ¢ is a bounded linear
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mapping dJ,: T,L, (M, N)=L, ,(¢"'TN) - R. Then as in (2.12) its
norm is

ldJll := sup{|dJ,(u)|; u€ L, 'p(¢-'TN), Nuliy , =1}

LEMMA (3.8).  There exist positive constants C,, C, satisfying the fol-
lowing:
(dF, —dF, )(u —uy) 2 Cllu, — |, o = Calluy —w,ll,? (3.9)

Jor u,, u, €L, M, RY).
Then putting
w(x):=C x"", f(x)::sz"", 0<x<oo,

(i) w isstrictly monotone increasingand y(0) =0, lim,_ _ w(x)=o0c.
¢ maps any bounded set of R* := {x; x > 0} into a bounded set of R* .
(ii) Moreover, (3.9) can be rewritten as

dF, —d5, ) —uy) 2 lluy —wyll, ,wlllu, —wylly ;) (3.9)
= lluy = uyll, &(llu, — u,ll,)
for u,, u,e L, ,(M,R").
(3.10) We note that L, ,(M, N) is a bounded set in L (M,R").
Therefore the convex closure of L, oM, N) in L(M, R¥) defined by

k
CH(L, (M, N)):= {Za, u; u, €L (M,N),

i=l
k
0<aq<l(1<i<k), ) a-= 1},
i=1
is also bounded in L,(M, RY).
In fact, since N is compact, N C RX is a bounded set. Since 1 > '7',1 ,

we get by Sobolev’s Lemma (4.30) in Chapter 2, L, p(M ,N)C C°(M , N).
Thus, forany u€ L, ,(M, N),

[ 14 v, < sup lutx)P Vol(M , £) <o,
M XEM

which yields the conclusion. u]
By (3.10) and Lemma (3.8), there exists a constant B > 0 such that
t <2 sup{llull,; u€ CH(L, ,(M, N))} = &(1) < B. (3.11)

This follows from (i) of Lemma (3.8) and the inequality |jul|, < [jull, ,
which follows from the definition. ]
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COROLLARY (3.12). Forany u,, u, € CH(L, ,(M,N)),
@5, —df ) u —uy) 2 luy = wll, , (wlluy = u,ll, )= B).  (3.13)
ProoF. For u,, u, € CH(L, ,(M,N)),
lluy = wyll, < 2 sup{llull,; u € CH(L, (M, N))}.

Thus, by (3.11), &(llu, — u,]|,) < B, (3.9') can be rewritten as (3.13). O
With these preparations, we prove the condition (C) in the following three
steps. In order to prove the condition (C), we should show that:

If asubset SC L, M, N) satisfies that J is bounded on
S and infg||dJ|| = 0. Then there exists a Cauchy sequence
{¢;}i2, such that ldJ, || =0 as i — co.

Then since L, p(M » N) is complete, there exists ¢ € L, oM, N) such
that {¢;} convergesto ¢ in L, (M, N) and dJ, =0 since ¢ — ||ldJ|| is
continuous.

(THE FIRST STEP). S is a bounded set in L, oM, N).

ProoF. Forany u, a€ L, ,(M, N),let o(t):=a+1t(u-a), 0<t<1,
then o(1) € L, (M, R¥). By (3.13) in Corollary (3.12), we get

dFy —dS)tu-a) 2 t|u—-al, (v(tlu-al, )-B). (3.14)
Therefore, using (3.14), we get

1
F(u)=F()+ /0 4.7, (u - a)dt
1
=f(a)+df(u—-a) +/ %(d}:,m -dg)(t(u—a))dt
0

1
> 7@ +dFu-a)+lu-al,,{ [ vew-al, )di- 8},
Thus, taking a positive constant K as K > ||d 7 ||, we get that

1
Fw2F@+lu-al,{ [ ve-al, )di-k+5).
For any arbitrary € > 0, there exists r > 0 such that

v(3)>20+e)K +B),

since lim,_ _ w(x) = occ. Moreover, if |z - a|l, p 2T, then we get
1 1 1
[ venu-al ez [ wendez [ perar
0 12 12

>/l 2(1+¢€)(K + B)dt=(1+€)(K +B),
1/2



108 3. MORSE THEORY
since y > 0 is strictly monotone increasing. Thus, we obtain that
lu=all, ,>r=>Fu)2F@)+eK+B)u-al, ,. (315

So we put C :=sup, s J(¢) < oo by the assumption that J is bounded
on S. Thenif u € S satisfies ||u —all, , >r, by (3.15), we have

Fw-F@)_Jw-J@) C-Ja) __
€(K+B) €e(K+B) ~€K+B) ’
That is, S is included in the closed ball centered at a with radius

C-J(a)}
> ¢(K + B)

max {l’

in L, ,(M,R¥). Thus, S is bounded.

(THE SECOND STEP).  Since inf ||dJ|| = 0, we can take a sequence {¢;}c,
in § such that ||dJ, || — 0 as i — co. By the first step, {¢;}2, isabounded
setin L, .p(M , N), so by Lemma (3.7), we can choose a subsequence, de-
noted by the same letter, such that dfd,' (6;—¢;)— 0 as i, j — oo. There-

fore, we obtain
(df‘,‘—d)gl)(¢,—¢j)—o0 asi, j— oo. (3.16)

(THE THIRD STEP). The sequence {$;};>, in the second step contains a
Cauchy subsequence. (Thus, we obtain the desired result, and the condition
©.)

Proor. By the first step, {4,};2, is bounded in L, (M, N), so it con-
tains a convergent subsequence, denoted by the same letter, in L (M, R )
by Sobolev’s Lemma (4.30) in Chapter 2. Thus, by (i) below Lemma (3.8),

"¢, - ¢J"p6("¢, - ¢,“p) —0 asi,j—oo.
This {¢,.}§:, also satisfies (3.16), so by (3.9') below Lemma (3.8), we obtain
that
"¢, - ¢j“|'p W("¢, - ¢j“|'p) —0 asi, j—oo.

Thus, for any small given € > 0, thereexistsan N > 0 such thatif i, j> N,
then

"¢, - ¢j"|'p W("¢, - ¢j"|'p) <€ W(C),

since € y(e) > 0. Here since the function x — x w(x) is strictly monotone
increasing, we can conclude that

"¢, - ¢j“|,p <€

as desired. O
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3.3. Proof of Lemma (3.8).
SUBLEMMA (3.17). For u = (u,,...,u,) € C*(M ,R¥), we put F(du):=
|du|’ . Then the twice differentiation of F at du to the direction dv satisfies
d’F(dv, dv) > pldvP*|dv’,  u, ve C™(M,RY).

PrOOF. Putting p = 2¢,
2
d*F, (dv, dv) = 572 (du + tdv, du + tdv)!
=0

= 4¢(¢ - 1)(du, du)'~* (du, dv)*
+2¢(du, du)*”" (dv, dv)
> pldul’~* |dv|’,
since the first term of the last second of the right-hand is nonnegative. O

SUBLEMMA (3.18). Let V' be a finite dimensional real vector space with a
norm | |. Let m be a positive integer. Then there exists a positive constant
C such that

1
/ x+"dt>C™.  x,yev.
0

PrOOF. We may assume y # 0. Dividing the desired inequality by |y|™,

we should show |
X y
—_ =
/o I Iyl vl

1
F(x,y):=/ Ix +ty|™  for |y| =1,
0

we should show there exists a positive constant C > 0 such that F(x, y) > C
forall x, ye V with |y|=1.
(i) For |x|> 2, we get

1
[ lx +ey|"dt > 1,
0

since |[x+ty|>1 forall 0<t<1.

(ii) On the other hand, F(x, y) is a positive continuous function on a
compact set {(x,y) € V x V; |x| < 2, |y| = 1}. Because, if there were
some |x| <2 and |y| =1 such that

1
/ Ix+ 1" de =0,
0

then |x +ty|=0 forall 0<¢t< 1. Then x+ty =0 forall 0<r< 1.
Since |y| = 1, we obtained |x| = ¢ forall 0 < ¢ < 1 which is a contradiction.
Thus, F attains a minimum C’ > 0 on this compact set.

We may take the desired constant C >0 as C =min{l, C'}. O

m
dt>C,

that is, defining
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(3.19) PROOF OF LEMMA (3.8). We may take C, = C, = pC, where C
is a constant in Sublemma (3.18) for m=p-2.
Now for u,, u, € L, (M, r"), put

a:=du(x), b:=duy(x), XeEM,

and
c(t):==b+ta->b), 0<t<l.

Then by Sublemma (3.17), we obtain
d’F,,(a-b, a-b) > ple(t)*|a - b (3.20)
and
1 2 =1
/ dF\(a-b,a-b)= [ch(,)(a - b)] (3.21)
0 =0
=dF,(a-b)-dF,(a-b).
Now since £ (u) = [,, F(du)v,,

d f(u) = %'-of(¢+m)=/udit|_ol-‘(d¢+tdu)v‘
1=t 1=

= | dF,,(d .
./u 46(du) vy

Therefore, we obtain
5, - dF,)u, - uy) = [M(dF,,u. - dF,, )(du, - duy)v,

1
- /M /o d*F,,(du, - du,, du, - du)dtv, (by (3.21))

1
2 /M/o ple()? |du, — du,|’ dtv, (by (3.20))

> / pC\du, — du,"~ |du, - du,|’ v, (by Sublemma (3.18))
M

= pC |\du, - du,||,’ (by definition of || ||,)

=pC (llu, - u,ll, ,° = llu, = u,ll,”) (by definition of || ||, ,)
which implies the desired inequality. 0O

3.4. Proof of Lemma (3.7). Let 1 > %, where m = dim(M). For
¢eL, (M,N)cC'M,R"), define the mapping
Py: L, (M, R")5u~ PueT,L, (M,N)

by
(Pu)(x) := P($(x)) u(x), x€M. (3.22)
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Here note that
T,L, (M,N)={XeL, ,(M,R"); X(x)€N,,,, x €M},

and for y € N, P(y) is the projection of R* onto the subspace N, with
respect to the decomposition

K 1
R =NoN*,

where N, := di(T,N) with the inclusion 1 : N C R¥, and N},l is the
orthogonal complement of Ny in R*. That is, for a € RX , P(y) = a’ ,
where
a=aT+aJ', aTeNy,a*eNyl.

Then we obtain

SUBLEMMA (3.23). Let 1 > 2.m= dim(M). Forall ¢ € L, ,(M,N),
the mapping P,: L, ,(M,R*) ~ T,L, (M,N)cL, (M,R") isa sur
Jective bounded linear projection. Moreover, the norm of this mapping defined
by

X
WPl := sup{l|P,ull, ,/liull, ,; O#u€eL, ,(M,R")}

maps a bounded set of L, oM. N) in ¢ to a bounded set.

PROOF. Since P(¢(x)) is the orthogonal projection of R* onto a sub-
space N,,,, P, satisfies P,> =P, o P, =P, and

x)° xXeM
e=>ueT,L (M,N)=L, ¢ 'TN)

which implies the surjectivity of P,.
Moreover the boundedness of P, , i.c., [|P,ull, , < Cll«||, , follows from
the calculation of ||P,u||, , by using

d,(Pyu) = d (P(¢(x))) - u(x) + P(¢(x)) - d,u.

The last claim follows from the continuity of the norm || || whose calculation
is left to the reader. O

(3.24) Moreover, for ¢ € C%(M, N), define by a L(R¥, R¥)-valued
function P(¢) on M by

P(#)(x):= P(d(x)) e LR* ,RY), xeM.
By Sobolev’s Lemma (4.30) in Chapter 2, for k > L'p! , with m = dim(M),
L, ,(M,N)c C’(M, N), and then
(i) if €L, ,(M,N), P(¢) €L, (M, LR", R")

and
(ii)) the mapping ¢ — P(¢) is continuous.

Pu=u+=> u(x)e N‘(
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SUBLEMMA (3.25). Let {¢,}7°, be a bounded sequence in L, (M ,R).

o
Then there exists a subsequenccl’. denoted by the same letter, such that for all
C™-vector fields X € X(M),

X(P(¢))(@; - ¢,) +(P(,) - P(¢;))(X9))
converges o zero in LP(M, RK) as i, j—oo.

PROOF. Let us take any small 0 < € < | in such a way that 1 — ¢ >
-',!} , with m = dim(M). Then by Sobolev’s Lemma (4.30) in Chapter 2,
the inclusion L, oM, RX )= L,_. p(M ,RX ) is completely continuous.
Thus, a subsequence of {¢;};-,, denoted by the same letter, is conver-
gent in L,_, (M,RY), say its limit ¢,. Thus, by part (ii) in (3.24),
in L,

(M, L(R",RY)),
P(¢;) = P(¢y) as i— oo.

That is, "¢i-¢0“l—c.p — 0 and (|P(¢,;) = P(¢), _, = 0 as i — co. Here
for all X € X(M), we have that

X(P(¢,) e L (M, LR* R*) and X¢ €L (M,R"),
' [4 J P

-€,p

and moreover,
¢,-¢,€L,_, ,(M,R") and P(¢)-P(¢)€L,
Thus, we get
IX(P(8))(®; - ¢,) + (P(8,) - P(®;)(X)),
< G (IX(P@I, I8, = &ll,c ., + IP(8,) = P(@)ll,_ , 1 X8, 1I,)
< Cz("P(¢,‘)“|,p "¢J - ¢i"l—¢ P + "P(¢,) - P(¢j)"|—( 'p"¢j"l'p)'

Since {¢,}}., is bounded, by (ii) of (3.24), {IIP(¢,~)II.,,,}:. is also a bounded
set. Thus, the above converges to zeroas i, j - o0. DO

SUBLEMMA (3.26). Assume that a sequence {$};s, in L, ,(M,N) is
bounded in L, oM, RX ). Then there exists a subsequence, denoted by the
same letter, in L (M, R").

(1—P¢‘)(¢i-¢j)—'0 as i, j—oo.

(M, LR" ,RY)).

PrOOF. (Thefirststep) Since P(¢,(x)): R = qu is the projection,
forany u e L,‘F(M. RK) .
I(X = P(¢;(x)))u(x)| < |u(x)|;

thus, we get
W — Py ull, < lull,-
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In particular, putting u=¢, - ¢,,
I = P, )&, - I, < 18, - 8,1,

On the other hand, since the inclusion L, oM, R¥ )= L,(M, R¥ ) is col-
pletely continuous, a subsequence, denoted by the same letter, of {¢,};c, is
a Cauchy sequence of L,(M , rR¥ ). Thus, together with the above inequality,
we get

I - P, )&~ ), =0 asi, j—oc. (327)

Furthermore, we shall show in the following steps that for any C*-vector
field X € X(M),

X((I-P,)(¢,-9))—0 asi, j—ox, (3.28)

in the space L,(M ,RX ). Then one may take a large enough r > m =

dim(M) and r C*-vector fieldson M, {X,,..., X,}, in such a way that
at each point x € M, each v € T, M can be expressed as

v=) v,(X,),, v €ER L=1,...,r

(=1

Then by (3.27), (3.28), and the defnition of || ||, pra8 i, j—o0,
=Pyl , < {uu P, ), - ),

r I/p
+ L IXT =P8, -8} 0

=1
which implies the conclusion.
(The second step) To show (3.28), due to Sublemma (3.25), it suffices to
sce the following equation holds in L (M, RY),
X((I=F, )¢, —¢)) = X(P(¢,))($; - ¢,) + (P(¢;) - P(¢,))(X9)).

But this can be shown as follows:
For ¢ € C*(M, N), u e C*(M,R"), by definition of P, and P(¢),
we have
X(Fyu) = X(P(¢)u) = X(P(¢))u + P(¢)(Xu),

and both sides are continuous functions in (¢, ¥), the same equation holds
for g€ L, (M, N), ue L, ,(M,R"). Therefore, we get

X((I - P, )6, ~ 4,)
= X(8, - 6,) ~ X(P, (8, - 4,)
= X(8,- ,) - X(P(8))($, - ,) - P)(X(&, - 8,))
= X(P(8,))(8; - 6,) + (P($,) - P(8,))(X8))
+P($)(X8)) + X($, - $,) — P($)(X8)).
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Hence, if we show the underline should vanish, we get the desired equation.
(The third step) The underline coincides with

(X9, - P($,)(X8,)} - (X9, - P($,)(X,)}.
Thus, it suffices to show that for all ¢ € Ll'p(M, N) and X € X(M),
X¢ = P($)(X9). (3.29)
However, this can be seen as follows. Notice that

(XQ)(x) = do,(X,) € T N2 Ny,

and P(¢)(x) = P(¢(x)) is the projection of RY onto Ny, - Thus for any
¢eC”(M,N),

(X¢)(x) = P(¢(x))(XP)(x), x€M,
that is, X¢ = P(¢)(X¢). In both sides of this equality, the mappings

¢— X, ¢ — P(¢)(X¢)
are continuous from L, (M, N) into L,(M, N) and C™(M, N) is open
anddensein L, (M N) Thus, thlsequatnon holds for all el (M ,N),
and we obtain Sublemma (3.26). O
(3.30) PrOOF OF LEMMA (3.7). A C*-function J : L ,(M,N)—-R is
by definition J = f|,_ (M. N) with a C2- function F: L (M.RK)~R.
Then notice that for any ¢ € L ,(M,N),

XeEM,

dJ,=dJz, and  [dJ,l < 4.5
¢ ¢ T,L, ,(M.N) ¢ ¢

by definition.
Now if a bounded sequence {¢,};-, in L, (M, N) satisfying ||d.l¢‘ -0
as i — oo, then
45, (9;-9,)=dF, (P, (&~ 6,) +d.5, (I - P, )8, - $,)
=dJ, (P, (¢, - ¢,) +dF, (I~ P, )&~ &)
Thus, by the definition of || ||, we get
4.5, (¢ = $)1 < IdJ, IIP, 19, - 8, ,
+1d7, 11U = P, )8, - 8,

Since {ll¢,ll, ,}33, is bounded, {llg; - ¢,ll, ,}32, is also bounded. And the
mapping

(3.31)

dg: L, M, BR")5u~ds eLL, M, R"),R)

sends a bounded set to a bounded set, so {47, };, is also bounded. By
Sublemma (3.23), {||P‘,'||}§‘:l is bounded. On the right-hand side of (3.31),
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ldF 1l —= 0 as i — oo by the assumption, and by Sublemma (3.26), taking
a subsequence, denoted by the same letter, we have

I =P, )8, - )N, ,—O asi, j—oc.
Therefore, we obtain
|d};'(¢,—¢])'—’0 as i’ j_’w’

which is the conclusion. 0O

Thus, we complete the proof of Theorem (3.3). All together with Theorem
(2.17), Proposition (3.2), and Theorem (4.33) in Chapter 2, we obtain our
main theorem:

THEOREM (3.32). If 1 > 2 with m = dim(M), the C*-function J on
L oM, N) attains a minimum on each connected component.

REMARK. A critical point of J is called p-harmonic (cf. [Ha.L]). Theo-
rem (3.32) says that if 1 > 2, then there exits a p-harmonic map in each
homotopy class which minimizes. The existence, stability, and regularity of
p-harmonic maps are very interesting unsolved problems. See Chapter 6.

§4. An application to closed geodesics

In this section, we apply Theorem (3.32) to the theory of geodesics. As-
sume that dim(M) = 1; thatis, M = s'= R/Z, acircle. Let (N, h) be an
arbitrary compact Riemannian manifold. We also assume that by J. Nash’s
Theorem, N is a closed submanifold of a large dimensional Euclidean space
R ,and h =1"g,, where 1: N c R¥ isthe inclusion and g, is the standard
Riemannian metric on R .

Note that any element in C°(S' , N) can be regarded as a continuous
curve of the closed interval [0, 1] into N with the period 1.

Now let p = 2. Since m = dim(M) = dim(S') =1, 2= } < 1. Notice
that L, ,(S', N) isaclosed submanifold of the Hilbert space L, ,(S', R¥).
By Sobolev’s Lemma (4.30) in Chapter 2, we get

L S, Mc s N, L, RS, RN
For each point o € L,.Z(Sl , N), the tangent space of L,.Z(Sl ,N),
T,L, (S',N)=L, ,(a”'TN)
is given by
T,L, ,(S'.N)={XeL, ,8'.R"); X(neT,,N,
forall £ € [0, 1], X(0) = X(1)}.
The inner product (, ), as a Hilbert space of L, .2(S| . RK) is given by

1 1
@ o= [ @0, perdr+ [@), pur.
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for o, p € L, ,(S',R"). Here writing a(s) = (5,(1), ..., ox(t)), and
() =(p(1), ..., px(1)), we define

K K
@@, P 0):=)0,0p, 1), (a1), p(1)):=)_a,(t)p,(0).

A=1 A=1
The Riemannian metric g, on the Hibert space L, ,(S e ) is given as fol-
lows: At each point o € L, ,(S',R¥), since T,L, ,(S',R*) =L, ,(S'.R¥),
forall u, ve L, ,(S',RY),

8(u, v):= (u,v),.

The distance of L, ,(S', R¥) induced from g,, p,, is

s, p)=llo=pll, ,=(0-p.0-p),'"", o,peL (5" RY),

and then (L, ,(S', R¥), g,) is a complete Hilbert manifold.

Since L, ,(S',R¥) isa closed submanifold of a Hilbert space L, ,(S",R¥),
we can give a Riemannian metric g by g:=1" 8y » Where

1: L, ,(S', N)c L, ,(S',RY)

is the inclusion. This Riemannian metric g isforall s € L, 2(S' N L, X,
YeT,L ,S'. N),

1 , , 1
g,(X,Y)= /0 X'@), Y'(0) dt + /‘; (X@0), Y(t)) dt.

As the same way of Proposition (3.2), (L, ,(S', N), g) is a complete C™-
Riemannian manifold. The function J on L,_Z(Sl ,N) is

1 1
J(0):= fo (@'(1), o' () dt = fo by (@'(1), o' (D) dt,

where h is a Riemannian metric on N . Then applying Theorem (3.32), we
find there exists an element y in each connected component of L, ,(S ' N )
which minimizes J. As we shall show in the next chapter, each critical point
of J is a geodesic and it turns out that it is smooth, the above 7 is a periodic
geodesic, called a closed geodesic. Thus, we obtain a well-known theorem:

THEOREM (4.2). For any compact C*-Riemanniann manifold (N, h), in
each element in the fundamental group (cf. (4.45) in Chapter 2) n,(N) of N
there exists a closed geodesic which attains a minimum of J in the homotopy
class.

REMARK 1.  The function J of L,'Z(Sl , N) in (4.1) is called the energy
or the action integral. In the next chapter, we shall denote it by E. For a
geodesic, in particular, for a closed geodesic, see [K1], [K2].



ISOPERIMETRIC PROBLEM AND QUEEN DIDO 17

REMARK 2. Theorems (3.3), (3.32) cannot be applied to the theory of
harmonic maps in Chapter 4 because of the crucial condition “1> 2, m =
dim(M)”. However, these theorems are still fundamental and essential to
show the existence of harmonic mappings. The existence theory can be
treated also in Chapter 6, and for more detail see [S.Uh],[Uh 2], [M.M].
Overcoming the condition (C) is still one of the most important problems in
differential geometry and analysis.

&« Coffee Break > The isoperimetric problem and Queen Dido

The isoperimetric problem is the problem of finding the maximum area of
a plain domain enclosed by a simple closed curve with a given length. The
ancient Greeks seemed already to know the answer that only a disc achieves
a maximum area. This problem is one of the origins of the calculus of the
variations. To solve this problem is to show that letting L, be the length of
the perimeter of a domain and letting A, be its area,

4n A < L (the isoperimetric inequality),

and the equality holds if and only if the domian is a disc. To give a rigorous
proof is rather new, and H. A. Schwarz gave the first proof in 1890. Here we
introduce J. Steiner’s idea called “symmetrization™ to give the proof which
appeared in J. Reine Angew Math. 24 (1842), 93-152.

Steiner’s idea of the proof is as follows: Let D be a domain and let C be
its smooth simple closed boundary curve. Take an arbitrary line ¢. Draw
perpendicular lines toward the given line ¢ to make the following domain
D, which is symmetric with respect to £.

Take a perpendicular line ¢’ to ¢. Let M be the intersection of ¢ and
¢'. Choose two points M,, M, on the line ¢’ in such a way that M is the
midpoint of the segment between M, and M, with the length equal to that
of the intersection of ¢’ and D. Continuing this process to all perpendicular
lines ¢, we get D, (see Figure 3.4).

C
N\
D, p \J
r M, M M; N: N N
N | .

FIGURE 3.4
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N:

¢

] Mz =N;

!
FIGURE 3.5

Then comparing the areas and the length of D, and these of the original
domain D, denoting by 4,, 4 and L,, L the corresponding areas and
lengths to D,, D, respectively, we get

A=A, L>L,.

Because 4 = A4, by definition of area, and for the lengths of boundaries, it
suffices to show

2M,M, < NN, + N,N,,
if we assume
MM,=N,N, and MM, =NN,,

for two trapezoids N,N,N,N, and M, M,M,M, with M\ M, = M,M, . See
Figure 3.5.

Now drawing another line £’ and doing the same procedure to D,, we get
a domain D,,, which has a more symmetry, the same area 4,,, = 4 and a
shorter length L,,, for the boundary. Continuing this process repeatedly, we
finally reach to a disc D,,. Denoting by A(D,), L(D,), the area and length
of the boundary of the disc D,

A=A, =A,, =---= AD,),
L>L,>L,, > - > L(D,).

But for the disc D, 4n A(D,) = L(D,)’, so we obtain finally the desired
inequality:

anA< I
These process is the main idea of Steiner’s symmetrization, but there is the
problem of reaching the disc D, .

If we consider the same problem near a seaside with a straight coastline,
the answer is a semicircle faced toward the coast line. In fact, let us give a
curve C whose endpoints touch the coast, and a mirror curve C’ reflecting
it with respect to the coast, we get a simple closed curve CC’. Denote by A
the area of the domain enclosed by C and the coast, and let L be the length
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of C. Then applying the isoperimetric inequality to a domain enclosed by
CC’, we get the inequality:

4m(24.) < (2L),

the equality holds if and only if C is a semicircle. Then for a given L, the
maximal area is L2/(2r). See Figure 3.6.

Now the “Aeneid” by Virgil ( 70~19 B.C. an ancient Roman poet ) tells us
a famous story of Queen Dido of ancient Carthage:

Dido was a princess of ancient Phoenicia who lived at Tyre.
But her brother, Pygmalion, killed her husband and took the
position of King. She escaped from Tyre by getting on board
a boat with her followers and reached land in 900 B.C. at a
place later named Carthage. To build their own country, they
were willing to buy land from King Jarbas at Numidia who
governed there. But the King did not like this and promised
only to sell a tiny bit of land of the same area as could be
enclosed by the spread out skin of a cow. In order to make
full use of this condition, Dido extended the interpretation
and let her follower cut a cow’s skin into thin threads and
connect them making a long string with length almost | km
(0.62 mile). Using this string, they enclosed a land by a semi-
circle from the coast of the Mediterranean Sea. She enclosed
a land area of almost 16 hectare (40 acres).

s€a

land

FIGURE 3.6






CHAPTER 4

Harmonic Mappings

It seems the theory of harmonic mappings was started with a study of
J. Eells in 1958 which showed the space of mappings becomes an infinite
dimensional manifold and with the natural idea of asking for a mapping
which is critical for some function (called the energy or the action integral)
on the space. This is the work of J. Eells and J. H. Sampson, in 1964.

In this chapter, we derive the first derivative of the energy (called the first
variational formula). We explain the notion of harmonic mappings (or the
nonlinear sigma model) and give several examples. Readers can start with
this chapter independent of the previous chapters. The notions and notations
used in this chapter are all explained.

§1. What is a harmonic mapping?

In this section, we define the quantity called the energy or the action inte-
gral for any smooth mapping between two compact Riemannian manifolds
(M, g), (N,h), and we define a harmonic mapping as its critical point.
We calculate the first derivative of the energy and derive the Euler-Lagrange
equation. Solutions of this equation are harmonic mappings.

In the calculations of this chapter, we always use the following notations.
We put

dim(M) =m, dim(N) =n.
We often embed (N, h) isometrically into the Euclidean space R¥ of a
sufficiently large dimension K. That is, N is a closed submanifold of the
Euclidean space RX , and the Riemannian metric 4 is the pull back of the
standard metric g, on R by the inclusion :: N C R¥ ,

h= I.go.
We use the subscripts such as
1<i, j,...,<m, 1<a, B,...,<n, 1<A4,B,..., <Kk
The Levi-Civita connections and the curvature tensors of (M, g), (N, h),
(RK » &) are denoted, respectively, by

v, Vo, v°. R, "R, R

121
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1.1. The energy (action integral).

(1.1) The energy density function. For a C l-mapping ¢ e C'(M,N),
we define the energy density fanction of ¢, e(¢) € C°(M), by

e(9) = 5Tr,(6"h)(x) = 2w, u) (12)
2 2

= -Zh(q&, o), XEM,
i=1

where ¢°h is the pull back of & by ¢, Trg(q&'h) is the trace of a tensor
field ¢°h by g of which the definition is twice the right-hand side of (1.2).
We denote by ¢, : T, M — TW)N , the differentiation of ¢. Here {u,.};:,
is an orthonormal basis of the tangent space T, M at x with respect to g, .
(1.2) does not depend on a choice of {u,}.,.

The continuity of e(¢) and that e(¢) € C*(M) if ¢ € C*°(M, N) can
be seen as follows:

We extend an orthonormal basis {u,};., of (T.M,g,) at xe M to m
C™-vector fields {e;};_, on a coordinate neighborhood U at x such that
at each point z € U, {e, (z)} -1 is also an orthonormal basis of (T, M, g,)
as follows. We call such {e;};., a locally defined orthonormal frame field
on U. Take a coordinate (x,,...,x,) on U around x in such a way
that (), = 4;, 1 < i< m, (see §3 in Chapter 2), and orthonormalize
{(&).}i., into {e}7., by Schmidt process at each point z. Then by
means of the form, e; are C* on U. We may give an alternative proof as
we take a small neighborhood U such that each point z can be connected
by a unique geodesic emanating from x. Then we define ¢,(z) to be the
parallel transport of u; along such a geodesic from x to z. Then using
{e}n, on U,

e@)= 3@ e, e,
i=1

the right-hand side of which is a continuous function, or C* on U if ¢ €
C®(M,N).

Taking local coordinates (x,, ..., X,,), (;,...,¥,) on neighborhoods
of x, ¢(x) in M, N, respectively, and putting ¢° :=y_od,a=1,...,n,
then (1.2) can be expressed as

8
3 L 8,05 (2)34’ (@, (3

i.j,a.B

e(9)(2) =

NI

at each point z in the neighborhood of x. Here (g.j ) is the inverse matrix
of (g;,). &;=28(5%5%).and hz =h(z-, 33.)-
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(1.4) Alternative expression. If 1 : N C R, a closed submanifold and
h=1"g,, then e(¢) can be expressed as

K
e(#) = 31do’ = 3 3149, (15)
A=1

Here we explain the notations. We denote
$(x) =10 ¢(x) = (¢,(x), ..., o4 (x) €R*, xeM,

then ¢, € C'(M) and d¢,, 1 < A< K are K l-formson M. || is the
norm on T~ M induced from the Riemannian metric g on M.

(1.5) can be proved as follows: Since h =i"g, and the pull back ¢°g,
of =10 ¢ is given by

K
¢°8 =) do,®dd,,
A=1
we get
m . m K K 2
Y (@) e) =D do,(e)do,le) = ld¢, .
i=1 i=] A=] A=1

Here we used the equation |d¢,|> = Y7, d¢ ,(e;) d$,(e,) which follows by
the definition of || on T°M.

The expression (1.5) is useful because it is available everywhere on M
which was used also in Chapter 3.

(1.6) The energy or the action integral. For ¢ € C'(M, N), the integral

E@):= [ e@v, =3 [ o'y,

is called the energy or the action integral of ¢.
REMARK. As in Chapters 2 and 3, let L, (M, R¥) be the Banach space

completion of C '(M ,RX ) by means of the norm || |, » defined by

1/p
o, := ([ 1dePo,+ [ 16,
forall p>0.1f 1 > % , Sobolev’s Lemma (4.30) in Chapter 2, says that

L, ,(M,R")c (M, R), 50
L, ,(M,N):={peL, (M,R"); (x)e N, vx € M)

can be well defined. On the other hand, regarding the definition (1.6) of
E(¢), since

E@) = [ 1del's,.
and taking p = 2, it seems natural for E to be a function on
L ,M,N):={peL, (M,R"); §(x)eN, ae xe M)
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Here one meets some problem on the constrain condition: “¢(x) € N a.e.
x€eM”™ L, ,(M,N) isonly a subset of L, ,(M, RK) , and it is difficult
to give a definition for critical points of E. In general, if dim(M) > 3, itis
known that L, ,(M, N)n C°(M N) isnot dense in L, ,(M, N). See R.
M. Schoen [Sc] for more detail. In this section, we avoid these troublesome
points, and shall treat only C*°(M, N) without further comment.

1.2. Definition of harmonic mappings.

DEFINITION (1.7). We call ¢ € C*(M, N) a harmonic mapping (or a
nonlinear sigma model) if ¢ is a critical point of E at C*(M, N), i.e., for
any smooth variation ¢, € C*(M, N) with —e <t <€ of ¢, we have

d
37 E(¢,) =0.

Here a smooth variation ¢, means that #¢o = ¢, and ¢, depends on ¢ of
class C* ; that is, the mapping F : (—¢, €) x M — N defined by
F(t, x) = ¢,(x), -€e<t<e,xeM,

satisfies
{F(O, x)=¢(x), xeM, and

F:(-€,)xM — N, aC”-mapping.

(1.8) Variation vector fields. For any smooth variation ¢, of ¢, —€ <
t < €, putting

V(x):= % é,(x), xXeM, (1.9)
tio
then V isa C*™-mapping of M into the tangent bundle TN satisfying
V(x) € T,,N, XEM. (1.10)

Conversely, for any C*-mapping ¥V : M — TN satisfying (1.10), defining
?,(x) :=expy,,(tV(x)), xeM,
we see that ¢, € C*(M, N) and
di ,(x)=V(x), xXeEM
=0

by definition. Such a vector field V is called a variation vector field along ¢.
See Figure 4.1,

Variation vector fields can be regarded as sections of some vector bundle
over M in the following way:

Let ¢"'TN be the induced bundle over M of TN by ¢, that is, let
n: TN — N, the projection, and let

¢ 'TN={(x,u)e M xTN; n(u) = $(x), x € M}

= U TN,
x€EM
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FIGURE 4.1
then the set of all C*™-sections of ¢ ' TN, denoted by l‘(:)&'l TN), becomes
the set of all variation vector fields:
(¢~ TN) {(V; M = TN, C”-mappings, V(x) € “X)N, X € M}.

1.,(¢”' TN) is identified with the tangent space T,L, ,(M, N) of a
mamfold L, ,(M, N) (Theorem (4.33) in Chapter 2), the set of all variation

vector fields, l"(¢"TN) can be regarded as a tangent space 7,C™ (M, N)
of a “manifold” C*(M, N).

1.3. The induced connection on the induced bundle. In order to derive the
first variation formula, we prepare some notions.

(1.11) Connections of a vector bundle. In general, let E be an arbitrary
C®-vector bundle over M,
E=|JE,,

xXE€EM

where = : E — M is the projection and E, = n"(x) is a vector space of
dimension 7 (not depending on x € M ), called the fiber at x . We denote by
I'(E), the set of all C™-sections of E, that is, the set of all C*-mappings
s: E - M such that

mos=id, thatis,s(x)eE,, xeM.

Then I'(E) is a vector space and a C™(M)-module; that is, for all f €
C*(M), s, s,, s, €(E), if we define

(f-5)x) = f(x)s(x), (5, +8)(x) :=5(x) +55(x), x€M,

then f- 5, 8 +s, €I(E).
Then V is a connection (or covariant differentiation) of E if for all C*-
vector field X € X(M), a mapping

Vy:T(E)3s+— V,sel(E)
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satisfies the following conditions: for all f € C®(M), X, Y € X(M),
$, 8y, 5, € I'(E),

(1) Vx+,.s = sz +Vys,

(i) fos —fos,

(iii) V‘\,(sl +5,) =Vs, + Vx-’z ’

(iv) Vx(fs) Xf- s+fos

By (ii), (V ¥$)(x) € X_, x € M is uniquely determined onlyon u = X, €
T,M, so it can be wrmen as V5= (V,s)(x).

For X,Yex(M), se(E), welet

RV(X , Y)s:= ex(eys) - ey(ex-f) - 6|x,}'r"

~

RY is called the curvature tensor field of E relative to V. We have
RY(fX,gY)s=fgR'(X,Y)s, [, geC (M)

Next a vector bundle E admits an inner product 4 if each fiber E_ has
an inner product

h :E xE —R,

and h, dependson x smoothly of class C™ ; that is, for any s,, s, € I'(E),
the funcnon h(s;,s,) on M defined by h(s,,sz)(x) = h (5,(x), 55(x)),
x € M is C®. Moreover, a connection V is compatible with an inner
product h of E if for each X € X(M), s,, s, e [(E),

X -h(s,, 5;) = h(Vys,, 5,) + h(s,, V 45,). (1.12)

(1.13) The induced connection. Let us denote by V, YV, the Levi-
Civita connections on (M, g), (N, h). Then for ¢ € C*(M, N), we
can define the induced connection ¥ on the induced bundle E = ¢ 'TN =
Urem TyxyN as follows:

For X € X(M), V e [(¢"'TN), define V,V e(¢”'TN) by

(T, V)(x) = v V=£1- Mp

dt| m,-l V(e(t), xeM, (1.14)

where t—o(t)e M isa C'«curve in M satisfying ¢(0) = x, ¢'(0) =
T,M ,and g, is a curve given by g,(s) :=a(s), 0 < s < ¢, i.e, the restriction

of o to the part between x and o(?). N P“,' : T«X)N — Tm(mN is the

parallel transport along a C'-curve ¢ o g, with respect to the Levi-Civita
connection ¥V on (N, h).
Indeed, that ¥ is a connection on E = ¢~ 'TN follows from checking
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(i)~(iv). For example, (iv) says that for f € C*(M), V e T(¢"'TN),

"B (@) V(a()

T =gl
t
N

d d -1
={Z|_seo} e rol{g] *r " vew)
=X [ -V(x)+f(x)(V,V)x), xeM.

The other properties can be shown by similar arguments. See Figure 4.2.
Furthermore, E = ¢" TN admits an inner product from the Riemannian
metric 4~ on N, denoted by the same letter 4, by

By : TonN X TN = R,

since E, = T, ,N. The above induced connection V is compatible with
this inner product & . In fact, for ¥,, ¥, € T(¢"'TN), X e X(M), x € M,

XAV, V) = 7 JORNGICORALEY
t

d Np I -
=E|1=0h¢(x)( Paoc, Vl(a(t))’lvpcwn VZ(O'(I)))

d
= o ().

d -1
+ (K01, | VPuns Va0 )

= by (Vx Vs Vo) + by (M, Vi 1),

“Brre, W), V()

N . .
?vhere we used the fact that PM,' : (TW)N . hm)) - (To(a(:)) s hm(,))) is an
isometry.

(1.14') Examples of elements of F(¢"TN). (i) For X € X(M) and for
6.: T M— TyN the differentiation of ¢: M — N, let

@.X)(x):=9.X, €T, N, xeM.

MPpee WV Gt

FIGURE 4.2
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Then ¢ X € [(¢™'TN). Let {¢;}7, be an orthonormal frame field on an
open neighborhood U in M, then ¢.e;, 1 < i < m, are C™-sections of
E=¢"'TN over U.

(i) For Y € X(N), let
@ 'Y)(x) =Yy, €T, N, xe€M,

then ¢~'Y e I'(¢~'TN), denoted also simply by Y .

1.4. The first variation formula. Now we calculate the first variation of
E . We take a smooth variation of ¢, ¢, € C*(M, N), —€ <t <€, with
a varition vector field V € l"(¢"TN). Thatis, F: (—e,e)xM — N, a
C*-mapping satisfying
FO,x)=¢(x), xeM,
{F(t,x)=¢,(x), -€<t<e€e,x€EM.

We extend vector fields % , X on (—€,¢€), M, respectively, to the direct
product (—€, €) x M canonically, and we denote them by

; )
— . X for (t,x)€e(—€,e)x M.
(3’ (t.x) «x

We also extend {e;};., to (—€,€) x M, denoted by e, By definition

V(x) = $|,0¢,(x), for x € M , and hence, we get

(t,x)°

o
F_(—) =V(x), XEM,

where F, is the differentiation of F .
Now differentiate the function 7 — E(¢,) at each ¢, and at the final step
weset 1=0.

TE0)=3 [ > Eh6.ei b0)
di 2 Mi=|dt te"i> VeTil Tge
Here at each point x € M, we calculate

d d
Z;h(¢t.ei » Da€;) = Z;hé,(x)(d’l.eix » Brabiy) (for ¢,: M —N)

d
= ZhF(‘-x)(F‘ei(l,X) ’ F.ei(l‘x))

(for F: (-€e,e)x M — N)
(7]

== h(Fe;, F.e;)
(),

(% is regarded as a vector field on (—¢, €) x M)

=2h(V Fe,, Fe),
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in the last two equations, the F_e; are regarded as sections of the induced

bundle F~'TN over (~€,€) x M by the mapping F: (—€,e)xM — N

and the last eqution follows from the compatibility of ¥V and h of F~'TN.
Here we need the following lemma:

LEMMA (1.16). For any C™-mapping ¢ : M — N and X, Y € X(M),
we have that

V(8.Y) -V, (6.X)-,(X, Y] =0.

PrOOF. We denote the left hand side of the above equality by 7(X, Y).
Since ¢,(fX) = f¢.X, f € C*(M), X € X(M), it follows that

TUX, L) = ATX,Y), S, /,€CO(M), X, Y € X(M).

So it suffices to show that taking local coordinates (x,,...,x,), (¥,,.-.,¥,)
of M, N at x,, é(x,), respectively,

~( 0 a
T(b?,’ a—xl) =0 at xo.

But since [ﬁ-‘ s 3%] =0, we only have to show

S d S 0
Vi (455) =94 (%3%)

If we put ¢":=y, o ¢ and ¢ := %% , then

o(), =X 60(a).

at each point x in a neighborhood of x,. Now for calculating the above, let
m C'-curves t—o(1), 1 <i<m,bedefined as

g,(0) = x,, a(O) (ai)

then by the definition of V, for X = M , Y= %— s

e {800 (o)

a=1 6(0,(1))}

‘Z::I { ACTORE '(ay.,)m,(.,}

-3 6igx( 0)(8y ) "'Z" (xo)( ﬁai)(xo)

=i
Z x.9x; 6x °)(Oy )

] 9
o)+a§ 5 (X0)8; (xo)( # 3y, )”o)

@670 = |
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By a similar argument, we get

n 2
(¥4 (6. X)) (%) = 6‘1 ‘;x (xo)(zf’—

)
+,,Z,:_ 81 Ce ) (¥ V,%%)M.

Here since
8%¢° 8%¢° N _
axax( o) = 8x8x( Xo)» vﬂ:ay,_ vﬁ;ay ’
we obtain the desired result. O

(1.17) Calculus of the first variation. Applying Lemma (1.16) to the C*-
mapping F: (-e,e)xM — N and X, Y € X((—¢€, €) x M), we get

V,(F.Y) -V (F,Y)-FE,(X, Y])=0.
Apply thisto X =£, Y =e,, since [£,e,] =0, we get

2h(V,Fe,, Fe)—Zh(V, .;’, F.e)
_Z{e h(F e) - h(F .V, Fe )}

in the last part of which we use the compatibility of V and h. Let X, €
X(M) be determined by

g(X,, Y)= h(F,a%, FY), forall Y € (M),

then we get

Ze h( .57 .ei)=ie,.-g()(, e

= Zm:{g(V,‘X,, e)+g(X,, V,e)} (by(3.5)in Capter 2)
i=1

= div(X,) + Z 8(X,,V,e;) (by definition of div(X,))

=div(X,) + Zh( .57 F-(V.€)) (by definition of X,).

Thus, we obtain

d :
Te(8) = /M div(X,)v, (1.18)

_/Mh(,m Z{v Fee,~F,(9,e )})vg

i=1
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the first term on the right-hand side of which vanishes because of Green’s
formula (cf. (3.29) in Chapter 2).
Here putting ¢ = 0, since

F_%(O, x)=V(x), Fe0,x)=9.¢(x), F,e0, x)=6Y,e(x),

we obtain
d m

2‘; ‘zoE(¢1) = -/;lh (V, g(vq¢.e" - ¢‘Ve,ei)) v‘. (1.19)

In the right-hand side of (1.19),

4)(x):=) (V,b.6,-6.9,8)x), xeM (1.20)

i=l
does not depend on a choice of an orthonormal frame field {e;};., and

defines an element of I'(¢™'TN) called the tension field of ¢.
Therefore, we obtain:

THEOREM (1.21) (THE FIRST VARIATION FORMULA). Let ¢ € C°(M, N).
For any smooth variation ¢,, —€e <t<e€,of ¢,let V(x):= ;‘,‘;I #,(x), x €
=0
M, then

d
gil_E@)==[ hv. <o, (1.22)
Thus, ¢ € C*°(M, N) is a harmonic mapping if and only if
t(¢) =0 everywhere on M. (1.23)

(1.23) is called the Euler-Lagrange equation.
The tension field 7(¢) can be expressed using the local coordinates

(Xyseee s Xp)s ys..,¥,) in M, N as follows. Let ¢° =y, o ¢, and
write 1(@)(x) € TN as
n 3
(P)(x)=D_1(¢) 72—,
vy e~ i 8% & a¢y’
=3 s {o0s, - LW, (124)
2 Ny 8¢°6¢’
* 30 "Tlytot ax,.a_xj}
9¢° 8¢°

=-A¢"+ ) gile':,,(qS(x))aTF)‘—.
ij,a.p EE7
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Here l'fj LN l';, are Cristoffel’s symbols on (M, g), (N, h), respectively.

A¢’ is defined by the action of the Laplacian (cf. subsection 3.7 in Chapter
2) on C*-functions ¢’ on a neighborhood in M . By this expression, the
Euler-Lagrange equation is a nonlinear equation with n unknown functions
é', ..., ¢". But this expression here has a difficulty in that each ¢, isdefined
only on a neighborhood in M.

§2. An alternative expression for the first variation

In this section, N is regarded as a closed submanifold of R, and h =
1" g, is the pull back of the standard Riemannian metric g, of R* by the
inclusion 1: N c RX. Then ¢ € C*°(M, N) can be written as
#(x) =($(x), ..., px(x)), x€EM.
Then we shall express the Euler-Lagrange equation in terms of ¢, € C (M),
1<A<K.

2.1. Geometry of submanifolds. Here we prepare briefly basic materials
about a closed isometrically embedded submanifold (N, k) of (R¥, g;).

We assume that N is a closed submanifold of RX and that & = :‘go ,

where 1: N c R is the inclusion. We denote the differentiation of 1: N C
R¥ by di =1, : TN 5 v~ di(v) € T,R". Setting di(T,N) = N, we

see that Ny can be regarded as a subspace of R® under the identification

TyRK ~RX, Letting N;' be the orthogonal complement of Ny in R* with
respect to {, ), we get the orthogonal decomposition:

K 4
R“=NoN;. @21

Any C%-vector field on N, W € X(N), can be regarded as a C*-
mapping W : N — RX satisfying

Wy eN,cR, yeN,
if we put W(y) :=di(W,) € N, CR¥:
X(N)={W e C*(N,R"); W(y)eN,, ye N}. (2.2)

Denoting W € X(N) by W = (W,,..., W,),all W,, 1 < A<K are
C*-functions on N, and the dW, are l-forms on N. Put

dwW = (dW,, ..., dWy)

which is K-tuple of 1-forms on N . For each tangent vector u € TyN of N
at ye N, dW, (u)=u- W, eR, | <4< K, which is the differentiation
of W, with respect to the direction u, and we set

dW (u) := (dW,(u), ..., dW,(u)) € R®. (2.3)



§2. AN ALTERNATIVE EXPRESSION FOR THE FIRST VARIATION 133

Py ' Wot Wt

at

<

O

FIGURE 4.3

Let V° be the Levi-Civita connection on the Euclidean space (R"r » &) -
Then

(V' W), =u-W=dW@u), ueT,N,yeN. (2.4)

PROOF. Let o(f) be any C'-curve in N satisfying that ¢(0) = y, ¢'(0) =
u. Regarding o(f) as a curve in R¥ | we have

d

0 = —
(VuW), = dt|,

0 -1

P, W(o),
=0
where °Pa is the parallel transport of V° in RX along a curve o, being
o,(s) = o(s), 0 < s <t. Thatis, oPa sends any vector at y to the one

at o(t), being parallel in RY asin Figure 4.3. Thus the right-hand side
coincides with
d d d
gl wew=(Z| wew. . 7| W)
=(dW,(u),--- ,dWy(u)) =dW(u). O

Now decompose dW (u) € R¥ according to the orthogonal decomposition
21 R*=NeN*,

dW(u) = (V' W), + A, (u, W),

where (V,W), €N, ,and A (u, W)eN,*.
Then for f € C*(M), W € X(N),and u€ T N we get:
(2.5) V,(fW)=df () W + f(y) V, W.
(2.6) A (u, fW)=f(»)A,(u, W).
PrOOF. Since d(fW,)(u) =df ()W, + fdW, (u), 1< ALK,

d(fW)(u)=df(u) W + fdW (u).

Comparing the Ny- Ny* -components of this, respectively, we get (2.5), (2.6).
a]

Note that V, W and A (u, W) are linear in W since dW (u) is linear
in W.
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(2.6) implies that Ay (u, W) depends only on W;, € TyN , and we get a
bilinear mapping
. n K
A,: TnyTyN—‘Ny CcR".
We call 4 the second fundamental form of the submanifold 1: N c R¥.
Moreover, (2.5) implies that if we define for Z, W € X(N),and ye N,
/

’
(VyW), =V, W,

then V' gives a connection on N, (cf. (3.4) in Chapter 2).
Now we show that for Z, W € X(N), y € N, we have

(Z, W], =dW(Z(y)) - dZ(W(y)). (2.7)

Proor. Extend Z, W to vector fields Z', W’ on a neighborhood U in
RX of y € N which coincide with Z, W on U N N, respectively. Then
the right hand side is equal to

(Z', W), = (Ve W), - (V. 2),
=dW'(Z'(y)) - dZ'(W'(y))

which is equal to the right-hand side of (2.7). O
In particular, compare both sides of the N,-, and the Ny*-components of
(2.7), we obtain forall Z, W € X(N), y € N, that

/ /
(Z, W), =V, W -V, Z, (2.8)
A(Z(y), W) =A4,(W(y), Z). (2.9)
Let (u,, ..., u,) be the standard coordinate of R®. Then

K
go=2du4®du4.

4=1
For Z € X(N), we make the identification

- 9
d(Z)=Z(y) = (Z,(), -, ZgW) = 3 zA(y)(W) .

A=l y

Then by h =1"g,, we obtain
N
Wz, w)=>2z,W,, Z,WexN)
A=1

which is also denoted by (Z, W).
Then we obtain for u € TyN, Z, WeXx(N),

u-h(Z,W)=h(V,Z, W)+h(Z,V.W). (2.10)
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PROOF. Let a(f) be a C'<curve in N satisfying (0) = y, o’'(0) = u,
then

K
u-h(z,w)= % _Osz(a(z)) W, (a(1)
1=0 4=

= (dZ(u), W)+ (Z,dW(u))
=(Vz, W)+ (Z, VW)
=h(V,Z,W)+hZ,V,W)

which implies (2.10). DO

Thus, by (2.8), (2.10), and Theorem (3.5) in Chapter 2, V' coincides with
the Levi-Civita connection ¥V on (N, h).

Summing up the above, we obtain

PROPOSITION (2.11). (i) The second fundamental form A :TNxTN—
N;‘ cR isa symmetric bilinear form, and forall Z, W € X(N), N3y —
A(Z(y), W(p)) is C=.

(ii) The connection V' is the Levi-Civita connection No of (N, h).

PROPOSITION (2.12). Assume that a vector field & of RX defined only on a
neighborhood U in N satisfies

(0 eN,", yel.

According to the decomposition R = N o Ny“ , write

(V28), = —(4,Z), + (D;8),. (2.13)
Then we obtain
(4,Z, W)= (AZ,W),80), Z,WeX(N). (2.14)

PROOF. By the assumption, for Z, W € X(N), weget (W, ) =0. Thus,
we get

0= (VoW., &)+ (W, V%)
="V, W+ AZ, W), 8+ (W, -A,Z + D0
= (A(Z, W), &) - (W, 4,Z).

Thus, we obtain (2.14). O
Now for X, Y, Z € X(N), let X(Y(Z)) be the twice differentiation
of a C™-function Z : N — R¥ first in the Y-direction, and then in the
X-direction. Then by the definition of 4, (2.11), and (2.12), we get
x(x2)=x"v,z+ Ay, 2))

=", ("V,2) + AX, "V, Z) - A,y ;X +Dy(A(Y, 2)),
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changing X, Y mutually, we get also

Y(X(Z) ="V, "V, Z)+ &Y, "V, Z) - 4,4 ;Y + Dy(AX, Z)).

And we get N
(X, YNZ)="Vx yZ +A(X,Y], Z).

Thus, computing the N,-oomponent of
0=X(Y(2))-Y(X(Z)-X,Y)Z),

we obtain N

Together with (2.14), we obtain

h"R(X,Y)Z, W)= (A(Y, Z), A(X, W)) - (A(X, Z), A(Y, W)).

Summing up the above, we obtain

THEOREM (2.15) (Gauss). For any closed submanifold (N, h) of (RK » &)
satisfying h =1"g,, with the inclusion 1: N C RX, the curvature tensor R
satisfies

hRX, V)Z, W)= (A(Y, Z), A(X, W)) - (A(X, Z), A(Y, W)),
for X, Y, Ze€X(N).

In particular, for the case of the unit sphere N=S"= {yeRK ; 0, y)=1}
cRX with K=n+1 , the second fundamental form A and the curvature
tensor R are given as follows.

Let & be the C™-vector field defined on S" which is the unit normal
outerward to S", i.e., &(y) € T,,S"‘L , ¥ € S". Then we can identify é(y) =
y, with y € S". Then we obtain

AZ,W)=-(Z,W). (2.16)
Thus, we obtain by Theorem (2.15),

(2.17)
for X, Y, Z, W € X(S"). Thus, the sectional curvature of (S", gs) is
one everywhere.

PROOF OF (2.16). We apply Theorem (2.15) to (N, h) = (S", 8)- It
suffices to show

h(A(Z, W), &) =-h(Z, W), Z, W e X(N).
We calculate
hAZ,W),§) =dW(Z),$)

n+l

=Y _dw,(Z)¢,

A=1

n+l n+l
=d|()_w, 54) (2) - 2 W, dE (Z).
=]

A=1
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Here since (W, {) = 0 everywere, so the first term vanishes. For the second
term, since §(y) = y, we have {, = u,, 1 < 4 <n+1. Since Z =
o1 Z5h, weget d¢(Z) =du(Z) = Z,. Thus,

n+l n+l
D WA (Z)=3 W,Z,=hW.Z)

A=1 A=1
which implies (2.16). 0O
2.2. The first variation formula. We calculate the first variation formula
of the energy in an alternative way. Recall that for any ¢ € C*(M, N), the
space of variation vector fields along ¢ is
T,C™(M,N)=T(¢"'TN)
={W:M— TN, C*-mapping, V(x) € T, N, x € M}

={W: M- RK, C*-mapping, V(x) € Ny X € M},

identifying TN=N c RY, y € N. Then we get

LEMMA (2.18). For € C*(M,N), WeT(¢"'TN), ue TM, x ¢
M, let

dW(u):= (dW,(u), ..., dWy(u)),

where dW,, 1 < A< K, are 1-forms on M. Then the N, L_component

of dW(u) coincides with

(x)

Ay do(u), W(x)), ueTM,

where d¢ is the differentiation of ¢.

PrRooF. Let Y,,..., Y, be C™-vector fields on a neighborhood V in

N satisfying {Y,(y),..., Y,(y)} is a basis of N, at each point y € N.
Then since W(z) € Nyy» 2 € ¢°'(V) , it can be written as

W(z) =) &.(2)Y,(6(2))

a=|

Since & € C®(¢™'(V)),

dW(u) =3 {(u-&,) Y, ((x)) +&,(x)dY,(d(u)).

a=1

Here since Y (¢(x)) € N¢ and by definition of A4, the N * _component

(x)? &(x)
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of dW(u) conicides with

Nw)l~component of Y & (x)dY,(dé(x))

a=1

=4, (d¢(u), };lﬁo(x) Y,,(¢(x)))

= A¢(x)(d¢(u) » W(x))

which implies Lemma (2.18). 0O
Now take any smooth variation of ¢ € C*(M, N), ¢,, —€ <t <€, with

¢, = ¢ . Using the inclusion 1: N C RX , We can write
¢((x)=(¢‘|(x)"‘°)¢‘K(x))’ xeM:

then the variation vector field W(x) = |_,4,(x), x € M, can be written
as

W) = (H(0), oo W), W)= 60, 154K
=

The constraint condition ¢,(M) C N yields that
W(x) € Ny XEM.

x)?

Furthermore, we obtain by (1.5),

d d
qil E@)=[ 7| e@v,

—1f:/i (dd, > d9, )V
—2,4=| Md’:=o t4> %4/ Vg

K
= Z/M(dwﬁ, dé,) v,
A=1

K
=,§/A’(WA,A¢A)UK=AI(W’A¢)08

from (3.29), (3.27) in Chapter 2. Here we denote A¢ := (Ad,, ..., Ad,).
Since W € C*(M, RK) is any element satisfying W (x) € Nw), for x €
M , we obtain that

-component of A¢(x) =0, XeEM.
(2.19)
+ -component of A¢ coincides with

¢ is harmonic <= the N¢(x)

But we shall show that the Nm)

=) Ayx(ddle), dé(e), (2.20)
i=]
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where A is the second fundamental form of N c R* and {e;}i, is an
orthonormal frame field in a neighborhood U of x in M.
Indeed, since (3.28) in Chapter 2, we get

¢
A A = Z ( U A) ’
\/" = dx, 9x;
where g is the determinant of a matrix (g;;) = (& (5% s 3% #Z)) . Then define
a C*-mapping X;: U-R¥, 1<i<m,by

m ii a
X, := 28’ dol —). (2.21)
g‘/- (axj)

That is, if we set X; = (X,,,..., X;.), then we get

i “ ij o
X, =3 vEs"do, () - Vs G
j=1

Jj=1
Since d¢(3L)e ox)» Xi(X) € Nyyy, x €U and

Zax i~ de (8x)

Thus, using Lemma (2. 18), we obtain that the N¢(x) -component of A¢(x)
coincides with the N, *.component of -7 Liz1dX,(z%) which is equal

to
B (o) 70

E () ()¢

m
==Y Ay, (dde), dd(e,)).
i=
Thus, we obtain the following theorem.

THEOREM (2.22) (The first variation formula) . A4 sufficient and necessary
condition for ¢ € C*°(M, N) to be harmonic is

m
Ad(x) + Z Am)(dd;(e,.) ,do(e;)) =0, XEM, (2.23)
i=1
where A is the second fundamental form of N C R, Ap= (Ag,, ..., Ady),
and ¢ =(¢,, ..., dx).
REMARK. For the equation (2.23), the unknown functions ¢,, 1 <A< K
are well defined everywhere on A, so it is much easier to treat than the
equation t(¢) =
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In particular, if (N, h) = (RK , &) with n = K, then the second funda-
mental form should be 4 =0. If (N, h) =(S", gg), the unit sphere, then
by (2.16), for any C*™-mapping ¢: (M, g) — (S", &),

Y4, (dde), do(e)) = - D_(dé(e,), dgle,)) $(x) = —2e(6) $(x).
i=1

i=1

Thus we obtain:

COROLLARY (2.24). (I) A necessary and sufficient condition for ¢ : (M, g)—
(R", g,) to be harmonic is
Ap=0
which implies ¢ is constant when M is compact. Here Ap=(A¢,,...,Ad,),
and ¢ =(¢,,...,9,)-
(I1) A necessary and sufficient condition for ¢ : (M, g) — (S", g¢») to be
harmonic is

Ap(x) =2e($)p(x), xe€M, (2.25)
that is
Ad,=2e($)b,, 1<A<n+], (2.25)
where ¢ = (¢, ..., ¢,,1)-

REMARK. If ¢ is an isometric immersion of (M, g) into (8", ge),
this Corollary (2.24) is called T. Takahashi’s Theorem (1966) (see also Chap-
ter 6).

§3. Examples of harmonic mappings

(3.1) Example 1 (Constant maps). For two compact Riemannian mani-
folds (M, g), (N, h) and a fixed g € N, any constant mapping ¢ : M —
N,

¢(x)=gq, foralxeM
is harmonic. In fact, ¢ is constant if and only if the energy density function
e(¢) vanishes which is equivalent to E(¢) = 0. Thus for any smooth varition
of ¢, ¢,, —€ <t <e,with ¢, = ¢, we have

0=E(¢)S£(¢,)) —€<It<E,
which implies that £|,_,E(#,) = 0. It is also easy to check 7(¢) =0.
(3.2) Example 2 (Harmonic functions). (N, g) = (RK , &) - Since
Nr7, =0, denoting ¢ =(¢,, ..., ¢,) for € C=(M,R"),
¢: (M, g)— (RK » &) is harmonic <= ¢, is harmonic,
ie,A9; =0, 1<i<n.
When M is compact, ¢ must be a constant (see Corollary (2.24)).

(3.3) Example 3 (Geodesics). Let (N, h) be any (compact) C>-
Riemannian manifold, and dim(M)=m=1,ie, M =R/Z = S'. Then
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C>=(S', N) is the totality of all periodic C*®-curves in N with period one.
Let ¢, = &, x € R, then V, ¢, = 0. Put ¢' = ¢"¢, = d¢(e,), then for ¢
to be harmonic, 7(¢) = 0, everywhere on M , is equivalent to

V, 6.6, =0= "V, 4 =0
which is the equation of geodesics (cf. (3.11) of Chapter 2).
On the other hand, assume that (N, h) is isometrically embedded into
(RX, g). Then the condition (2.23) for a C*-mapping ¢ : s' - r¥
satisfying #(S') c N to be harmonic is

~¢"(x) + Ay (#'(x), ¢'(x)) = 0. (3.4)
In the case of the unit sphere (S”, ga), by (2.16), (3.4) is

¢"(x) + (¢'(x), ¢ (x) $(x) =0,

which is the equation treated in subsection 3.4 in Chapter 1. As shown there,
(3.4) is easier than the egation ¥ V¢,¢' = 0 to treat in the case where the
embedding 1: N C R¥ is known.

(3.5) Example 4 (Minimal isometric immersions). A C>’-mapping
¢: (M, g)— (N, h) is said to be an isometric immersion if

(i) for each x € M, the differentiation ¢, : T M — TyN is injective,
and

(i) g°h=g.

(Note that (ii) implies (i). If (i) holds, g := ¢"h gives a metricon M .)

In this case, we shall identify x € M with ¢(x) € N, and identify X €
X(M) with ¢ X .

For each x € M, we decompose

TN=TMeTM",
with respect to g, . According to this, decompose Mo xY as
NO,Y =V, Y +AX,Y),

for X, Y € X(M). Then A induces a symmetric bilinear mapping 7, M x
T,M — T,N*, called the second fandamental form of the isometric immer-
sion ¢ (which is the same as in subsection 2.1). If

m
tr(d):=) Ale;, €)=0, (3.6)
i=1
¢ is called a2 minimal isometric immersion. Here {e,}, is a local orthonor-
mal frame field of (M, g). It is known (cf. [Wa]) that this condition (3.6)
is equivalent to the condition that

d .
a—tLoVol(M, ¢, h)=0
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for all smooth variation of immersions ¢, whose varition vector field V
satisfies ¥(x) € T_M", x € M. In this case,

m m
YAl e)=) ("V,e,-,e)=1(¢),
i=1 i=l
so for an isometric immersion ¢ : (M, g) — (N, h), the minimality is
equivalent to harmonicity.

(3.7) Example § (Riemannian submersions).

DEFINITION. An onto mapping ¢: (M, g) — (N, h) is called a Rieman-
nian submersion if

(i) for each point x € M, the differentiation ¢, : T M — Ty N is
surjective, and

(ii) for each point x € M, there exists a unique orthogonal decomposi-
tion

TM=V eH,

with respect to g, , with the property that for each x € M,

and the restriction of ¢, to H,_, ¢.|,,x is an isometry of (H,, g, ) onto
(TyyN» hm)).

The subspaces ¥V, , H,_ are called the vertical one, horizontal one, respec-
tively. For each x € M, ¢"(¢(x)) is called the fiber through x. By
definition, dim(M) > dim(N). See Figure 4.4.

(3.8) Let ¢: (M, g) — (N, h) be a Riemannian submersion. Then, for
each y e N, ¢~'(y) is an (m — n)-dimensional closed submanifold of M .

PROOF. Let x € ¢~'(»). Take a coordinate neighborhood U, of x which
can be regarded as U, c R™. Since Ker(¢, ) c T, M = T ,R™ 2 R™, we can
choose a linear mapping L : R™ — R™", which is injective on Ker (¢, ),
and define a C*-mapping

®: U, 5z (8(2), L(z)) e NxR™",

M

dix

FIGURE 4.4



§3. EXAMPLES OF HARMONIC MAPPINGS 143
then the differentiation @, of ® satisfies
O, (v)=(,(v), L(v)), veTM,

and @, is a linear isomorphism by definition of L. Thus, by the inverse
function theorem (1.30) in Chapter 2, ® is a diffeomorphism of some neigh-
borhood U of x in U, onto a neighborhood ¥ of (y, L(x)) in NxR™™".
Then ¢~'(y)NU corresponds to ({y} xR™ ")N¥V by ®, and then this gives
a coordinate neighborhood of ¢~'(y). D

A C%-vector field X* on M is called a horizontal lift of a C*°-vector
field X on N if ¢ X°, = X, and X°, € H_, x € M. By definition, for
X € X(N), there exists a unique horizontal lift X* of X .

LEMMA (3.9) (O'Neill’s formula). Let X, Y € X(N). Then it holds that

(i) gX",,Y",) = hy)(Xsxy» Yoix))s X € M, where we denote by
gX, Y )=h(X,Y)o ¢.

(ii) ¢,((X°, YD =[X, Y],

(iii) ¢,(Vy-Y) ="V, Y.

Proor. (i), (ii) follow from the definition. For (iii), it suffices to show

2h(8,(Vy-Y"),Z) 0 9 =20("V,Y,Z) 0 ¢, ZeX(N)
We use (3.6) in Chapter 2, (i) and (ii). In fact, the left-hand side of the above
coincides with
2h($,Vy-Y", $,Z7) 0 ¢ =28(Vy.Y", Z°)
=X'g(Y',Z)+Y'g(Z".X")-Z"g(X", Y")
+8(Z°, (X, Y )+g(Y'(Z7, X))
- g(x‘ ’ [Y. ’ Z.])’

here we get

X'g(Y',Z)=X"(h(Y,Z) 0 ¢) = (X h(Y, Z)) o ¢,
gX°, (Y, Z°)=h(X,[Y,Z) o ¢, e,

so the above coincides with 24(*V, Y, Z)o¢. O

ProprosiTiON (3.10). A sufficient and necessary condition for a Rieman-
nan submersion ¢ : (M, g) — (N, h) to be a harmonic mapping is that for
any x € M, the inclusion 1 : ¢~'(¢(x)) C M is a minimal submanifold of
(M, g). Here the Riemannian metric on ¢"(¢(x)) is taken as 1°g .

PROOF. Let m = dim(M), n = dim(N), and let {e,,... €.} be a
local orthonormal frame field defined on a neighborhood V in (N, h).
Let {e,,...,e,} be the horizontal lift on ¢~'(V) of {e|,..., €.}, and
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{e,,....€,,€,.,>-..,¢€,} an orthonormal frame field defined on a neigh-

borhood U in ¢"(V). Then at each point x € U, {e,,,,...,e,} gener-
ates the vertical subspace V, of T, M. Then we decompose the tension field
as

m n m
1(9)=) (Y, 0.6,-6.V.e} =) ("}+ 3 {"}.
i=1 i=l1 i=n+l
where we get 5, d.6 = NVe:e,f =¢,V,e;, 1 <i < m by (iii) of Lemma
(3.9). And we get V,¢.e, =0, n+1<i< m. Thus, we obtain

m m
(@) = - Z ¢0Veiei = -¢0( Z Ve,ei>'
i=n+l i=n+1
Thus, a necessary and sufficient condition for ¢ : (M, g) — (N, h) to be
harmonic is

Y V.ee€V,, xeM.

On the other hand, the trace tr(4) of the second fundamental form A
of the inclusion 1 : (¢~ '(¢(x)), 1°g) — (M, g), is the H_-component of
T iens1 Ve €; - Thus, we obtain the desired result. O

COROLLARY (3.11). For a compact Riemannian manifold (M, g), both
(i) the identity mapping id: (M, g) — (M, g). and

(i) the Riemannian covering n: (M, g) = (M, g)

are harmonic mappings.

(3.12) Example 6 (Holomorphic mappings). An even dimensional (say
2m) C*°-manifold M is called to be an m-dimensional complex manifold if
at each point of M there exists a complex coordinate neighborhood (U, , a)
such that for a homeomorphism a of U, onto a(U,) c C™, if U,nU, # 3,
then

Boa™':C">a(U,nU,) - BU,nU,)cC"

is a holomorphic diffeomorphism. Taking a complex coordinate (z7,..., z),)
€ C™ on a neighborhood U_, put

z‘;=x;.’+\/—ly;’, x;.',y;ek, j=1,...,m,

and then (x{,y{,...,X,,,¥,,) gives a local coordinate as a 2m-dimensional
real manifold.
Complexify the tangent space TpM ateachpoint pe M, TfM =T,M®
C, and put
M= 1M

PEM
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which is a complex vector bundle over M (cf. (3.4) of Chapter 5). At each
point p € M the 2m vector fieldson U, ,

{jL 9 9 jL}
ax]’ dyy’ '’ ox,’ dy,,
generate TpM over R and TpcM over C.
A linear mapping J : T;M — T,M over R and its complex extension
J: TP‘CM - TfM over C are defined by

a 0 [7] 0
()8 ) ) v
ax; ay; 9y, ox; ’

which satisfy
J=17oJ=-id,
where id is the identity mapping. J is called the almost complex structure
and is a (1,1) tensor field.
A C*-mapping ¢ : M — N between two complex manifolds M, N is
holomorphic if, denoting the almost complex structures by J, the differenti-
ation ¢, : T‘,M - TW)N , for p € M satisfies

Jog, =¢, ol
Then if we take local coordinates (z,, ..., z,), (w,,...,w,) of pe M,
¢(p) € N, and put
zj=xj+\/-lyl., w, =u, +vV-ly,, 1<j<m,1<k<n,
then we have that
¢ is holomorphic in a neighborhood of p.
<= Each w, o ¢ is a holomorphic function in (z,,..., z,),
1<k<n.
<= Each u, o ¢ and v, o ¢ satisfy the Cauchy-Riemann equations :
O(u, 0 ¢) _9(y, 0 9) O(u, 0o¢)  8(y, o 9)
ox, oy, ~’ 9y, - dx,

’

for 1 <j<m.
A Riemannian metric g on a complex manifold M is a Hermitian metric
if
gJX,JY)=g(X,Y), X, Yex(M),
and if the 2-form @ given by
oX,Y):=g(X,JY), X, YeX(M)

is a closed form, i.e., dw = 0, g is called a Kihler metric and (M, g) is
called a Kihler manifold.

It is known (cf. [K.N]) that a sufficient and necessary condition for a
hermitian metric g on a complex manifold M to be a Kidhler metric is that

Vy(JY)=J(V,Y), X, Y e X(M). (3.13)
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PROPOSITION (3.14). 4 holomorphic mapping ¢ : M — N between two
Kahler manifolds (M, g)., (N, h) is harmonic.

ProoF. We can take a local orthonormal frame {e,,...,e,, f,,...,/,}
in such a way that Je, = f;, Jf, = —e;, 1 <i < m. Then we get
V0.i=Y,7¢. (by holomorphicity of ¢)
=JV ,‘¢,e,. (since (N, h) Kibhler)
=J(V,¢.f;+ 9.1, ¢)) (byLemma (1.16))
==V, ¢.6,+ oS, €],
since ¢ is holomorphic and (N, &) is Kihler. By the same way, we get
¢.V,‘f, = ¢,JVf‘e,. ((M, g) is Kihler)
=8 J(V, fi+1fi. €] (by Theorem (3.5) in Chapter 2)
= —¢.V¢'e,’ + J¢.[/; ’ e,']’
since ¢ is holomorphic and (M, g) is Kihler. Thus, we obtain
m m
D (VS-S == (V. 0.6,-8.9,¢)
iml iml
which yields that 7(¢) = 0 everywhereon M. 0O
REMARK. See the next chapter for the stability of holomorphic mappings
and related topics.
Before ending Chapter 4, we show well-known examples of Kihler mani-
folds.
(3.15) Example 7 (The complex Euclidean space). Let (z,,..., z,) be

the standard coordinate of C” and put z; = x;+v-1Iy,, 1 < j < n, and
define

n n
& = Re(Zdzj Gd?j) =Y (dx;®dx, +dy;®dy)),

j.l ]‘l

then (C", &) is a Kihler manifold. The corresponding almost complex

structure J is
a8 a a a8
J(_)=—' J(—)=-_’
Ox; Oyj ay, 8xj

and the corresponding 2-form ® is given by
— n l n
0= —"41 ;dz, NdZ; = -Egdx,. ndy;,
]- =
and satisfies dw = 0.
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(3.16) Example 8 (Complex torus). Take a basis {v; };',, of C", and put

{Z(m +V=In)v,;; m, njeZ,lstn}.
=
Two elements z = 37 av,, w = ¥]_ bv of C" with a;,b € C
are equivalent if z —w € A, the set of all eqmvalenoe classes n(z) z €
C" is denoted by C"/A which becomes a compact n-dimensional complex
manifold. We can give a complex local coordinate of C"/A by C"/A >
n(z) = u(z:}_, ; J) ~ (a,,...,a,). We can give a Riemannian metric g,
on C"/A by

n
g\ = Re( Y (v, vl)da,.QdEj).
i, j=1
Here < z,w>= Y ,z,W;,, z=(z,,...,2,), w=(w,...,w,) €C".
Then we get n°g, = g,, where n : C" — C"/A is the projection. The
resulting complex Hermitian manifold (C"/A, g,) is a Kahler manifold with
zero sectional curvature.
In general, if we take a basis of R, {1, ..., 7,,}, and put

2n
= {Z"’i‘ﬁ m; € Z} ,
i=1
then C"/A also becomes a compact complex manifold and the Riemannian
metric g, induced from g, is a Kihler metric whose sectional curvature is
zero. This is called a complex torus.

(3.17) Example 9 (Complex projective space). Let

n+l .
C -{z=(z,,...,zn“);zieC,l$15n+l},
where ' means the transpose. Two elements z = ‘(z,, ..., z,,,), w =
‘w,,...,w,,,) in C—(0) are equivalent if z = Aw, ie., z,=Aw,, 1 <

i<n+1, forsome A € C—(0). The totality of all equivalence classes
[z], z € C™*' = (0) is denoted by P"(C) which becomes an n-dimensional
complex manifold. For 1 <i<n+1,
U :={l(z,,..., 2,,)]1 € P"(C); z; # 0},
and define an into homeomorphism by
z  Z z n
a:U3[(z,...,2 )1.-.(—1,...,;'-,&,...,"—“)@ ,
i i 1 n+l zi zi zi Zi

then {(U;,q,); i =1,...,n+ 1} gives a complex coordinate system of
P'(C).

On the other hand, a compact Lie group G = SU(n + 1) acts transitively
on P"(C) by

SU(n+ 1) x P"(C) 3 (x, [2]) — x - [2]):=[x - z] € P"(C).
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Here x - z is the multiplication of a matrix x and a vector z. The isotropy
subgroup K of G at the origin o =['(1,0,...,0)] is

K =S(U(1) xU(n)) = {(: :’) ; a€U(l), x € U(n), adet(x) = l} ,

where 0 in the right-hand side is ‘(0, ..., 0). Thus, it can be written as
P"(C) =SU(n + 1)/S(U(1) x U(n)) = G/K ,

and P"(C) is a compact homogeneous space. Let g, ¢ be the Lie algebras
of G, K, respectively, and define an inner product on g by

(X,Y)=-u(XY), X,Yeg.

Then the orthogonal complement m of ¢ in g with respect to this inner
product is

f
m={(g -02) ; z='(z|,...,zn), z,€C, lsiSn}.

Let h be an G-invariant Riemannian metric on G/K = P"(C) correspond-
ing to the inner product

(X,Y)o=%(X,Y), X,Yem

Then (P"(C), h) is a Kihler manifold whose sectional curvature varies over
between 1 and 4.
On the other hand, let

s = qzeC™ 1zl =1},

on which SU(n + 1) acts transitively by
SUn+ 1) xS '3 (x,z)~x-zeS™".
The isotropy subgroup H at the origin 0 =‘(1,0,...,0) is
H= {(") 1’) . xe SU(n)} 2 SU(n).
Thus, it can be written by
S™' =SU(n + 1)/SU(n) = G/H.
H is a closed Lie subgroup of K and the natural projection
n: G/H>xH— xK € G/K

coincides with the mapping

n: 8" 32+ [z]€ P'(C)
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which is called the Hopf mapping (fibration). Let n be the orthogonal com-
plement of the Lie algebra §h of H in g with respect to the inner product
(, ). This n is given by

infg -z . N
l‘k-—{(z _igl)’oek’ Z-—(Zl,...,zn), Z.GC}Dm'

Here I is the unit matrix of degree n. Let g be an G-invariant Rie-
mannian metric on S™*' corresponding to the inner product (X, Y) =
{(X,Y), X, Y en. Then g coincides with the Riemannian metric gg.-1

with sectional curvature one and the Hopf mapping =n : (Sz"*' »8) —
(P"(C), h) is a Riemannian submersion, and moreover, a harmonic map-
ping (see also Exercise 4.5).

Exercises

4.1. Show that any isometry ¢: (M, g) — (N, h) is a harmonic mapping.

4.2. Let dim(M) =2. Fora C*-mapping ¢ : (M, g) — (N, h), its energy
E(¢) does not change even when g is changed into 41g, where A €
C*(M) is a positive function.

4.3. Let dim(M) = 2. Let (x, y) be a local coordinate on a neighborhood
U in M such that

g=Adx®dx+dy®dy),

where A € C®(U) is a positive function. For a harmonic mapping ¢ :
(M, g) = (N, h), show that the function ¥ on U defined by

_|8s]* |o¢[ ¢ 08¢
v=log] ~[as] -2T(5%- 3)

is holomorphic in z = x +v—=1y on U. Here
¢ _4 (9 9% _, (9
ﬁ‘q"(ax)’ By—d"(ay)’
(322, (.8
“7\dx’ox)’ ay|  \ay’ay)’
(3. 5)-4(22.2)
ax’dy/  "\8x’dy)’

4.4. (i) Let (M, xM,, g, xg,) be the Riemannian product of two Riemannian
manifolds (M,, g;), i =1, 2. Assume that a C*-mapping

¢: M, x M, 3 (x,, X))~ &(x,, X;,) €N

|22
ox

is harmonic in each variable, i.e., (M,, g;) 3 x;, — &(x,, Xx;) € (N, h)
are harmonic, i =1, 2. Show that ¢ : (M, xM,, g, x8,) — &é(x,, X,) €
(N, h) is harmonic.
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(ii) Let G be a compact Lie group, and let g be a bi-invariant Rie-
mannian metric on G. Then, using (i), show that the multiplication
defined by

¢:GxGd(x,y)—xyeC

is harmonic.
(iii) Let F: R’ x R? = R" be a bilinear mapping satisfying

IFe, I =lxllllyl, xeR’, yeR’

Then show by (i) that the mapping F : S°~' x 77! = $""! naturally
induced from F is harmonic.

4.5.Let (,) be the standard Hermitian inner product on c? and x| =
(x,x)'/z, x € C*. Two elements X,y € c’- (0) are equivalent if
x = Ay, A € C— (0). The set of all equivalence classes [x] is denoted
by P'(C) which is diffeomorphic to S2. Let $°:= {x € C?; |x| = 1}.
The mapping

¢:Sa3x—[x]eS*=P(C)

is called the Hopf mapping. Show that the Hopf mapping ¢ : (S3 »8s3) —
(S2 » 81) is harmonic.

« Coffee Break>» Soap films and minimal surfaces (Plateau’s problem)

In 1760, J.L. Lagrange derived the famous equation of minimal surfaces
and published this in 1762 in Essay of a new method for determining the
maxima and minima of an indefinite integral formula.

111 years later, in 1873, J. Plateau, a physicist in Belgium, published Ex-
perimental and theoretic statics of liquid influenced only by molecular forces.
This reported his interesting experiments about soup films. By his experi-
ments, it was supported that “Any contour by a single closed wire, if it is not
so large, is covered with at least one soup film.”

The corresponding mathematical problem is “For any Jordan curve, i.e.,
continuous closed curve without self intersection in the 3-dimensional space,
does there exists at least one minimal surface bounding this curve?” This
probelm has been known as Plateau’s problem. B. Riemann, K. Weierstrass
and H.A. Schwarz gave special minimal surfaces for special type Jordan
curves, but did not give a general solution.

In 1930, 1931, J. Douglas and T. Rado solved independently Plateau’s
problem. See J. Douglas, Solution of the problem of Plateau, Trans. Amer.
Math. Soc. 33 (1931), 263-321;

T. Rado, On Plateau’s problem, Ann. of Math. 31 (1930), 457-469; and

T. Rado, The problem of least area and the problem of Plateau, Math. Zeit.
32 (1930), 763-796.

Here we explain the mathematical background briefly.

Let

B:={w=(u,v)eR; [ +P <1},
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the unit disc, and let
T: a Jordan curve in R®.
Then we write a C®-mapping X : B — R® by

B3 ww— X(w) = (X,(w), X,(w), X,(w)) €R’,

a a
Xu:= .(a), X01=X.(%),

then the area A(X) of a surface X is given by

and

A = [ VP - (X, X, dudv,
B

where (, ), || are the standard inner product, and the norm of R®. See
Figure 4.5.

The condition for X to bound a Jordan curve I is that

(0) a continuous mapping X|,, : 8B — I' gives a parameter of the
Jordan curve I'.

Then Plateau’s problem is to find X which minimizes the area A satis-
fying the condition (0).

To do this, it suffices to find X satisfying 4|,_,4(X,) =0 for any varia-
tion X, satisfying the condition (0), and the equation of the first variation,
which is called the Euler-Lagrange equation and says that the mean curvature
of X is zero. It is known that this is equivalent to

(i) AX =0, thatis, AX,=0, i=1,2,3, where A= —(& + ), and

(i) |X,)* -1X,I*=0 and (X,, X,) = 0.

Weierstrass pointed out, using the condition (i) AX = 0, putting

O(w) = X, - X, - 2v=T(X,, X,),

FIGURE 4.5. The area of the parallelogram spanned by
X, X, is \/IXPIX,12 - (X,, X,)%.
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®(w) is a holomorphic function in w = u + vV=1v (see also Exercise 4.3),
it has been a useful fact, but could not solve (0), (i), (ii).

The reason for this difficulty is that, for any diffeomorphism ¢ : B — B
satisfying ¢(0B) =98B,

(iii) A(X o @) = A(X).
So it implies that there are too many X which minimize 4. Douglas and
Rado considered, instead of A, the energy (the Dirichlet integral)

E(X)= % /B ldX) dudy = % /8 (1X,12 +1X, %) dudo.

This E has the following good properties:

(iv) A(X) < E(X), and the equality holds if and only if |X,|* - |X,|* =0
and (X,, X,) = 0.

(v) The only diffeomorphism ¢ : B — B with ¢(dB) = 3B which satisfies

E(X o 9) = E(X)
is the one satisfies that
2
le.|

(vi) If X minimizes E, then it satisfies (i), (ii) and is smooth on B.
It is not too hard to check (iv). In fact, it follows from

A(X) = /B VIXERIX, R - (X, X, dudy

< / X, |X,|dudv
B

- o, 2_-0and (9,.9,)=0 (on B).

<5 [OXF +1X,P)dudo = BCX),
B

from which comes the equality case.

Thus, they suceeded in finding an X, which minimizes E and simulta-
neously A for a given Jordan curve I'.

For topics and results on Plateau’s problem, see

S. Hildebrandt and A. Tromba, Mathematics and optimal forms, Scientific
American Books Inc., 1985.

M. Struwe, Plateau’s Problem and the calculus of variations, Princeton
Univ. Press, Vol. 35, Princeton, NJ, 1988.

F. Morgan, Geometric measure theory, A beginner’s guide, Academic Press,
San Diego, CA, 1988.



CHAPTER 5

The Second Variation Formula and Stability

In Chapter 5, we calculate the second variation formula of the energy (the
action integral), and discuss the stability or the unstability of a harmonic
mapping, and its rigidity.

The second variation formula was obtained independently by E. Mazet
and R.T. Smith, in 1973-1975. The stability of holomorphic mappings be-
tween Kihler manifolds was obtained by A. Lichnerowicz in 1970. In this
chapter, we discuss its relation to the second variation formula, which is use-
ful to study the structure of the set of holomorphic mappings between Kihler
manifolds.

In contrast to the above, there is an instability theorem which was found
by Y.L. Xin in 1980. Recently, it was generalized by Y. Ohnita and R.
Howard-S.W. Wei independently.

§1. The second variation formula

1.1. Calculation of the formula. In Chapter 4, we derived in two different
ways, the equation (the Euler-Lagrange equation) of critical points of the
energy (the action integral) E on C>°(M, N). In this section, we calculate
the second variation formula of E.

Let ¢: (M, g) — (N, h) be a harmonic mapping. Take a smooth varia-
tion ¢, ,: M — N with two parameters s, {, and with #.0=¢. That is,
the mappmg F defined by

F:(-e,e)x(-€,e)xM>3(s, 1)~ ¢, (X)EN
is a C*-mapping and F(0,0, x) = ¢(x), x € M. The corresponding
variation vector fields are denoted by V', W: For x € M, define
d
A€ TN, W)= T b () € Ty M.

We often extend vector fields on the interval (—€, €) or M to the ones
on the product manifold (—¢, €) x (—€, €) x M, and we denote them also
by the same letter as 5"7 , X, for X € X(M). Then by definition, we get

d
V(X) = d—t
$

s ?

V=F (3 ) ., W=F (a ) .
95/ (s.0=(0.0) 9t/ (s, 0=00.0)

153
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Now we regard the energy E to be a function on a manifold
C%®(M, N), the Hessian of E, H(E),(V, W), at a critical point ¢, a
harmonic mapping, is defined as follows (cf. §1 in Chapter 3):

82
E(¢. ). (1.1)
850t y0.0) O

In the following, we shall calculate (1.1). By definition,
l m
E(¢s.l) = E/;,Zh(¢’ 16> S, e l)
i=1

l m
-3 /M Y h(F.e;, F.e)v,
i=1

Repeating the calculation in §1 of Chapter 4, we get the same equation as
(1.18) in Chapter 4,

¢%15‘(¢,,,)=—[ h( _aa‘ Z{V Fe, - F,V,‘ei}) v,. (1.2)

By differentiating it in the variable s, we obtain
0 s )= /ah E{VFe ~FY,e })v
591 .t a5 '\"*51° i s
a m
=-[ h( sFones Z{v,'r,e,.-r,v,le,.}) v,
_ /M h(F_E,§V&{V,'F.e,.—F,V,‘ei}) v,

Here in the last equality, we used the compatibility condition of V anf h
(cf. (1.12) in Chapter 4).

The first term of the above vanishes at (s, ) = (0, 0). Because in the
integrand,

H(E),(V, W)=

m
Y AV F.e-FV,e}=1¢)=0
i=1
since ¢ is harmonic. So we calculate the integrand of the second term of the
above, and it follows that

= o = = = N /]

VeV, Fe = V('V&F_ei +Vig eif.ei+ R (F‘Es: , F.e,.) Fe, (1.3)
which follows from the definition of the curvature tensor “R. Note that
the third term of (1.3) has meaning because MR is determined only by the
values at T,,N at each point y € N by (3.17) in Chapter 2.
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Furthermore, apply Lemma(1.16) in Chapter 4 to v 2 F,e;. Then since
[£&.e]=0, (1.3) coincides with
N i
(Ve F‘as + F, [8 , e]) +V[§ F.e; + R(F‘a_s’ F,ei)F,e,.
_ d d
v V, F.a +"R F‘E‘i_s’ F.e; |F,e,.
Making use of Lemma (1.16) in Chapter 4, we get
7]
V}f_l-‘Ve_Vv 'F‘83+F[8s e, ] VV,I-‘,‘9 (1.4)
Finally, putting (s, t) = (0, 0), since F,ys =V, F.b': =W,and Fe, =
é.e; , we obtain the following theorem:

THEOREM (1.5) (the second variation formula). Let ¢: (M, g) — (N, h)
be a harmonic mapping. Then the Hessian of the energy E at ¢ is given by

HEWW W)= [ W), Wiv,, v, Wel@'TN).  (16)

Here J, is a second order selfadjoint elliptic differential operator acting on
the space of variation vector fields along ¢, T (dfl TN) of the form:

Jy(V) =-Z(v v vv ,)V Z RV, d.e)d.e;, (1.7)

=1
for V€T (¢"'TN).

DEeFINITION (1.8). The operator Jy:= K¢ - .9P¢ is called the Jacobi opera-
tor. Here the operator A, is defined by

A,V = Z(v V,-Vg V. Vel@ 'TN) (1.9)

i=1

called the rough Laplacian. Ké is a second-order elliptic differential operator
because of the form (1.9). %, is given by

m
AV =Y "RV, ¢.e)b.e;, Vel 'TN). (1.10)
i=1
Since Z,(fV)=fR,(V), f € C*(M), &, induces a bundle mapping
of E=¢"'TN defined by

m
Ry Ty Nove Z”R(v, .)b.€,€ Ty, N,
i=1

which satisfies (#,V)(x) = %, ,(V(x)) for x € M. Moreover,
h(.Q‘V,W)=h(V,$¢W), V,Wel(¢~ TN). (1.11)
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PrOPOSITION (1.12). The rough Laplacian A, satisfies
[ 1@y wyv, = [ 4GV, IW)v, = [ Wy EWyv,. (113
M M M

for V, W € T(¢"'TN). Here VV is a C™-section of the vector bundle
¢ 'TN®T°M and is defined by

VV:xM)3X—V,Vel(¢"'TN),
and for W e T(¢"'TN),

m
h(VV, VW)=Y h(V,V,V,W)eC*(M).
i=1
PRrOOF. It is enough to show the first equation of (1.13). Since V and A
are compatible,
m
h@V W)= = {e;-h(V,V,W)- h(qu, v, W)}
—
lm 3
+d h(Vg V. W)
i=1 o
Here define X € X(M) by
gX,Y)=h(V,V, W), Yex(M),

then we get
m

div(X)=)_gle,, V, X) = {e;-8le;, X) - g(V,¢;, X)}

i=] i=1
m
= Z{"i h(V,V,W)- h(Vv' oV W)}
i=1 !
By Green’s formula [, div(X) v, = 0, and we obtain the desired equation.
O

1.2. The index, nullity, and weak stability. Due to Theorem (1.5) (the
second variation formula), we can define the notions of the index, nullity,
weak stability, and unstability for harmonic mappings in a similar way as for
the Morse theory in Chapter 3.

DEFINITION (1.14). The index of a harmonic mapping ¢ : (M, g) —
(N,h) is

sup{dim(F); F c T'(¢_'TN), a subspace
on which H(E), is negative definite },
denoted by index (¢) . The nullity is

dim{V e [(¢™'TN); H(E),(V, W)=0,forall W e [(¢"'TN)},
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denoted by nullity (¢) . A harmonic mapping ¢ is said to be weakly stable if
index(¢) =0, i.e., HE),(V,V)20, forall V € l"(¢"TN),
and otherwise, is said to be unstable.
In the second variation formula, since J, isa selfadjoint ellptic differential

operator acting on the space of sections of the vector bundle ¢~ 'TN overa
compact manifold A , due to Hodge-de Rham-Kodaira theory, the spectrum
of J,, denoted by Spect (J,), consists only of a discrete set of an infinite
number of eigenvalues with finite multiplicities and without accumulation
points. So we count the eigenvalues with their multiplicities, denoted as

Here A is the eigenvalue of J, if
Vi(9):={V €T(¢™'TN); J,V =iV} # {0},

which is called the eigenspace with the eigenvalue A, dim V(¢) is called
the multiplicity of the eigenvalue A. As above, the index and nullity of a
harmonic mapping ¢: (M, g) — (N, h) are given by

index(¢) = ) _ dim ¥,(¢), (1.15)
A<0
nullity(¢) = dim V;(¢) = dim Ker(J,), (1.16)
and
¢ is weakly stable <= 1,(¢) >0, fori=1,2,.... (1.17)

If (N, h) has the nonpositive sectional curvature, that is, for any linearly
independent tangent vectors u, v at any point y € N,

“K(u,v)<0, ie, h("Ru,v)v,u)<0,
then h(#,V, V) <0, forall ¥ e (¢~ 'TN). Also we get

/h(Kd,V,V)v‘:[ h(ev,el’)vgzo, (1.13)
M M
due to (1.7), we obtain

/ h(J,V,V)v, 20, forallV eT(¢"'TN).

M

Thus, we obtain

PROPOSITION 1.18. If (N, h) has nonpositive sectional curvature, then any
harmonic mapping ¢ : (M, g) — (N, h) is weakly stable.

REMARK (geometric meaning of the nullity). Let (M, g), (N, h) be ar-
bitrary compact Riemannian manifolds, and let the totality of all harmonic
mappings between them be denoted by

Har(M, N):={¢: (M, g) — (N, h), harmonic mappings}.
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Then it is, in general, not a “manifold”, but let us consider its tangent space
at ¢ € Har(M, N),
T, $Har(M, N) C T,C“(M , N).
It is natural to say that a variation vector field ¥ € T,C™(M, N) =

I‘(qb'l TN) belongs to T, Har(M, N) if there exists a one parameter family
of harmonic mappings ¢, € Har(M, N), —€ < s <€ with ¢, = ¢ such that

V(ix)= dis =°¢,(x), X €EM.

3
In this case, we obtain

T,$Hax(M, N) C Ker(J,), (1.18)
in particular,
dim T,Har(M , N) < nullity(¢). (1.18")

PROOF. In fact, let ¢, € Har(M, N) be a one parameter family of har-
monic mappings with ¢, = ¢, and let ¢, , € C*®(M, N) be any variation
of ¢,, —e <t<e,with ¢, , =4, . Define

V)= 8,000, W)= %l S0 ), xeM.
=

s=0
Then since the ¢, are harmonic for all s, we obtain

a

Therefore, we obtain
2

3
/M h(Jy(V), W)y, = 5 E(¢, ) =0.

(s.0)=(0,0)

Since W € I'(¢~'TN) is arbitrary, we get V € Ker(J,), and we obtain
(1.18"). o

In general, the equality T,$Har(M, N) = Ker(J,) is false. However, by the
quantity nullity (¢) = dim Ker(J,) , we know how a finite dimensional neigh-
borhood in $ar(M, N) spreads in an infinite dimensional neighborhood in
C*®(M, N) for a harmonic mapping ¢. It is very important to determine
the structure of a “finite dimensional submanifold™ $ar(M , N) of an infinite
dimensional manifold C*(M, N).

1.3. Examples. We discuss the second variation formula for the simplest
cases.
(1.19) ExAMPLE 1 (constant mappings). For any compact Riemannian-
manifolds, (M, g), (N, h), consider the second variation of a constant
mapping
¢: M- N, ¢(x)=gq, forallxe M.
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By definition,
F(¢~'TN)={V; V(x) € T,N, Vx € M}.

Thus, letting {v,};

be abasis of T, N, we may define ¥, € [(¢™'TN), 1<
i<n,by

i=l

Vi(x):=v,, xXEM.
Since any element in T/ N can be expressed by a linear combination of
{v,}i_,, we get

r(¢”'TN)={Zf, 'y fi e CT(M), lgisn}.

i=1

Then we can give a variation ¢, of a constant mapping ¢ corresponding to
a variation vector field V =3[_, f;¥;, by

¢,(x) = exp, (l > fix) ”i) , X€EM.
i=1

Let us calculate the Jacobi operator J, .
(i) For V €T (¢~'TN),since ¢,¢,=0, 1 <i<n, we get

V) = Z R, b.e)¢.¢, = 0.

(ii) On the other hand, for X € X(M) and V =3%]_, f;V; € I(¢~'TN),
by (1.11) in Chapter 4 and the properties of the covariant dnﬂ‘erennanon

¥ = UKLV, + £,V
i=1
DN IN
iml

since Vx 7 =0 by means of V(x)=v,,forall xe M.
Therefore, by (i), (ii), we obtam

n n
LV=3@/)V, V=Y fVel( 'TN).
i=1 i=1
Here Ag is the Laplacian acting on C*°(M) (cf. (3.28) in Chapter 2) which
is of the form
m

A== {e:(e,ﬁ -v.ef } . SECT(M).

Thus, we obtain
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ProrosiTION (1.20). For a constant mapping ¢ : (M, g) — (N, h), the
spectrum Spec(J,) of the Jacobi operator Jy is the set of eigenvalues of the
Laplacian of (M, g) acting on C=(M) counted (n = dim N)-times:

Spec(J,) = n x Spec(Ag), n = dim(N).
In particular, Spec (J,) does not depend on q =¢(M)€ N .

REMARK. As above, the second variation is nontrivial even for a con-
stant mapping. By Proposition (1.20), the studies of the Jacobi operator A
are the natural extensions of the ones of the spectrum of the Laplacian Ag
of a Riemannian manifold (M, g) (cf. [Ur10]).

We denote the spectrum Spec (Ax) of A8 by

Spec(A,) = {4y(8) = 0 < 1,(8) < 4,(g) < -+~ <1 ).
Here the eigenvalue 4,(g) = 0 corresponds to the constant function on M.
By Proposition (1.20), the index and nullity of a constant mapping ¢ are
index(¢) =0, nullity(¢) = dimN.

(1.21) ExaMPLE 2 (the identity mapping). The identity mapping of a

compact Riemannian manifold (M, g),
¢=id: M3x—x€EM
is a trivial example of a harmonic mapping. But in this case, the theory of
the second varition is much more complicated. Indeed, in this case,
M=N, T(¢"'TN)=xM),
and the Jacobi operator J;, : X(M) — X(M) is given by
Jy=A-p. (1.22)
Here the operators A and p are

AX):= - Z(quq - Vg )X, (1.23)

m
p(X):=) R(X,e)e;, (1.24)
i=1
for X € X(M).

The Jacobi operator J,, is related to the Laplacian A, acting on the space
A'(M) of 1-forms on M (cf. (3.36) in Chapter 2) as follows: 1-forms
w € A'(M ) and vector fields X € X(M) on M correspond to each other
isomorphically in such a way that

wY)=gX,Y), Y € X(M). (1.25)

Under this identification, we obtain the operator A, : X(M) — X(M)
acting on vector fields corresponding to the Laplacian A, : A'(M) - A'(M )
acting on 1-forms. Then we obtain
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THE WEITZENBOCK FORMULA (1.26). Under the above situation,
Ay =A+p.

Proor. The proof will be given in the remark following (2.9) in a more
general setting. 0

By the formula in (1.26), we obtain
Jg=Ay—2p. (1.27)

REMARK. Vector fields belonging to Ker (J;,) were studied initially by T.
Nagano and K. Yano in 1961, [N.Y 1], [N.Y 2]. They called them geodesic
vector fields.

We write here without proof, the following theorem which is obtained
from (1.27). See Exercise 5.1.

THEOREM (1.28) (R.T. Smith [St1]). Let (M, g) be a compact Rieman-
nian manifold which is Einstein, i.e., its Ricci tensor p (cf- (3.19) in Chapter
2) satisfies

pX,Y)=cg(X,Y), X,Y e X(M).

Then:

(i) The identity mapping of M, id: (M, g) — (M, g) is weakly stable
if and only if the first eigenvalue of the Laplacian A, acting on C* (M),
A,(8), satisfies

4,(8) 2 2c.

(ii) The nullity of the identity of (M, g) is given as
nullity(id) = dim Iso(M, g) + dim{f € C*(M); A f = 2¢f},
where Iso (M , g) is the isometry group of (M, g), i.e.,

Iso(M, g):={p; ¢ g =g}

A simply connected Riemannian manifold (M, g) is called a Riemannian
symmetric space if its curvature tensor R satisfies VR = 0. Then we obtain:

COROLLARY (1.29)(cf. [Urd), [Oh)). Let (M, g) be a compact simply
connected irreducible Riemannian symmetric space. Then an (M, g) for
which the identity mapping is unstable is one of the following:

(1) S", n>3, the unit sphere of dimension higher than or equal to 3,

2 G, ,H)= Sp(€)/Sp(€ —q) xSp(q), £ —q > q > 1, the quaternionic
Grassmann manifold,

3) Pz(Cay) = F,/Spin(9), the Cayley projective plane,

(4) E(/F,,

(5) SU(2q)/Sp(q), 922,

(6) SU(¢+1), £>1, asimple Lie group of type A,, and
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(7) Sp(¢), t > 2, asimple Lie group of type C, .

(1.30) ExaMprLE 3 (closed geodesics). For the case of M = S' and ¢:
(M, g) = (N, h) aclosed geodesic in (N, k) of period one, i.e.,

¢:[0’l]_’(N’h)’ ¢(x+l)=¢(x), —0<X<0,

then I'(¢~'TN) becomes the space of all C™ vector fields V along ¢,
satsifying that V(x) € T, N and V(x +1) = V(x) for all x € R. Then
the Jacobi operator J¢ is

LV =-"v,"v,v-"Rv,¢)9.

The vector fields satisfying J, = 0 are called the Jacobi fields and play
important rolls in the study of geodesics.

§2. Instability theorems
2.1. Main Theorems. In this section, we prove the following theorem

THEOREM (2.1) (instability theorem, Y. L. Xin, 1980). Let (S™, 8s~) be
the unit sphere with constant sectional curvature one, with m > 3. Let (N, h)
be any compact Riemannian manifold. Then any non-constant harmonic map-
ping ¢: (S™, gm) — (N, h) is always unstable, i.e., index (¢) > 0.

This theorem was extended independently by Y. Ohnita, Y. L. Xin, and
R. Howard-S.W. Wei into the following:

THEOREM (2.2). Let (M, g) be one of the Riemannian manifolds (1)-(7)
in the list of Corollary (1.29), and let (N, h), (M', g') be arbitrary compact
Riemannian manifolds. Then both nonconstant harmonic mappings

¢:(M,g)— (N, h), w:(M, g)—(M,zg)
are always unstable, i.c., index (¢) > 0 and index (y) > 0.

REMARK. B. White [Wh] showed (see also [Mn], [E.S, p. 130] ) the fol-
lowing theorem: Assume that a compact Riemannian manifold (M, g) sat-
isfies

n, (M) =mn,(M)=0.
Then for any two compact Riemannian manifolds (M, g'), (N, k) and
any continuous mappings w: M = M, ¢: M - N,

inf(E(n); n € C*(M', M), being homotopic to y} =0,

and
inf{E(n); ne C™(M, N), being homotopic to ¢} = 0.

The Riemannian manifolds listed in Corollary (1.29) and compact sim-
ply connected Lie groups have the property that both the first and second
homotopy groups vanish. So it seems to be natural to consider the problem
for compact Riemannian manifolds (M, g) with =, (M) = n,(M) =0, the
similar assertions as Theorem (2.2) hold.
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2.2. Vector bundle valued differential forms. Before going on to prove
Theorem (2.1), we prepare the fundamental materials on vector bundle val-
ued differential forms and the Weitzenbock formula for vector bundle valued
1-forms.

Let E be a vector bundle over an m-dimensional Riemannian manifold
(M, g) on which A is an inner product, V¥ is a connection compatible with
h. Let N"T°M ® E be the tensor bundle of E and the A"T°M. Let
A'(E)=T(N T°M ® E) be the space of all C™-sections of it, the elements
of which are called E-valued r-forms on M because w(y,,...,u,) € E_ if
u,,..,u,€ T M and we A'(E).

In the same way as for A"(M), we can give the following definitions:

Using V, define the exterior differentiation d” : A"(E) 3 w — d w €
Ar+l( E) by

d w(X,,..., X,,,) (2.3)
r+1 .

=3 D"V @, K X))

i=l1

+ S E0MolX, X)X K X X))

U J
i<j
for X,,..., X,,, € X(M). Here X, means to delete X, in the equation. In

general, d¥ (4" w) does not vanish, different from the case A"(M).

On the vector bundle A" T°M ® E , the inner product is induced from the
one h on E and the Riemannian metric g. We denote this inner product
on each fiber A'T_M ®E,, x € M, by (, ),, x € M. And we give the
global inner product (, ) on A"(E) by

(@, n) :=/M(w,n>v,, w, ne A (E).

Then the co-differentiation 56: A™YE) = A'(E) of dv is the operator
satisfying

@ o, =8, wecd(E), ned*\E),

which is of the form

~ m
8 w(X,, ..., X,) ==Y (V,0)e, X,, ..., X,) (2.4)
i=1

for we A™*'(E), X,, ..., X, € X(M). Here {e;}[., isalocal orthonormal
frame field on (M, g). For X € X(M),

A(E)3 0~V ,we A (E)
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is also called the covariant derviative defined by
(Vy@)(X,, ..., X,) =V (0(X,, -, X,)) (2.5)

r
=Y Xy, VX, LX),
i=1

Here the V in the first term in the above is the connection of E, and the
V in the second term is the Levi-Civita connection of (M, g). Then, for
w € A'(E), it follows that

~ r+l . - -
@ w)X,,..., X,,,) = z(—l)’*'(vx,w)(x, e Xy X)) (2.6)
i=1
For r =1, we have
d (X, ¥) =V, (0(Y)) - Vy(@(X)) - (X, Y])
= {Vy(a(Y)) - 0(V,Y)} - {Vy(0(X)) - @(V,X)}
= (Vyw)(Y) - (Vyw)(X),
by means of the definition of d" , the equation [X, Y]=V,Y -V, X, and
the definition of Vw.
DEeFINITION (2.7). The differential operator
A¥:=d%6% +5°d" : A'(E)— A'(E)
is called the Laplacian of E-valued r-forms. By definition, we have
A0, n)=(,A7n), , neAd(E).

The Laplacian AV is a second order elliptic differential operator. Let us
define the rough Laplacian of A"(E) by

Aw:i==-3(V,V, -Vg )0, wed(E) (2.8)
i=1 v

Then we obtain
PROPOSITION (2.9) (The Weitzenbock formula). Let r = 1. Then

Aw=80-pw), weiE). (2.10)
Here the operator p: A (E) > w — p(w) € A'(E) is defined by
p(w)(X) = ZR"(X. e)w(e,)) - Y w(R(X, e)e;) (2.11)
i=1 i=1

= ZRG(X ,e)(w(e)) - w(p(X), X eX(M).

i=1
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REMARK. Forother r > 2, the Weitzenbock formula holds, but is rather
complicated so we omit it. In the case A'(M ), that is, for the trivial bundle
E =M x C, we have

p(w)(X) = -w(p(X)), X e€X(M),
which yields (1.26), since the first term of (2.11) vanishes in this case because
w(e,) is a locally defined function.

PrOOF. Both sides of (2.10) belong to A'(E), so taking any point x, €

M and an orthonormal frame {e,.}:';, on its neighborhood satisfying
(Vye)(xy) =0, vYe Txo(M), 1<k<m, (2.12)

it suffices to show at x, that

A¥ w(e,) = Bue,) - plw)(e,).
The existence of such a frame field {e;}I, is shown as follows:

Take an orthonormal basis {u,.}:';l of TXOM and a small neighborhood
U of x, in such a way that any point x in U can be connected by a
unique geodesic, emanating x,, denoted by 7, . Then let P, be the parallel
transport along 7, , and define ¢, by

e(x):=P u, eT'M, xeU,
then {e,},., is an orthonormal frame field on U, and moreover, letting

t — 7,(1) be a unique geodesic satisfying y,(0) = x,, y;,(O) =Y for any
Ye Txo(M ), by (3.10) in Chapter 2, we obtain

d -1 _d _
Now for X =e¢,, it follows that, at x, € M,
@ 8% w)(X) = ¥,(6%w) = - 3 4(¥, wle)). (2.13)

i=1

and
@)X = -39, (@ o), 1)
i=1
== Zm:{%,‘ (d‘~7w(e,. , X)) - dew(ve'e,. , X) - d‘~7w(e,. 'V, X))}
i=1
- i F(a° wie,, X)) (2.14)

i=l

( the second, third terms vanish at x,, by (2.12))

==Y 9, {(V, 0)(X) - (Vy0)e)},
j=1
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by (2.6). Thus, we obtain at x,,

@)X = -3 (T, wle) - 3 ¥, (¥, 0)(X)
=l =t (2.15)
+3_9, (Vyw)(e).

On the other hand, at x,,

Aw(X)=-3 9, (V, ®)(X)), (2.16)

i=1

since V, e, =0 at x,, and also
(¥, 9, 0)X) = 9, (Y, 0)X) - (V,0)(V,X) =V, (Y, 0)(X)).

Moreover, at x,, we obtain

p(w)(X) = f‘,l{%x«e,,w)(e,-» -9, (Vo)(e))}- (2.17)
Because in general, for X'T Y, Z € X(M), if we set
RO(X, V)w:i= ¥y (¥,0) - 9, (T,0) - Vg o, (218)
then we get
(RY (X, V)(2) = ¥ (Fy0)(2)) - (Fy0)(V,2) (2.19)

= Vy(T40)(2)) + (V40)(V4Z)
= (Vix.n@)(2)
= RY(X, Y)(@(Z)) - o(R(X, Y)Z).
Thus, making use of (2.19), we obtain, at x,,

p@)(X) = S (RY (X, epa)e,)
i=]

m
=3 {V,(V, 0)(e)) - (V, 0)(Ve) - ¥, (Vyo)(e,)
i=]
+(V0)(V, &) - (Vi o))}
= the right hand side of (2.17),
since all terms except the first and third terms vanish.

Therefore together with (2.15), (2.16) and (2.17), we obtain the desired
equality. O
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DEFINITION (2.20). For a C*-mapping ¢: (M, g) — (N, h), define the
induced vector bundle E = ¢~' T N-valued 1-form w :=d¢ € A'(E) by
dé(X):=¢,(X)eT(¢™'TN), X e X(M)

(cf. (1.14") (i) of Chapter 4).
Then we obtain

PrOPOSITION (2.21). For a C*™-mapping ¢: (M, g) — (N, h), a suf-
ficient and necessary condition to be harmonic is that » := d¢ € A'(E) in
definition (2.20) is a harmonic form, i.e.,

Ao = 0,
where AY is the Laplacian relative to the induced conection ¥V on the induced
bundle E = ¢~'TN.

PRoOF. Note that AY = d¥5% + 6947 and

(Avw, W) = (de, de) + (6vw, va) ,
so we get . . _
Aw=0ed"w=0 and 6 w=0.
The 1-form w = d¢ always satisfies d¥w = 0, because for X, Y € (M),
we have
d (X, Y) =V (e(Y)) - ¥y (@(X)) - o(X, Y)
=Vy(8,Y)-Vy(6,X)-0,(X,Y)=0
by Lemma (1.16) in Chapter 4. On the other hand, we obtain
6 w=-1(¢), (2.22)
because
e m o m -
6" ==Y (V,0)e) = - (Y, (we) - o(V,e)}
i=1

i=1
- 5 &
=- Z{v,p,e,. -¢.9,¢}.
i=1
Therefore, we obtain Proposition (2.21). O

COROLLARY (2.23). Let ¢ : (M, g) — (N, h) be a harmonic mapping.
Then w = d¢ satisfies

m
B(X) - Y "R(@.X,0.6)b.6,+0.p(X)=0, X eX(M).
i=]
ProoF. Noticing that R¥ (X, e,)p.e, = “R(8,X , $,e)d.¢,, We see that
the above equation follows from Proposition (2.21) and the Weitzenbdck
formula (2.9). o
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2.3. Proof of the instability theorem (2.1). Before going into the proof,
we prepare to show some facts about vector fields on the unit spher S™.
Let (x,,...,X,,,) be the standard coordinate of R™"', and (x,y) :=

Z::':;' x;y, the standard inner product. Let S™ be the unit sphere
S™:={xeR™"; (x,x)=1}.
For x € S™, according to the orthogonal decomposition
TR™ =T s"oTs™

m+1

decompose any vector ¥ = Y it' a,(£), € TR™' as

v=vT+vt, v eTs", v'erT s,
Then we get
m+1 ) m+1 )
§(a x;(a, x))(-a——) = (a, x) § (b—) (2.29)

Thus, we obtain

m+1
= {Z(a,. - x,(a, x))(%) ae R”'*‘} (2.25)

i=1
For any a € R™"', the vector field W = W, on S™ defined by

m+1

W(x):=) (a,-xa, x))(%) , xeS”
i/ x

=1
satisfies
vV W=-<a,x>X, XeTS", (2.26)

where V is the Levi-Civita connection of (S™, gge).
ProoF. By Proposition (2.11) and (2.5) in Chapter 4
dW(X) =V W + A(X, W)
for X = X1t'&.(£), € T.S™. But the left hand side of this coincides with

m+1 F)

W= 3 &g xa 0(5)

i, j=1

m+1 )
=Y &{-d,(a, x) -xja,}(-ﬁ;)x

i, j=1

--en T (), (Ba0) Eo (),

i=1 Jj=1
where Y74 x (3%;) = T.S™" . Therefore, we obtain (2.26). O
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Furthermore, let A be the rough Laplacian acting on 4'(S™) = %(S™) of
the unit sphere (S™, gon), and let W be as above. Then

AW =W, (2.27)

ProoF. Let {¢}., be alocal orthonormal frame on (S™, gen). Cal-
culate

AW = — z(vvw Vg, o W)-
i=1

Since V, W = —(a, x)e,, putting f:= (a, x), we get

m m

AW = =3 (Y, (~fe) = [V, e} =) (e,f)e, = W.
1=1 i=1

The last equality of the above follows from

> (e,f)e, = gradgn f = (gradgm-1 )",
i=1

which is the 7,S™-component of the gradient vector of f in R™*'. Then

(gradn,...f)T = (mz“a,ax ) =W,

since (2.24) and the definition of W. O
Now for the above W, note that ¢ W € F(¢" T N). We shall prove that

Ao, W =Y "Ro,W,0.e)0.0+(2-mo W, (2.28)
i=1

where A is the rough Laplacian of F(¢" TN). Then by (2.28), we obtain

[ he. w0, 0.0, = [ (A¢ - Z RG.W. b.e)b.e, )v,

= (2—m)/Mh(¢‘W, S W)v,.

Thus, if we assume m > 3 and index (¢) = 0, then the left-hand side of the
above should be nonnegative and, since 2 - m < 0, it must be that

/ h(¢,W . ¢, W)v, =0.
M

Therefore ¢, W = 0. By (2.25) and the fact that W corresponds to an
arbitrary a € R™! we obtain ¢, = 0; that is, ¢ is a constant mapping
which is Theorem (2.1).

ProOF OF (2.28). Let x, € S be an arbitrary point. We shall show
that (2.28) holds at x,. We take an orthonormal frame {e,}:';l on a neigh-
borhood of x, in such a way that

(Vye)lx) =0, VY eXx(S™).
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as in the proof of Proposition (2.9). At x,, we get

m

Z¢o W=- Z(Vq ve, - VV, e,)¢. w
i=1 !
m

=-.9.9, 6w

i=1 !
Here ¢ W = d¢$(W), and recall the definition of the covariant differentiation
of ¢~ ' T N-valued 1-form, 6, d¢. We obtain

V 8. W = (V,de)(W)+do(V, W)
= (V,dg)(W) - d¢(fe)

by (2.26). Here f(x) := (a, x), x € S™. Repeat this argument again, and
then we get
V.V, 6. =9,V do)(W)-d¢(fe,)
=V, Y, do)(W) + (V,de)(V, W) -V, (do(fe,)).

Thus, we obtain at x,,

AW = -3 (V,9,de)W)-3 (V, do)(V, W) (2.29)

i=1 i=1
+3 .V, (dé(fe)).
i=1

(i) Here at x,, the third term of (3.29) = ¢ W .
ProoF. Since d¢(fe;) = ¢,(fe;) = f¢o,e;, the third term of (2.29)
coincides with
YV, (f.e) =) ((ef)b.e,+ 17, (d.e)).
i=1 i=1
But at x,,
YV, (4.6) =1(8)x,) =0,
i=1
since ¢ is harmonic. Moreover,
s W =9, (Ee,.(f)e,.) =Y e(Nd.ern
i=1 i=1

by the second equation in the proof of (2.27). O
(ii) The second term of (2.29) should vanish.
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PrROOF. We calculate

=Y (V,de)(V, W)= (V,de)(fe)  (by(2.26))
i=1

i=1

= i{f’.,(dd’( fe)) - ¢, (V,( fe;))}  (definition of 6,,d¢)

i=1

= Z{eq (f¢.e,) - ¢.((e,f)e,) - ¢0(N¢,el)}

i=]

= Z{(e,'f)‘ﬁ.ei + ﬁ,'¢.ei - (e,.f)d),e,- - f¢.V,'e,~}

i=1

= f1(¢)(x)=0. T

(iii) The first term of (2.29) = X7, "R(¢. W , ¢.¢))¢.6,— (m— )¢, W .
ProoF. Since V,'e,. =0 at x,, the first term of (2.29) is equal to

@dep)W)=Y_"R¢'W, ¢.e)8.¢, - b.p(W),

i=1

by Corollary (2.23). Here by (2.17) in Chapter 4, we get

m
p(W) =3 _R(W,e)e;=(m-1)W.
i=1
Thus, we obtain (iii). O
Together with (i), (ii), and (iii), we obtain (2.28) and this completes the
proof of main theorem (2.1). O

§3. Stability of holomorphic mappings

3.1. Main theorems. In this section, we shall show the weak stability of
holomorphic mappings between compact Kihler manifolds and give applica-
tions.

Here for a complex manifold M with a Riemannian metric g, (M, g)
is a Kihler manifold, or g is a Kihler metric with J the almost complex
structure and with V the Levi-Civita connection of g, we have that

gUX,JY)=¢g(X,Y), V,(JY)=J(V,Y), X,YeXM).
Lichenerowicz proved the following theorem ( see [E.L2)) in 1970:

THEOREM (3.1). Let (M, g), (N, h) be two compact Kdhler manifolds,
let ¢: M — N be a holomorphic mapping, i.e.. ¢, 0 J =J o ¢,. Then

(i) (Energy minimizing) The holomorphic mapping ¢ minimizes E in its
homotopy class. That is, if w € C*(M, N) is homotopic to ¢, i.e., there
exists a C'-mapping F:[0,1)x M — N satisfying

F0,x)=¢(x), F(l,x)=y(x), xeM,
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then
E(¢) < E(y).

(ii) (Rigidity) Moreover, if a variation of C !.mappings is given by harmonic
mappings, that is, ¢,: M — N with ¢, = ¢, —€ < t < € is harmonic of
(M, g) into (N, h), for any t. Then ¢, are all holomorphic mappings of
M into N.

In this section, we shall show the following theorem, which is regarded as
an infinitesimal version of the above theorem (3.1):

THEOREM (3.2). Let (M, g), (N, h) be two compact Kdhler manifolds
and let ¢ : M — N be a holomorphic mapping. Then the following equality
holds:

- I -1
/:"h(.léV, Viv,= 5Lh(DV, DV)v, 20, Vel(¢ TN), (3.3)

where J, is the Jacobi operator of ¢ regarded as a harmonic mapping of

(M, g) into (N,h). For each V € T(¢~'TN), DV is an element of
I'(¢~'TN ® T°M) defined by

DV(X):=V,,V-JV,V, XeX(M).

Then, in particular,
(i) ¢ is weakly stable, that is, each eigenvalue of J, is nonnegative.

(ii) Ker (J,) = {V e [(¢"'TN); DV =0}.

REMARK. An equality similar to (3.3) was obtained on page 164, Lemma 4
in [Su]. See also [No] for recent topics about the moduli space of holomorphic
mappings.

3.2. Analytic vector fields along holomorphic mappings. We call V ¢
l‘(¢" TN) satisfying DV =0 in Theorem (3.2), analytic vector fields along
é: M — N, their totality is denoted by a(¢~'TN). In this subsection, we
shall explain the meanings of the analytic vector fields as follows.

(3.4) Holomorphic vector bundle. A C*-vector bundle E over a complex
manifold M is a complex vector bundle if E further satisfies that

(i) each fiber Ep , P € M is a complex vector space of constant dimen-
sion, say r-dimension.

(i) For each p, € M, there exist a neighborhood U and a
C>-diffeomorphism v of U x C" onto y~'(U) such that

n(y(p,v))=p, pelU,veC,

and the mapping C' 3 v — y(p, v) € E, is a complex linear isomorphism.
Furthermore, a complex vector bundle E is a holomorphic vector bundle
if E itself a complex manifold and n : E — M is holomorphic and the
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C™-diffeomorphism in (ii), ¥ : U x C" — n~'(U) is a holomorphic diffeo-
morphism ( i.e,, ¥ and w"' are holomorphic).

A C%-section s of a holomorphic vector bundle E is a holomorphic
section if s : M — E is holomorphic. The totality of all holomorphic
sections of E is denoted by Q°(E ).

(3.5) Holomorphic tangent bundle. For each point p € M of a complex
manifold M, the complexification of the tangent space T,M is denoted

by T M = T M ® C. Then the almost complex structure of M, J :
T M -T,M, can be uniquely extended to a complex linear mapping of the

complexlﬁcatlon, denoted by J : TLCM — 7;,cM and the eigenvalue of J
is £v/=1 since J? = —id. Therefore, TpcM is decomposed into a direct

sum as
TMM=TMoT,M

where

T;M ={ve TPCM; Jv=vV-1v},

T,M:={ve TfM; Jv = —v=1v}.
Then it turns out that

T™M:=\JT,M
PEM

is a complex vector bundle, and moreover, a holomorphic vector bundle
which is called the holomorphic tangent bundle.

The tangent bundle is often identified with the holomorphic tangent bundle
T'M via a linear isomorphism

TMaXo-»X=—(X V=1IX)e T M. (3.6)

The holomorphic sections of T°M are called the holomorphic vector fields
on M.

Taking a complex coordinate (z,,..., z,), m = dimc M, on a neigh-
borhood U in a complex manifold M, put

o _1(o _ =90 9 .1 +Vo1-2-
8z, 2(8): 8yl) 9z, " 2(8x 8yl)

()}

then at each point pe U,
are bases of T,M , T,'M , respectively. For a vector field

(&), @)} @),

“ a 00 ,
Z=Z:|f’3_zj' f’-GC (U),1<j<m,
=
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a sufficient and necessary condition to be holomorphic vector fields is that all

the f; are holomorphic functions of (z,, ..., z,). The correspondence of
(3.6) 1s

9,90 9 9.

3xj dz f 6yj sz

(3.6') The induced holomorphic tangent bundle. For a homorphic mapping
¢ : M — N between two complex manifolds M, N, and a holomorphic
vector bundle E over N, then the induced bundle ¢"T'N of E by ¢
becomes a holomorphic vector bundle over M . In particular, the inducd
bundle of the holomorphic tangent bundle T’ N by ¢ is a holomorphic vector
bundle over M, called the induced holomorphic tangent bundle. We denote
the totality of all holomorphic sections of ¢~ 'T'N by Q%¢~'T’N) whose
elements are called the holomorphic vector fields along ¢.

PROPOSITION (3.7). Let (M, g), (N, h) be two Kdhler manifolds, and let
¢: M — N be a holomorphic mapping between them. There there exists the
Jollowing isomorphism:

ad”'TN) = Q%' T'N).
The correspondance is given by

Vs V= %(V—\/—_I'JV), (3.8)
where J is the almost complex structure of N and for V € T'(¢"'TN),
JV € T(¢~'TN) is defined by

JV(p):=J(V(p), PEM,
since J sends Ty, N into itself.
Due to Theorem (3.2) and Proposition (3.7), we obtain

COROLLARY (3.9). Let (M, g), (N, h) be two compact Kdhler manifolds,
andlet ¢: M — N be a holomorphic mapping. Then we obtain

Ker(J,) = a(¢~'TN) 2 Q°(¢™'T'N),
and then the nullity of ¢ is
nullity(¢) = dimg a(¢~' TN) = dim. Q%' T'N).

COROLLARY (3.10).  The identity mapping of a compact Kdhler manifold
(M,g),id: (M, g) - (M, g) is always weakly stable and

Ker(J,) = a(M),
where a(M) is the space of all holomorphic vector fields on M .
(3.11) PrROOF OF PROPOSITION (3.7). We first prove Proposition (3.7).
By (3.6), we get a real linear isomorphism

T,y N3V(p)— V(p) = %(V(p) -V=1J(V(p))) € Ty, N
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for all p € N. So by (3.8), we obtain an isomorphism
¢~ 'TN) 3V PV el(¢™'TN).
Thus, it suffices to show that
DV =0 <= V is a holomorphic section. (3.12)

Indeed, we see (3.12) as follows: We take the local complex coordinates
around pe M, ¢(p) €N as (z,,...,2,), (w,,...,w,) with dim M =
m and dim. N = n, and let

z;=x;+V-ly, w, =u, +V-ly,,

for 1<j<m, 1<k<n,theneach V e I'(¢~'TN) can be written locally

as
Vix)= i {ck(x) (‘f’%)«x) * ) (5%:)«::)}

k=1
for each point x in a coordinate neighborhood U of p. Here &, n,
are C*-functions on U. Then we shall show for V' that a necessary and
sufficient condition to be in a(¢~'TN) is that each $» m, satisfies the
Cauchy-Riemann equations

9, _on, 95 _ 9, (3.13)
ax; ay;’ ay; ax;’ )

forall 1 <k <n, 1< j<m. Then since for
~ n K}
V= g(c,k V=T

(3.13) is equivalent to the condition that each {, + v- I 7, is a holomorphic
function of (z,,..., z,), we obtain (3.12).

LemMMA (3.14). Let (M, g), (N, h) be Kahler manifolds, and let ¢ :
(M, g) = (N, h) be a holomorphic mapping. We take the complex coordi-
natesin M, N, as (2,,...,2,), (W,,...,w,) with z; = x; + V-1y,,
w, = uy +V=1v,, respectively. Then, for Y = -, or -, we have

JVS%Y=V£7Y
Jorall 1 <j<m.
ProoF. For Y = 3‘,"—“ , we show

N a N a _
J v".aﬁ;%_ VM%E_O. (3.15)
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A similar argument holds for
o ~(0(u,0o¢) 8 O(v,0¢) 8
¢.—= {l——+l__}’
ax, lz:l 0x; Ou, dx; v,
du,09) 8 8y, 0¢) }

5=
. Y +—
By ; 8y au, 8yj av,

the left hand side of (3.15) coincides with
o(u, o P)n 8 (v, o PN ] }
Z{ 8y, dou T oy, “Adu)’

du, o) N, & O(v,08) Nn_ D
+Z{—ax, I g e  a |

=1

o .
3”_k . Since

Here note that J¥V, Y = "V _(JY) for X, Y € X(N) since (N, h) is
Kihler. Thus, we get

Substituting these into the above, we find that the above equation coincides

with

=~ [O(u, o ¢) (v, 0 ¢)\N 9
ST e
_ a(vl ° @) a(“z ° ¢)}N i

Z{ ox; 9y; vﬁ?&uk’

t=1
which vanishes since ¢ is holomorphic (cf. (3.12) in Chapter 4). O

(Proof of (3.12) continued.) Recall that

Vead 'TN) =DV =0,V -JV, V=0, XeX(M).

We show this is equivalent to (3.13), if we denote locally
2 17] 8
V=3 (ge + 1 )
i=1

Since
VJ(IX)V =-NJXV

for all f € C*(M) and X € X(M), it suffices to show the above only for
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X=2 and 007,7 1 < j < m. We calculate for X=8—f’€,
o, d 0 8r)k d
Vax xV = Z{a au PV gt 3y, 3y, +n¥ f-avk
%, o o om o . o 2
-Z"{ax du, é"va" du, ax.ﬁ Vﬁj }

e {(afk+ank) ) +(ank afk) }
—\\oy; " ox,)ou, ~ \9y; ~ox,) 3y,
n - P 5 P ) 8 _ 5

Here the second term of the last vanishes by Lemma (3.14). We get a similar
formula for X = 3‘;— . Thus, we obtain the desired result. O
J

(3.16) Geometric meaning of Corollary (3.9). In order to consider the
meaning of Corollary (3.9), given two compact Kihler manifolds (M, g),
(N, h), we put
$Har(M, N) := the totality of all harmonic mappings of (M, g)

into (N, h),
$Hol(M, N) := the totality of all holomorphic mappings of M into N.
Recall by Example 6, (3.12) in Chapter 4, we get
Hol(M, N) C Har(M, N). (3.17)

If we regard $Hol(M, N) as a “(real) submanifold”of $ar(M, N), then the
“tangent space” T,$ol(M, N) of $Hol(M, N) at ¢ € Hol(M, N) satisfies

T,Ho(M, N) C a(¢”'TN). (3.18)

Proor. Take a variation ¢, of ¢ € Hol(M, N) in Hol(M, N), ie., ¢, €

$Hol(M, N), —€ <t < ¢, with ¢, = ¢. Then we can show the variation
vector field d

V(p):= 7 '=o¢,(p), PEM

belongs to a(¢™ 'TN) . Indeed, take the local complex coordinates (z,,..., z,),
(w,,...,w,) around p, &(p), respectively, and put z; =X+ \/-lyj,
w, = u, +v—1v, . Since ¢, are holomorphic, u, o ¢, and v, o ¢, satisfy
the Cauchy-Riemann equation:

i) i) i) 7/
axj( ¢() yj( ¢() 'aTj(uk ° ¢() = _a_xj(vk ° ¢,)'
for 1 < j<m, | <k <n. Differentiating these in ¢ at { =0 and putting

d d
6 -E °¢,1 "k:=_
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we get
0 _0m 8% _ _on,
dx; 9y, ’ 9y; Ox;
which implies, by the above argument, that

- 9 a
o)
g kou, ~ kv,

belongs to a(¢"'TN). O
Thus, for ¢ € Hol(M, N) we obtain the following inclusion relations:

T $Har(M, N) C Ker(J,)

U
T,50l(M, N) C a(¢™'TN)

Corollary (3.9) implies that Ker (J,) = a(¢™' TN). So, roughly speaking,
we get
T,Hae(M, N) = T, ol(M , N).

This is the reason for calling that Theorem (3.2) and Corollary (3.9) are
the infinitesimal version of Theorem (3.1). To study the structures of their
tangent spaces are much easier than to study the ones of $ol(M, N) and
$ar(M , N) themselves. In fact, it suffices to prove Ker (J,) = {0} to show
the rigidity of ¢, if (N, h) is negative curvature (see [Su]).

3.3. Proof of Main Theorem (3.2). As a proof of Proposition (3.14) in
Chapter 4, we take a local orthonormal frame {e,, ..., e,,, f;, ..., f,} such
that Je,=f,, Jf,=—-¢;, 1 <i<m.

By (1.7), (1.13) in Chapter 5, for V e I'(¢"'TN), we get

h(J,V,V)v
/M(, v,

m
=/ Z{h(ve'v,v,'V)+h(v,'V,v,‘V) (3.19)

i=1
-h("R(V, ¢.e)0.¢,, V)= h("R(V, ¢.£)8.1;. V)}v,.
Here we show
LEMMA (3.20). We obtain the formula that
R(V,.e)b.6,+" RV,$.f)¢.f;=T"Ris.e;, 6. /)V.

PrROOF. Since ¢: M — N is holomorphic and since (N, k) is Kihler,
the left-hand side of the above is equal to

—I"R(V,¢.6)6.f;i+ IRV, .1).e,
=J"R(g.e,, V6., + IRV, ¢.1)d.e;
=J"Rs.¢e,, 0. [)V,
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where we used the formulas, for X, Y, Z € X(M),

rRix,v)+"R(Y, x)=0,
MrRx,v)Z+"R(Y,Z2)x +"R(Z, X)Y = 0. a)

PROOF OF THEOREM (3.2) CONTINUED. We calculate that

h(DV ,DV) = :{h(DV(e‘.), DV (e;)) + h(DV(f)), DV (/))}

i=1
m
=Y {h(V,,V-JV, V.V, V-JV,V)

i=1

+h(V, V-JV, V.V, V-JV V)
Here using Je, = f;, Jf, = —e;,and h(JX,JY)=h(X, Y), we obtain

m
h(DV,DV) =23 "{h(V,V, 64 V)-2h(JV,V,V V)+hV, V,V, V)}
i=1
Thus the integrand of (3.19) minus —4A(DV, DV) coincides with the fol-
lowing:
m
Y (-n("R(V, ¢.e)0.6,. V) -h("RWV. 0. 0)8.5,, V)  (3.21)
i=1

+2h(JV, V, Y, V)}

=Y (-hI R, $.S)V . V) +2h(JY,V, ¥V, V)},
i=1

By Lemma (3.20). The resulting equation is a C*°-function on M. To
complete the proof, it only suffices to show the integral of this function over
M vanishes. To do this, we show

[ -L I RG.e 0037 V), (322
i=1

m
- / Y KT, V. ¥, IV) - kT, V. T, IV},

i=1
Then the integral of (3.21) over M coincides with
m
/M;{h(v,lv, G IV) k@, VT, V) + 2T, V, ¥, )}y,
=

which vanishes because V,JV = JV,V since (N, h) is Kihler, and
h(JX,JY)=h(X, Y). Thus, we obtain the desired result.
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Equation (3.22) can be derived as follows: Since [e;, f;] = Ve, fi-V,e,
we obtain
~h(I"R(o.e;, .SV, V)
=h("R(s.;, 0. )V, IV)
=h(V, 6,}/ - 6,‘6,‘V - 6(,“,‘]1/, JV)
=e¢, -h(%,'V, JV) -h(€7,lV, v,JV) -f,.-h(eqv, JV)

+h(V,V,V, IV)-h(Vy iV Iv) +h(5v,qV, Jv),
] ] L] (]

where we used the compatibility of V and h. Therefore, we define a C*™-
function ¢ on M by

m
P ;=E{e,.-h(§flV, JV)-j;-h(ee‘V, JV)
i=1

- ;,(evq,lv, JV)+ h(ev,ﬁV, JV)}.
Then we obtain (3.22) if we show [, pv,=0.
For this, we define X € X(M) by
gX,Y)=h(V,,V,JIV) VYeXM).

By Green’s formula (cf. (iii) of Proposition (3.29) in Chapter 2), we only
have to prove div(X) = ¢, which follows from the equation

div(X) = ) {g(e;, V, X) +g(f;, Y, X)}

i=1
= {e;-8le;. X) -8V, e, X) + f;- 8(f;, X) — 8(V . f;, X)}

i=1

m
= Z{e,..h(é,,‘V, Jv)- h(%,v'qV, JV)
i=1 !
+ 1 h(V Y, JV)—h(ﬁ‘,v,‘/'V, Jv)}
= ¢-
Thus we have proved the main theorem (3.2). O

3.4. Applications. We prove the following theorem as an application of
Corollary (3.10).

THEOREM (3.23) (M. Obata, 1965). Let (M, g) be a compact Kahler man-
ifold on which the Ricci operator has the property that for all x € M,

glp(u), u) 2ag(u,u), Vuel M,
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Jor a positive constant a. Then the first eigenvalue of the Laplacian A, acting
on C*(M), A,(8) (cf Remark below Proposition (1.20)), satisfies

Al (8) 2 2a.
If the equality holds, then M admits a nonzero holomorphic vector field.

PROOF. In order to apply (1.27) J,, = Ay — 2p, we prepare with the
following lemma.

LEMMA (3.24). Let (M, g) be a compact Riemannian manifold. Let
the smallest eigenvalue of the operator A, : X(M) — X(M) be ).:(g). If the
identity mapping of (M, g) is weakly stable, then the following inequality
holds :

2inf p < 4,(8) < 4,(8),
where
inf p := inf{g(p(u), u); ue T M, g(u,u)=1, x € M}.

PrOOF. Since id: (M, g) — (M, g) is weakly stable, and (1.27), we
get

o< [ sUv. Vv = [ 20,V V)v,-2 [ 266). V),
< [ s@yv.v) -2inf ) [ 87, Vv,

whence we get 2 infp < ).:(g).
For the second inequality, let f € C*°(M) be taken as A f=A4/(g)f and
let V :=grad f #0. Then

/M gAY, V), = /M (d6 + 3d)df , df)v,
= [ sdr, dpo,
M
=4,(e) [ @f.dnv, (since sdf =80

=ll(g)Lg(V, V)v‘.

Thus, we get 4,(g) <4,(8). O
PROOF OF THEOREM (3.23). Since (M, g) is a compact Kihler man-
ifold, id: (M, g) — (M, g) is weakly stable by Corollary (3.10), so by
Lemma (3.24), if inf p > a, then 4,(g) > 2a.
Conversely, assume that the equality holds. Then there exists f € C™(M)
such that
Agf =2af
and V :=grad f £ 0. Then we obtain
ALV =2aV,
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since for the Laplacian acting 1-forms, we have
Adf = (dé + éd)df = dédf = 2adf.
Thus, we obtain

2a fu gV, V)v, = /M B,V . V), (3.25)

- fu gV, Vv, + 2/M go(V), V)v,.

Since the eigenvalues of J, is nonnegative, we obtain

/Hg(JwV, V)v‘ >0.

Moreover, by assumption
[ gom). Vv, za [ g, 1),

But together with (3.25), these two inequalities should be equalities; and
thus we obtain J,V = 0. To see this, expand V into the infinite sum of the
eigen-vector fields as

v=Y V., JV=iV, /g(,, V)v,=0, i#].
i=1

Let a:= dimKer(J,,). Then

IV = ZA, W A>0 Viza+l.
i=a+1
But
0= /g(.IV V)v, = Zi/g(,, )
i=a+1

which yields that ¥; =0 Vi >a+ 1. Thus, we obtain V' € Ker(J,,;). From
Corollary (3.10), we have that Ker (J,;) = a(M), so we obtain the desired
result. O

Concerning estimates of the eigenvalue 4,(g) of the Laplacian A, acting
on C®(M), the following theorem is well known (see also exercise 5.3).

THEOREM (3.26) (Lichnerowicz-Obata). Let (M, g) be an m-dimensional
compact Riemannian manifold. If

infp>a=(m-1)6 >0,

then

A(g) 2 > l a=md,
and equality holds if and only lf (M, g) is isometric to the unit sphere
(S™, 8s=)-

REMARK. Note that 2 > -2 and 2 = ;B; <= m = 2. The estimate
of Theorem (3.23) is sharper than the general one of Theorem (3.26) due to
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the assumption of the Kiler condition. If (M, g) is a compact irreducible
Hermitian symmetric space, it is Einstein, i.e., p = ag and it holds that
A,(g) = 2a (cf. [Urd4)).

Exercises

5.1. Show the following for a compact Riemannian manifold (M, g):
(i) Forall X € X(M),

1 .
[ sy 0w, = [ {GiLee? - aivon? o,
where L, is a (0,2)-symmetric tensor field defined by
(Lxg)(y’ Z) = X'g(Y, Z) - g([Xs Y]’ Z) - g(Y’ [X’ 21)9

Y, ZeXx(M).

(ii) Using (i), show that if (M, g) is Einstein, i.e., p = c g, then a suf-
ficient and necessary condition for the identity mapping of (M, g)
to be weakly stable is 4,(g) > 2C.

5.2. Assume that the Ricci operator p of a compact Riemannian manifold

(M, g) satisfies p <0, ie., g(p(X), X) <0 VX € X(M). Then for

all X € X(M),

J X=0eVX=0, ie, V,X=0 VY eXM).

5.3. Assume that the Ricci operator of a compact Riemannian manifold
(M, g) satisfies

glp(u), u) >ag(u,u), ueT M,xeM,
for some positive constant a. Show that
m
>
where m=dim M .






CHAPTER 6

Existence, Construction, and Classification
of Harmonic Maps

Problems of the existence, the explicit construction of harmonic mappings,
and determining the set of all harmonic mappings between two given Rie-
mannian manifolds have been the most important problems of differential
geometry during the twenty five years since the notion of harmonic mappings
was defined.

We shall explain some results concerning the problems of existence, con-
struction and classification of harmonic mappings and show open questions
about harmonic mappings in this chapter.

§1. Existence, construction, and classification problems

One of the most fundamental problems of the theory of harmonic map-
pings is the following existence problem:

Let (M, g), (N, h) be compact Riemannian manifolds. Let C°(M, N)
be the set of all continuous mappings of M into N, and let

[M, N]:= {[4]; ¢ € C'(M, N)}

denote the free homotopy classes of C°(M , N) (cf. (4.45) in Chapter 2).
Then

(1.1) Existence problem. (i) For each element y in [M, N], can one
choose a harmonic mapping ¢ : (M, g) — (N, h) that represents y ? That
is, a given continuous mapping ¥ : M — N, can one deform y continu-
ously to a harmonic mapping ¢: (M, g) = (N, h)?

(ii) In other words, we say y € [M, N] is harmonic if one can choose a
representative ¢ in y which is a harmonic mapping of (M, g) into (N, A).
Then our question is to determine the subset of [M, N] defined by

{y € [M, N]; y is harmonic}.

Let us recall Theorem (4.2) in Chapter 3, which shows that if M = s',
the circle, then for each Riemannian metric A on N, each element in

7, (N)=[S', N]

185
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admits an energy minimizing periodic geodesic (i.e., a harmonic mapping)
¢:8' - (N, h). One can propose question (i) of (1.1) as a natural extension
of this theorem, and if the question (i) of (1.1) is not true, our next task is
(ii) of (1.1).

Eells-Wood (cf. [E.L 1)) showed if M = T? atorusand N = S? asphere,
both of dimension two, then for any Riemannian metricson M and N,
there are no harmonic representatives for homotopy classes of degrees 1.

One of the best answers of this problem is the following theorem.

THEOREM (1.2) (Eells-Sampson(E.S), 1964). Let (M, g), (N, h) be
compact Riemiannian manifolds, and let (N, h) have nonpositive curvature,
that is, the sectional curvature YK of (N, h) satisfies

"K(u,v)so, Yu, veTyN,VyeN.

Then for any y € C*(M, N), there exists a harmonic mapping (M, g) —
(N, h) satisfying

(i) [¢)=1[v].ie., @ is homotopicto v,
and

(ii) ¢ is energy minimising in its homotopy class, i.e., for all y' €
C%(M, N) homotopic to ¢,

E(¢) < E(y).

REMARK. (i) Recently, this theorem has been extended to noncompact
complete Riemannian manifolds (M, g), (N, k) by Li-Tam [L.T).

(ii) Eells-Ferreira [E.F] showed that for compact Riemannian manifolds
(M, g), (N, h), and any element y € [M, N], there exists a Riemannian
metric £ on M which is conformal to g, i.e., £ = f g for some positive f €
C™ (M), there exists a harmonic mapping ¢ : (M, g) — (N, h), provided
m = dim(M) > 3. (Notice that ¢ and g depend on y.)

(1.3) Method of Eells and Sampson [E.S). The method of proof in their
paper in [E.S) is the so-called “(nonlinear) heat equation method ”, which is
as follows:

To avoid the difficulty of the method of variation, they considered the
following nonlinear heat equation for a given mapping v € C*(M, N),

99,
{ E! - T(¢')) (1.4)
b=V,

for a oneparameter family of ¢, € C*(M, N) with ¢, = y . Here 1(¢,) is
the tension field of ¢,. They showed if (N, A) has nonnegative curvature,
then

(i) there exists a unique solution ¢, of (1.4) for all 0 <t < o0, and

(ii)) as t — oo, the limit exists, lim,_, ¢, = ¢_ , and
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(iti) the limit mapping ¢ = ¢_ is the desired harmonic mapping of
(M, g) into (N, h).

The motivation for considering the equation (1.4) %‘} = 7(¢,) is the fol-
lowing: Recall the first variation formula of the energy (cf. (1.22) in Chap-
ter 4). For any variation y, of y, by defining the variation vector field
V(x) = &|,o¥(x) € T, N, x € M, we get

d

ail_Ew) == [ nv, «onv, (15)

Since the left-hand side of (1.5) coincides with d E_(V), the differentiation
of the function E on C®(M, N) at y with respect to the direction V,
(1.5) can be written as

dE, (V) = [ WV, ztw))v, (1.5)

=(V, —t(y)).
Here we denote the global inner product (, ) of l‘(dfl TN) by

w, W):=/Mh(V, W)v,, V,WEel($ 'TN).

Comparing (1.5') to (3.25) in Chapter 2 or subsection 1.6 in Chapter 3, the
gradient vector field of the function E on C*(M, N) at v, (VE )y is just
-t(y):
(VE), = -1(y), Yy € C*(M, N). (1.6)
Now we should deform y in order to decrease the energy. For this, we
may take an integral curve on C*°(M, N) of minus the gradient vector field.
We denote this integral curve by ¢, € C*(M, N), by (2.26) in Chapter 2,
the equation is

26,==(VE),,  $o=v. (17

Together with (1.6), (1.7), we obtain: A deformation ¢, of y decreasing the
energy E is equivalent to an integral curve ¢, of —VE through y, which
in turn is the same as (1.4) 3% = 1(¢,) with ¢, = y . See Figure 6.1, next
page.

So deforming y in this way, then at last if ¢ — oo, the limit mapping ¢,
would be energy minimizing. This procedure is a key idea of their proof.

REMARK 1. To show (i), (ii), and (iii), one needs an analytical frame work.
I recommend to read first [O.N], [J].

REMARK 2. The nonlinear equation (1.4) is called the Eells-Sampson equa-
tion. For general Riemannian manifolds (M, g), (N, h), the behavior of
its solution has been studied recently by [Na], [C.D].

(1.8) K. Uhlenbeck'’s method to prove Theorem (1.2). This method ap-
peared in [Uh 1}, [Uh2}:
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FiGURE 6.1. Graph of the function E on C*(M, N).

The function J on L, (M, N) in Chapter 3, satisfies the condition (C)
if 1> ’7','- , m=dimM . But E does not do so. So K. Uhlenbeck considered
instead E, the functionon L, p(M , N) defined by

E .=E+¢lJ, €>0.

Then E, has the condition (C), inherited the good property of J as far as
€ > 0. Thus, there exists a critical point of E,, ¢, € L, ,(M, N) (cf.
Theorem (2.17) in Chapter 3). So using the nonpositivity condition of the
curvature of (N, &), one can show that

(i) ¢,€C”(M,N).

(ii) As ¢ — 0, taking a subsequence ¢(‘ of ¢,, the limit exists,
limt'_.o ¢¢‘ =d,.

(ii) The limit mapping ¢, is the desired harmonic mapping.

This method also requires hard estimates analytically and hard arguments,
but is a strong method, which weakened the assumption of the nonpositivity
of the curvature of (N, h) in the case dim M = 2 as in Theorem (1.9). This
method has been applied to prove the regularity theorem and the compact-
ness theorem and has been applied the theory of Yang-Mills connections (cf.
[Uh 3], [Uh4]). In this book, we shall introduce a rather detailed outline of
the proof of the Eells-Sampson theorem (1.2) in §4.

THEOREM (1.9) (Sacks-Uhlenbeck [S.Uh], 1981). In the case dimM = 2,
the condition of the nonpositivity of the curvature of (N, h) in Theorem (1.2)
can be replaced by the condition n,(N) = {0}.

REMARK. If (N, h) has nonpositig_e curvature, then by Hadamard’s the-
orem, the universal covering space N of N is the Euclidean space R",
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n=dimN,and n,(N)={0}, i> 1.

§2. The case of the unit sphere

It seems that there is no general existence theory of mappings if the non-
positivity of the curvature of the target manifold (N, h) is not satisfied.

The simplest case is the unit sphere with sectional curvature one, i.e.,
(N, h)=(S", gg). In this case, we introduce several results about construc-
tion and classification of harmonic mappings into (N, k) in the following
order.

2.1. A Theorem of T. Takahashi—A method to attack the problem.

2.2. The Carmo-Wallach Theorem—Classification of harmonic mappings
of any compact homogeneous Riemannian manifold with constant energy
density function into the sphere.

2.3. Calabi’s Theorem—Classifiction theory of all harmonic mappings of
the two-dimensional sphere into the unit spheres.

2.4. Group equivariant harmonic mappings—Method of using ordinary
differential equations to construct harmonic mappings with nonconstant en-
ergy density function.

2.1. A theorem of T. Takahashi. The only theorem to carry out the clas-
sification of harmonic mappings into the unit sphere (S", 8g») seems to be
the following:

THEOREM (2.1) (T. Takahashi [T], 1966). Let (M, g) be a compact Rie-
mannian manifold, and let (N, h) = (S", gs) be the unit sphere with the
curvature one. For a C*™-mapping ¢: M — S", weput ®:=10 ¢ and

Q(x)=(¢|(x)y---y¢,,+|(x))9 xXeEM,

where 1: S" C R™' is the inclusion and ¢, € C*(M), 1 <i<n+1. Then
the following hold:
(i) A necessary and sufficient condition for ¢: (m, g) — (S", 8s») to be
harmonic is that there exists an h € C*°(M) with
A, =h¢,, l<isn+l

Then this function h € C*(M) is h = 2e(¢). Here A, is the Laplacian of
(M, g) acting on C*(M).

(ii) In particular, assume that ¢ : (M, g) — (S", gs) is an isometric
immersion (cf. (3.5) in Chapter 4). Then a necessary and sufficient condition
Jor ¢ to be a minimal isometric immersion is that

A‘¢i=m¢i, 1<i<n+1,
where m = dim M .

PROOF. If ¢: (M, g) = (S", &¢+) is an isometric immersion, then the
energy density function e(¢) = 3, m = dim M since ¢" g = g. Therefore,
(11) follows from (i). We already showed (i) in Corollary (2.24) in Chapter 4.
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Here we give an alternative proof of (i). For this, we prepare with the
following lemma:
LEMMA (2.2). For a C*™-mapping ¢ : (M, g) — (S", gg), we set ® :=
1 0 ¢ by the inclusion 1: S" C R™*'. Then the tension fields of ¢ and ® are
related to each other by
1(P)(x) = 1, 1(P)(x) — 2e(d)(x)P(x), x€M,
where ®(x) € S" C R™! is regarded as ®(x) € TO(X)S“ C To(x)k'”' .

PROOF. Let V, Mo , and v° be the Levi-Civita connections of (M, g),
(N, h)=(S", &), (R"*' » &) » Tespectively. We denote by A the second
fundamental form of the inclusion 1: S" c R™'. Then by definition we get

m m

w$) =Y (Y, 6.6,-0.V,6)=Y "V, b, - 9.9, ),
i=1 i=1

m m
o(®) = 2(6‘ Q.e'_ -®dV,e)= E(Vg."Q‘ei - @,V,‘e,') s

. f' 1
il i=1

where @, =1, o ¢, . By the definition of 4 we get
vg,e,‘b-ei = '.~V¢,¢,¢.ei +A(d.¢;, 9.€),
so we have
m
(@)=Y 0" s.e0.6— 1LY, e+ Ab,e;, b.€))

i=1

=1,1(9) + Y_Ald.e;, 9.€).
i=1
By (2.16) in Chapter 4,
A(¢.e,' ’ ¢.e,‘) = -gs"(¢.ep ¢.e,‘)¢(x)»
so we obtain

Y Ab.e, b.6) == 85(d,¢;, b,€)D(x)
i=1 i=1

= —2e(¢) P(x)
which yields the desired equation. O
PROOF OF THEOREM (2.1). For all a € R**', define f, € C®(M) by
f,(x) := (®(x), a), where (, ) is the standard inner product in R™'. For
any Y € X(M), x € M, letting o(t) bea C'<curve in M through ¢(0) =
x,0'0)=Y, e T M, we get

d
Yo fo= gi|_ (@6,

_<i
“\dt

O(o (1)), a) -@.Y,,a),
=0
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where we regard .Y, € Ty, ,R™' 2 R™'. Thatis,
Yf,=(®.Y,a). (2.3)
Regarding @Y and a as elements in I(®~'TR™'), for X € X(M), we
have
X(Yf)=X@®.Y,a) (2.4)
=(V,®.Y,a) (by compatibility of h and V,a =0)
= (Vo x®.Y,0) = (®.V,Y + B(® X,.Y), a),

where B is the second fundamental form of ®: (M, g) — (R™*', &) which
is

B®.X,0.Y):=V, ,®Y-0V,Y. (2.5)
Thus, we obtain
Af,=-Y (e -V, e)f, (2.6)
i=1
=- i(d»‘ve'e,. +B(®.e;, D) -V, e,a) (by(24),(25)
i=1
=- i(B(Q.e,. , ®.e),a)
i=1
= —(7(®P), a) ( by (2.5) and definition of 7(®))
= 2e(¢)(P(x), a) - (1,7(¢), a) (' by Lemma (2.2))

=2e(¢) f, - (1,7(9), a).
Taking a=¢,=(0,...,0,1,0,...,0)€R™',

A, =ho,, 1<i<n+1=Af,=hf, (VaeR™)
= 1,1(¢) = (2e(¢) - H®(x),

from (2.6) and the definition of f,. Note that
1,7(9) € Ty ,)S",  ®(x) € T, S"".
Together with these and the injectivity of i, , the above equation A= ho,
holds if and only if
() =0

which then implies h = 2¢e(¢). O

By a theorem of T. Takahashi (2.1), the study of harmonic mappings
¢: (M, g)—(S", ge) is reduced to the following two cases:

{ (i) the case that e(¢) € C*(M) is constant, that is e(¢) = %,
(ii) all other cases.
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We treat with the case (i) in subsection 2.2. For the more difficult case
(ii) we have no complete answer but we treat this in subsections 2.3, 2.4,
In both cases, since e(¢) = %Zj’:,‘ (d¢,,d¢;), the problem is to solve the
differential system with the constraint condition in (n+1)-unknown functions
Grreerbpy €ECT(M):

n+l
Ag¢i= (Z(d¢1’ d¢j))¢p 1<ign+1,
j=!
el (2.7)
Z¢i =1
i=1
(2.8) To focus attention on harmonic mappings, we explain the relation
between harmonic mappings and famous problems about minimal immer-

sions.

(i) (The Hsiang-Lawson problem.) Is the Clifford torus the only minimal
embedded torus in (S’, gs)?

Here an isometric embedding ¢ : (M, g) — (N, h) is one-to-one and an
isometric immersion (cf. (3.5) in Chapter 4). A minimal embedding ¢: M —
(N, h) is an embedding ¢ : M — N such that with respect to the induced
metric g = ¢°h, ¢: (M, g) — (N, h) is a minimal isometric immersion
(compare to (3.5) in Chapter 4). The Clifford torus is the minimal embedding
of the flat torus (RZ/AO, ng) into (S°, 8¢) defined by

é,: R*/A, 3> xe +ye. Hl(sinx,oosx,siny,cosy)ess,
() 1 A

where AO=Z2 i={me, +ne,; m,ne€Z} and ¢, =(1,0), e,=(0,1) is
the standard basis of R?>. The Hsiang-Lawson problem asks whether there
exist T € Iso(S>, go) and 7 € Iso(T?, g) such that

p=to0dyon

for any minimal isometric embedding. There are a lot of minimal isometric
immersions of flat tori into the three-dimensional sphere except the Clifford
torus. One of the difficulties seems to be how to make use of the embedded
condition. The Hsiang-Lawson problem is reduced to:

Problem 1. Let (l!2 /A, g,) be an arbitrary flat torus. Then classify

{¢: (RZ/A, 8\ — (S3 » 8), harmonic mappings }.

By the uniformization theorem, for any 2-dimensional torus (Tz, 2,
there exist a diffeomorphism v : T o R? /A for some A and amap f €
C™(T?) with £ >0 such that g = f v g, . Thus, identifying (1%, v'g,)
and (RY/A, &,) » we consider first only a Riemannian metric g = f g, fora
positive smooth function f € C°°(R2/A). Solet ¢: (RZ/A, 8)— (S, &)
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be a minimal isometric immersion, then by a theorem of T. Takahashi (2.1)
(1), we get

However, since g = /g, ,
-1
Ax = f AgA )
SO we obtain
Ag¢i=2f¢i’ 1<i<Ai.

Again by a theorem of T. Takahashi (2.1) (i), ¢ is a harmonic mapping
¢: (R’/A, gy) = (S, gp).

(i) The Hopf Problem. Classify all tori (RZ/A, g) which admit iso-
metric immersions ¥ : (ll2 /A, g)— (R3 » &) With constant mean curvature
H.

Here we explain the mean curvature. Let us recall from subsection 2.1 in
Chapter 4. There we presented the second fundamental form of the closed
submanifold 1 : N c R®. We can also define the second fundamental form
for an isometric immersion ¥: (N, k) — (IR3 » 8) by considering ¥(N) C
R’,

1 L 3

A TNxTN—-N~-=Y¥(TN)”cR
for y € N. Since dim Nyl = dim‘l’.(TyN)l =1, A, can be regarded as a
symmetric quadratic form A,: TyN X TyN — R. The eigenvalues «,(y),
Kk,(y) of this form as a symmetric matrix are called the principal curvatures
of the isometric immersion ¥: (N, h) — (R3 » 8) at y € N, and

H(y) = K, (y) ; Ky(y)

is called the mean curvature.

REMARK. A long standing problem has been that there is no isometric
immersion ¥ : (R2 /A, 8)— (IR3 , &) With constant mean curvature H. But
H. Wente [We) showed a counter example. See also Hsiang-Teng-Yu [H.T.Y
1], [H.T.Y 2), Kapouleas [Ka 1], [Ka 2], [Ka 3], Abresch [Ab], Pinkall-Sterling
[P.S] and Bobenko [Bo] etc.

By a theorem of Ruh-Vilms noted below ([R.V]), the Hopf problem is
reduced to the following

Problem 2. Classify the set of all harmonic mappings of ¢ : (R? /A) —
(S, gq2).

For an isometric immersion ¥ : (N, h) — (IR3 » &) » the vector ¢(y) at
y € N satisfying

{cm eN =¥ (TN c®’,
KM =1
is called the unit normal vector of W(N) at ¥(y). The unit vector parallel
to &(y) of which the beginning point is the origin (0, 0, 0) € R® is denoted
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FIGURE 6.2

by G(y) (see Figure 6.2). Using this unit vector, we can define a mapping,
called the Gauss mapping,

G:N3y—G(y)eS' cR’

for the immersion ¥: (N, h) — (R’, &) -

Then it is known that

THeOREM (Ruh-Vilms [R.V]). For an isometric immersion ¥. (N, h) —
(R3 » &) the condition that the mean curvature is constant is equivalent to
the condition that the Gauss mapping G : (N, h) — (S, 8s2) is harmonic.

ReMARK. This theorem holds for an arbitrary isometric immersion ¥ :
(N, h) = (R"™!, g,) with dimN = n. For the case of nonconstant mean
curvature H, see [Kn].

Now consider (N, k) = (Rz/A, g) with g = fg,. Then if we denote
G(y) = (G,(¥), Gy(¥), G4(»)), y € N, we have

G: (R*/A, f8,) — (S, gg) is barmonic <= A,G,=hG,, 1<i<3,
= AgAG,.=/hG,., 1<i<3,
<> G:(R’/A, g,)~ (5" gg2)

is harmonic,
thus the Hopf problem is reduced to Problem 2.

2.2. The do Carmo-Wallach theorem. In this subsection, we treat the
classification of harmonic mappings of (M, g) into (S", ge) with constant
density function e(¢) = 4/2 (constant). In this case, denoting ® =10 ¢ =
(1 --+®,,,), Where 1: S" c R™! is the inclusion, by a theorem of T.
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Takahashi (2.1), each ¢,, 1 <i < n+ 1, satisfies
Ab, =19, (2.9)

So we may determine (¢,,...,4,,,) of which ¢,, 1 < i < n+1 are
the eigenfunctions of the Laplacian A, with eigenvalue A and satisfy the
constraint condition that

n+l

Y. ¢x)=1, xeM. (2.10)
i=1

A mapping ¢: (M, g) — (S", 8s+) satisfying (2.9) and (2.10) is called the
eigen mapping.

It is a dificult question to determine all the eigen mappings of a ‘general
compact Riemannian manifold (M, g). Here we assume that (M, g) isa
compact homogeneous Riemannian manifold.

Then we shall prove the do Carmo-Wallach theorem which classifies com-
pletely all eigen mappings of such a manifold (M, g). To state this theorem
we prepare with some notation.

Let (M, g) be a compact homogeneous Riemannian manifold (See sub-
section 4.2 in Chapter 2). Then we may assume without loss of generality
that

M=G/K,
where G is a compact Lie group, K is its closed Lie subgroup, G acts
effectively on G/K , and the Riemannian metric g is G-invariant (cf. (4.20)
in Chapter 2).

We denote by Specy(M, g), the set of all distinct eigenvalues of A, her-
after omitting the subscript g in A‘ . For 4 € Specy(M, g), we denote the
eigenspace ¥, corresponding to the eigenvalue A by

V,:={feCT(M); Af=4f}, n(d)+1:=dimV,
Here let C*°(M) be the set of all real-valued C*-functions on M . The Lie
group G acts on C*(M) by

p(x) fWK):=fo1, '(vK)= f(x"'yK), x,y€G,fe€ C“(Azf)
(2.11)
which satisfies

p(x,x,)f = p(x,)(p(x) ), P(X)AS, + ufy) = Ap(x)f) + pp(x)f,

for x,, x,, x€G, f, f;, ,€C*(M),and 4, u€eR.

(2.12) This action preserves V; invariantly, i.e., if x € G, f € V}, then
p(x)feV,.

PRrOoOF. In fact, since t°g=g, x€ G,

@Not ' =Afot™), feCTM) (2.13)
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by definition of A. Thus, if Af = Af, then
A(p(x)f) = p(x)(Af) =4p(x)f. O
(2.14) We define the inner product (, ) on ¥, by

A)+1
Use 5= i3 Jo 57

Then
(p(x)j} ’ p(x)fz) = (f] ’ fz)

for xeG, f,, €V,

ProOOF. Note

[ eRREK) LK v, 0K) = [ 167K £ )0, )
- /M 1(zK) £y(zK) v (x2K)
= /M £(2K) fy(2K) v,(2K),

since *;'x'vx =v, bymeansof 1,°g=g. O
Now we tal_ce an orthonormal basis for ¥, with respect to the innner prod-
uct (, ), {ff;i=1,...,n(A) +1}. Define the C™-mapping 7,: M =

G/K — ’/A an(A)‘*l by

nA)+l
7.(xK): = Y fixK) £y (2.16)
i=]
t, ol (A)+1
='([L(xK), ..., 7V (xK)), x€G,
identifying ¥, and R"™*! by means of
n(A)+1 2 l
]
Vi3 3 &R &) ERT (2.17)
i=1

where ' means the transpose. Then we obtain
LEMMA (2.18). For any x € G, we obtain

n(A)+1
7,(xK) e S"W*! = {: =& Eyp) R S g2 1}

i=1

DEFINITION (2.19). From Lemma (2.18), we obtain the mapping ¢, :
M — 5"® given by

9,(xK) =9,(xK), x €G.
By its construction, it is an eigen mapping, called the standard eigen mapping.
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REMARK. It is not true in general that the standard eigen mapping ¢, :
M,g) — (S"“’ » 8g=w) is an isometric immersion except for the case in
which (M, g) the isotropy representation of K on the tangent space 7,(G/K)
at the origin o0 = {K} € G/K is irreducible.

PROOF OF LEMMA (2.18). Step (i). For x € G, we show

n(A)+1 n(A)+1

Y R = Y (" f0)¢,  o={(K}eG/K  (220)
i=1 i=1

does not depend on x. In fact, we can set
n(d)+1

px =Y a0 A,
j=1

where 4 = (a,.j(x)) € O(n(A) + 1) for all x € G. And then the right-hand
side of (2.20) coincides with

n(A)+1 ( n(A)+1 n(d)+1

X aij(x)aik(x))j;{(o)f:(o)= > (f,{(o))z,
=1

Jj.k=1 i=]

which is a constant, say C.
Step (ii). Integrate (2.20) in xK over M, and multiply by ¢33Fs,

then we get
n(A)+1

CnM+ )= Y (ff, ) =nd)+1;
i=1

thus, weget C=1. O
Let 0='(1,0,...,0) € S™ be the origin of the unit sphere, and choose
an orthogonal matrix 4 of degree n(4) + 1 in such a way that

Ap,(eK)=0="(1,0,...,0), (2.21)

using @,(eK) € " and Example 3 (4.23) in Chapter 2. Define an alterna-
tive orthonormal basis for V, by

n(A)+1

i .
f; = Z Aij-’:ll’
Jj=1

and define the corresponding mapping
n(d)+1

FxK): = 3 K S
i=1

= xK), ..., " (xK))

which induces the eigen mapping ¢; of (M, g) into S"@  Then we obtain
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LEMMA (2.22). The eigen mapping ¢; of (M, g) into (S"w s Egua) Sal-
isfies
(i) o, =A|° 70
(i) @(x" K)=p(x)v,, x€G,
where (A o 9,)(xK) := A9,(xK), x € G, and v, :=j;l €V,
ProoF. For (i), we calculate

FuxK) =" K)o, £ (xK))
=A'(f} (xK), ..., 9" (xK)),
which denotes the multiplication of the matrix 4 = (4, j) and the nth column
vector; that is, f}' = ¥, A, f]. Thus, we get (i).  For (ii),

j=1
7,(x'K) = p(x) B (eK) (2.23)
n(d)+1

=p(x) Y £, (K) fy
i=1
n()+1 ‘ ;
= p(x) Z AU-’Y("K)/I .
i,j=1
Here note that equation (2.21) is equivalent to

A €K), ..., D eKk)="'(1,0,...,0)

and to

n(A)+1 . 1 (’= l)
J —- ’ ’
)» A"ff‘(ex)"{o (i #1).

)=t
Thus, from (2.23), we get

7x'K) = P(x)/,fl = p(x)v,. O

DEFINITION (2.24). (i) Two harmonic mappings ¢, y: (M, g)—(S", &)

are image equivalent if there exists an element 7 € SO(n + 1) such that
w=to0¢,

in which case we write ¢ ~ y .

(ii) A harmonic mapping ¢: (M, g) — (S", ge) is said to be full if the
image ¢(M) is contained in no (7 — 1)-dimensional hypersphere of S”.

THEOREM (2.25) (do Carmo-Wallach [D.W]). Let (M, g) be an arbitrary
compact homogeneous Riemannian manifold. Then

(i) assume that ¢ : (M, g) — (S", g) is a full eigen mapping with
e(¢)=4%. Then A € Specy(M, g) and n < n(a).

(ii) Let (M) be the set of all equivalence classes [¢] of full eigen map-
pingsof (M, g) into (S", gg). Then (M) corresponds one-to-one onto a
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compact convex body L, of some Euclidean space E, , and each interior point
of L, corresponds to a full eigen mapping of (M , g) onto (S"w > 8gnw) , and
the boundary one of L, corresponds to a full eigen mapping of (M, g) into
(S", gs~) for some n < n(4).

(2.26) We explain the correspondance between L, and the eigen map-
pings in Theorem (2.25) (ii) and E,:

(i) Let Sz( V,) be the symmetric product of the vector space V,. That
is,
Sz(V)'={u-v°u veW}cV eV,
where u - v —7(u®v+v®u),u v € V,. Then G acts on SZ(V)by
p(x)(u v):= p(x)u p(x)v.

The inner product (, ) on V, is canonically extended to SZ(V) as follows.
Taking an orthonormal basis {v,.}'."‘l"H , we give an inner product (, ) on

i=1

V,®V, in such a way that {v,.®vj; 1 <i, j< n(A)+1} gives an orthonormal

basis of ¥, ® ¥, and then we give the same inner product restricted to the

subspace SZ(VA) of ¥V, ® V,, denoted by the same symbol (, ). Then
(p(x)w, p(x)w') = (w, w'), w, w e Sz(V) xe€G.

(ii) Let L(V,, V;) be the set of all linear mappings of V; into itself, and
put
i={AeL(V,,V); (Au,v) = (u, Av), u, ve V}}.

We can ldennfy & and S(V)) as

u-v:=%{(u,t)v+(v,t)u}, u,v,tev,.
Under this identification, the inner product on ¥, denoted by <« , > cor-
responding to the inner product (, ) on SZ(VA) is

< A, B>»= tr(4B), A, Be %,

and the G-action on S(¥,) induces the one on % by

p(x)A:= p(x) o A o p(x)~", xeG, Ae %.

ProoOF. In fact, for the inner product, note that
(V2 - v;51<i<j<n)+1, v, v 1 <i<n(d)+ 1}

is an orthonormal basis for (S (¥;), (, )). Moreover, if we express each

element of S° (¥;) by a matrix using the basis {v; }"w“ the above identifi-

cation is gwen as . . X
I J I
1

i 11—

1
V2v,-; - —= vy e
v2 J—l+ C i\—1—
!
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Here each entry of the matrices is zero except 1. Under the identification
of this corespondance, we can show « 4, B »=tr(4B).
Since

P - p(x)0 (1) = 3((p0X)u, ) pX)Y + (p(X)0, ) plx)u)
= 3w, o)) p(x) + (0, ™)) plxN)

=p(x) o (u - v) 0 p(x~")(0),
we obtain
p(x)A=p(x) o Ao p(x"), AeS. O
Furthermore, we obtain:
(Au,u) =€ A, u-u>, ueV,, Ae~. (2.27)

PROOF. Since u - u(t) = (u, t) u, we get
nA)+1

(Au,u)= Y (Au,v)(u,v),
i=1
n(A)+1
<A,u-up =tr(do(u-u)= Y (A(u-u)v)),v,;)
i=1
nA)+1
= z (Au, v,.)(u, vi)
i=l
which implies (2.27). O
With this preparation, the E,, L, are given as follows: Let W, be a
subspace of Sz(VA) generated by elements p(x)(v, - vy), X € G, and denote
by the same letter W, the corresponding subspace in & under the above
identification. Then we define
E,'={Ae¥;, «A4,B>»=0,VB e Wy}, (2.28)
L:={Ce€E;; C+120}, (2.29)
where I is the identity mapping of ¥, and for B € &, B > 0 means
semipositive definite, that is,
(Bu,u) >0, Yuel,.
The identification in Theorem (2.25) is given by
L3C—(C+D" o9 (2.30)

(2.31) PROOF OF THEOREM (2.25). (i) Let ¢ : (M, g) — (S, ge) be
a full eigen mapping with e(¢) = § Then by a theorem of T. Takahashi
(2.21), denoting 1 0 ¢ =(d,, ..., ¢,,,), we get

A, =14, 1<i<n+l
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Thatis, ¢, € V;, 1 <i<n+1. Since ¢ is full, {¢,,...,4,,,} is linear
independent. Thus, we get
n+1<dimV, =n()+1, ie., n<n).
(ii) By (i), each ¢, can be expressed by a linear combination of { fi g 1<

J £ n(4)+1}. Therefore, adding (n(A)—n) zeros if necessary, we can choose
a matrix A of degree n(4) + 1 in such a way that

1 (A)+1
Byreeesbpay» 00 O =A S e, fiT00),
Here we take the polar decomposition of 4, i.e.,
A=TB,

where T is an orthogonal matrix, B is a semipositive definite symmetric
matrix. Then denoting the inclusion by j : S" c ", we get the following
image equivalence relation

Jjo ¢~A¢;~B¢;.
Here we give the condition for the C*°-mapping B¢1 : M—-R
be a mapping into the sphere S"¥ . Since
¢,(x"'K) = p(x)v,, xE€G,
by Lemma (2.22), we get forall x € G,
1 = (B$,(xK), B;(xK)) = (Bp(x) vy, Bp(x)vy) (2.32)
= (B*p(x)v,, p(x)v,) (B is symmetric )
=< B, p(x)uy - p(x)uy >  (by (2.27))
=< Bz, p(x)(vy - vp) > .

On the other hand, by (2.27) and the G-invariance of <« , », forall x € G,
we get

QL o

<1, p(x)(vy, -vy) D=1, vy - vy >= (v, vp) = 1. (2.33)

Thus, by (2.32) and (2.33), a necessary and sufficient condition for B¢, (M) C
S"@ s
« B -1, p(x)(vy-v) >=0, VxeG (2.34)
which is equivalent to
C:=B'-IcE,

Conversely, C € E; satisfies C + 1 > 0, then putting B := (C + I)'/2 ,
we have that ¢ := B o ¢; (M, g) = (S", 8s+), n < n(4) is a full eigen
mapping with e(¢) = 4. We obtain Theorem (2.25). O

ReEMARK 1. Consider

B(M):={[¢]; 6: (M, g) —(S", gx), minimal isometric immersions}.
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Since e(¢) = 3, m = dim M, we obtain

B (M) = {[49]; ¢ € ¥,(M) and ¢"gs = g} C &, (M).
Thus, we can, in priciple, determine # (M) by Theorem (2.25), but its cal-
culation is rather complicated (cf. [P.Ur], [Ur3)).

REMARK 2. From the definition of L,, it follows that L, is a compact
convex body in E_, ie.,if C,, C,€ L,, then (C, +(1-1)C, € L, for all
0<t<l.

To show that L, is compact, it suffices to show that all the eigenvalues of
C € L, are bounded. To see this, note that

/M’é’é(xk) - Fy(xK)v, = ja:l ( / 5K (xK)y )/’ f

since @;(xK) = S o' (x K) h.
For CeL,, puttmg C = B? -1, we obtain by (2.34),

< C,P(xK) - 9;(xK)»=0, VxeG,

since p(x)(v, * vp) = §;(xK) - §;(xK) (cf. Lemma (2.22) (ii)). Integrate
the above over M in x to obtain
n(A)+1 n(a)+1

tr(C) = Z(Cf,/’> =< C, Z/’ 5 »=0,

from (2.27). Thus, since C+1 > 0, denotmg the eigenvalues of C by

Alseens A"(AM , we obtain

n(d)+1
Y 4=0 and 4,+1>0, i=1,...,n(A)+1
i=1
Therefore, we obtain
-1<4,<n(4), 1<i<nA)+1
which yields the compactness of L,. O
In particular, let (M, g) = (R™/A, g,) be a flat torus. Then for the
Laplacian A,

the eigenvalues are 47° Inl2 , nEA",
2xi(m, x)

the eigenfunctions are R™/A 3 n(x) — e ,
where A®:= {ne R™; (n, x) € Z, Vx € A}. Thus, the multiplicity of any
eigenvalue A is always even, say 2p, and then we may write
{neA; 4’ n)>=A}={n,,...,n,,-n,,...,-n}.
Then by Theorem (2.25), we obtain
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COROLLARY (2.35). Let (M, g (R™/A, 8,) be a flat torus. Then

(1) dim& (M) :=dimE; = 2p +p—1-2N > p—1, where N is the number
of all distinct elements of {“,“'“k (1<j<k<p), n-n (l<j< k<p)}.

(il) H (M) D, (M), where &, (M) is the set of all image equivalence
classes of full eigen mappings of the following :

m 1 2xi(n, . x) 2xi(m_, x)
]R/Aan(x)v—oﬁ( a +le ! ....,,/ap«l-le 4 ),
where the a,, ..., a, run over all real numbers satisfying

P
a+1>0(1<i<p) and Za‘=0.
1=1
(iii) In particular, if dimM = dimR™/A = m = 2, then ¥ (M) =
&, o(M).
(iv) (Hsiang-Lawson, Sasaki [Ss)) The only minimal embedded flat torus is
the Clifford torus.

The proof of Corollary (2.35) is omitted. See [P.Ur].

2.3. Calabi’s Theorem. E. Calabi showed that the set of all full harmonic
mappings of (S2 » 82) into (s", &) corresponds to the set of all full holo-

morphic mappings of P! (C) into some compact Kihler manifold, which is a
usefull theorem because holomorphic mappings are much easier to study. In
this subsection, we introduce his theory. The following proposition is crucial.

PROPOSITION (2.36). Let (M, g), (N, h), (Y, g') be three compact Rie-
mannian manifolds. Let n: (Y, g') — (N, h) be the Riemannian submer-
sion (cf. (3.7) in Chapter 4). Thatis, n: Y — N isan onto mapping, for each

y € Y, the differentiation =, T Y — Tm)N is surjective, K = Ker(n,).

and &, : (Hy, gj',) (T,(y)N , hx(y)) is isometric, where TY = VJ 2> H}, is

the orthogonal decomposition with respect to g;.
For ye C*(M,Y), put p:=moyeC®(M,N). Assume that
(i) w:(M,g) —(Y,g') isaharmonic mapping,

and
(ii) w is horizontal, i.e.,
v.(TM)CH,, . xeM.
Then ¢ =m o y: (M, g) — (N, h) is a harmonic mapping.
(Y. g
o
(M, g) % (N, h)

PrROOF. Let V, Ve, Y¥ be the Levi-Civita connections of (M, g),
(N, h), (Y, g'), respectively. Since ¢ =m o y, ¢, ==, o y,. Taking an
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orthonormal local frame field {e;};., on (M, g), e, is horizontal by the
assumption, due to O’Neill’s formula (cf. (3.9) in Chapter 4), we get
Nvé.e.d’oei = vi.v.e,n‘ v.e =1, yvv.e. v.e;
Thus, we obtain
¥
(p) ==, E( vy.e, v.e — wove,el)

=nty)=0. 0O

To state Calabi’s theorem, we prepare with the following:

Let (llz"*’l , (,)) bethe (2p+1)-dimensional Euclidean space. We extend
the inner product (, ) to a complex bilinear form (, ) on the complex
Euclidean space C¥**' by

(x+V-ly,u+vV-1v)c:= (x, u) - (y, v)
+V-1({r, w) + (x, v)),
for x, y, u, v € R?*' . A complex subspace ¥ of C**! is called isotropic
if it satisfies
(v,w)¢=0, Vv, weV,
and we denote by J’", , the set of all p-dimensional isotropic complex sub-
spaces in C**'. Then

LEMMA (2.37). (i) The special orthogonal groups and the unitary group have
the following inclusion relations:

U(p) € SO(2p) c SO(2p + 1),

where

U sa+v=is - (4 ) €esown),

0
1

(ii) SO(2p + 1) acts transitively on .7, , and we get
S, =80(2p + 1)/U(p).

SO(2p) 3 x (i:, ) € SO(2p + 1).

(iii) The inclusion in (i) induces the canonical mapping
7 : SO(2p + 1)/U(p) 3 xU(p) — xSO(2p) € SO(2p + 1)/SO(2p)

and the Riemannian submersion n : (J;, ,8)— (82’ » 8sw) . Here the Rie-
mannian metric g' on 7, is the SO(2p + 1)-invariant one.
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(iv) J", admits a canonical complex structure in such a way that each

translation t,., x € SO(2p + 1) is holomorphic, and (5, g') is a Kdhler
manifold.

REMARK. If p = 2, % = SO(5)/U(2) = P*(C), and we get the Rieman-
nian submersion
n: (P(C), g)— (S*, gs)
which is called the Calabi-Penrose twister fiber bundle (fibering).
PROOF OF LEMMA (2.37). (i) is clear. (ii) The standard Hermitian inner

product (, ) on C**' is
W, w)=(,B), v, weC

Here W is the complex conjugate of w € C**'. We take any V € ~, and
let {z,.. zp} be an orthonormal basis of ¥ with respect to (, ). For
k=|....,p,put

1
2= U+ v=1vY),  X,, Y, eR¥*.

We get that {X,, Y,; 1 < k < p} is orthonormal with respect to (, ).
Because

ke = (20 2) = (2, Zhe = %(Xk +V=1Y, X, = V=TY))¢
= %{(xk. X))+ (Y. Y,) + V=1((Y,, X,) = (X, Y))}.
Since ¥V is isotropic, we get
0=1(z,2)c= %(xk +V=1Y,, X, + V=1Y,)¢
= 3K, X) = (T, Y+ VIT(X,., X) + (X, VDY

Together with these equalities,

{(Xk,x,)+(yk,y,)=zak,, (Y. X)) - (X, Y,)=0,
(X, X)) = (Y, Y,)=0, (Y. X,)+(X,,Y,)=0

which yields

(X X) =Y, Y)=6,, (X.Y,)=0. (2.38)
Take an element Z € R¥*' such that {X,,..., X,,Y,,..., Y, , Z} is
an orthonormal basis for R”*' with respect to (, ). Let {e,,..., e,,,,}

be the standard basis for R?*', and set

P
V°:={Eak(ek+\/ le,,.)s a €C, l<k<p}
k=1
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Then ¥, € 5,. Because z, = Js(e, + V-le,,,) satisfies (2.38), which
implies 0= (z,, z,)-

For the two orthonormal bases {X,,...,X,,Y,,...,Y,,Z} and
{e,,..., €y, }, we can choose an orthogonal matrix T such that

Y, Z}=T{e,, ..., e}

But we may assume T € SO(2p + 1) if we consider an alternative basis
X\, ....X,, Y, ... —-Z} whendet T = ~1. Thenfork=1,...,p,

S AR A5 A

’ p'
=Tek+s/-lTep+,‘=T(e,‘+\/ e+k),
so that we obtain V' =TV, T € SO(2p + 1). Thus SO(2p + 1) acts tran-

sitively on .7 . To see that the isotropy subgroup of SO(2p + 1) at ¥, is
U(p), we note that forany T € SO(2p + 1),

T(e,+V-le,,) =) cle,+V-le,,), e €C,

TV, =V, (e, ) = Zkt(k k) kt
Te,, =€y,

Here ¢,, denotes a,, + V-1b,, with a,,, b,, € R. Then we get

P

Terpi =€ Te, = 2{% & —bye,.}
k=1

TV,=V, <= »
Te,pp =) (bioer + €}
k=1
a b 0 a b
—T=|-b a 0 with (-—b a)eSO(Zp).
‘o ‘0o 1

Noticing that
U(p) = {a+\/—_lb; (_ab 2) GSO(ZP)} ,

we obtain (ii). We omit the proof of (iii), (iv). O
REMARK. The projection 7 : J; — S% s also obtained as follows. For
Ve Jp , we get the orthogonal decomposition with respect to (, ),

c?'=-veVecz,
where ¥V := {U; ve V} and for Z with (Z,Z)=1. Then n(V)=+Z €
S¥ c R¥*,
Now Calabi’s theorem says
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THEOREM (2.39) (Calabi [C1]}, [C2]). Let ¢ : (S2 ) 8s2) = (s", &) be a
Sull harmonic mapping. Then

(i) n=2p (an even number),
and

(ii) there exists a holomorphic mapping y : PZ(C) — .};, which is horizon-

tal with respect to the Riemannian submersion n : (J;, ,8) — (Sz" > 8s¥),
and satisfies ¢ =m o y.

REMARK. Due to Proposition (2.36), for any horizontal holomorphic map-
ping ¥: P'(C)— 7, ¢=moy: (S, gu) — (S, gw) is always har-
monic. Theorem (2.39) claims that the converse holds. We recommend Law-
son’s exposition [Lw]. See also Verdier [V], Loo [Loo], Kotani [Kt], Furuta-
Guest-Kotani-Ohnita [F.G.K.O)] and Guest-Ohnita [G.O] about the structure
of the moduli of all harmonic mappings of (S?, g) into (S”, ge).

2.4. Group equivariant harmonic mappings. It is quite difficult to solve
(2.7) directly, so we consider reducing (2.7) to the ordinary differential equa-
tion under the group equivariance condition, and solve or show the existence
of a solution of this ODE. To do this, we consider the following situation:

(I) Let (M, g) be a compact Riemannian manifold on which a compact
Lie group K acts isometrically and with cohomogeneity one, i.e., denoting
the action of K on M by

KxM>3(k,p)—~1p:=k-peM,

(i) t°g=g, VkeK, and
(ii) there exists a geodesic c(f), 0 <t < ¢ such that

= [ 8, ¢)"s, (2.40)
0
dim(K ¢(1)) =dimM — 1 forall 0<t< ¢, (2.41)
dim(K ¢(?)) <dimM -1fort=0, ¢,
M= |J Kc(), (2.42)
t€fo, )

where Kc(t): {k - c(t); k € K} is called the K -orbit. (See Figure 6.3, next
page.)

(II) Assume that the K-invariant Riemannian metric g can be expressed
as follows: Let J, be the isotropy subgroup of K at c(f), which satisfies
the same group, denoted by J, for 0 <t < ¢. Let ¢, j be the Lie algebras
of K, J, respectively. Let

t=j®dm,
be the orthogonal decomposition with respect to the Ad (K)-invariant fixed
inner product (, ) (cf. (4.17) in Chapter 2), and assume the Riemannian
metric g satisfies

2 A
ket (TkeXicty» kX)) = £i(1)" 855 1<i,jsm-1 (2.43)
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FIGURE 6.3

for k € K, 0 <t < ¢, and some orthonormal basis {X,,..., X,_,} of
m with respect to {, ) (see (4.20) in Chapter 2 for the meaning of the left
hand side). Here we assume the f(7) are positive C*-functions on the open
interval (0, ¢).

Under the assumptions (I), (II) of (M, g), let us consider a C*°-mapping
¢: (M, g)—(S", gs) satisfying the following condition:

(II) Let A: K — SO(n+1) be a homomorphism, and assume ¢ satisfies

ok - p) = A(k) ¢(p), keK,peM. (2.44)

Such a ¢ is called an A -equivariant mapping.
Under the above setting, the Euler-Lagrange equation (2.7) can be reduced
to an ordinary differential equation.

PROPOSITION (2.45) (cf. [Ur11)). Let (M, g) be a compact Riemannian
manifold satisfying (1), (I1), and @ C™-mapping ¢ : (M, g) — (S", g)
satisfying (IlI). Assume, denoting ¢ as

°='°¢=(¢|’---9 ,,4.])9

that ®(t) = (¢,(1), ..., ¢,,,(1) =D(c(t)), 0<t <, where 1:S" C R™!
denotes the inclusion. Then a necessary and sufficient condition for ¢ to
satisfy the Euler-Lagrange equation t(¢) = O on the open dense subset M’ :=
{ke(t); k€ K, 0 <t <t} isthat ®(t) satisfies the following equation:

D'(t) o

_ 011(0 _ 00

S () - Z 507 d X)) (2.46)

= {l«b’(nl’ + Z f,(r)"ldA(X,m)l’} o), O0<t<t,
Jj=1
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where ®'(1) == ($,(1), ..., 8,,,(0)), D(t) == [T};' £(1), and see (4.8) in
Chapter 2 for the definition of dA(X), X €m.

The calculation (2.46) follows from making use of the A-equivariance
condition (2.44), and both the A,¢; and }:;’;,'(dd’j, d¢j) of (2.7) are equal
to the left-hand side, the right-hand side of (2.46), respectively. We omit the
calculation.

Now for a solution ® of (2.46), we put

d(ke(t)) := A(k)D(2), keK,0<t<t. (2.47)

Then this mapping ¢ is a C*-mapping on the open dense subset M’ of M
into ", and if we may determine the boundary value ®(0) and ®(¢) for
¢ to be a continuous mapping on the whole M into S”, then we obtain a
C™-A-equivariant harmonic mapping ¢ : (M, g) — (S", gs) due to the
following proposition.

PROPOSITION (2.48). Let (M, g), (N, h) be compact Riemannian mani-
Jolds, let ¢ € L, ,(M, N) be a weak solution of the Euler-Lagrange equation,
i.e., a solution of (1.23) or (2.23) in Chapter 4 in the sense of distribution. As-
sume that ¢ is a continuous, i.e. ¢ € C°(M, N). Then ¢ € C*(M, N)
and ¢: (M, g) — (N, h) is a harmonic mapping.

For a proof, see Borchers-Garber [B.G] and Schoen [Sc).

Now we give examples making use of Proposition (2.45).

ExampLE 1. If (M, g) = (S", g), let

x:=50(n-1)x30(2)={(; 3) ; xeSO(n-l).yeSO(Z)}

cSO(n+1).

Via the inclusion X ¢ SO(n + 1) and the action of SO(n + 1) on S" in
(4.23) Example 3 in Chapter 2, K acts on S”" satisfying the conditions (I)
and (II): Infact, let {e,,...,e,,,} be the standard basis of R™! and let

c(t):=cos te +sinte,, 0<t<2m,

be a geodesic of (S”", &s+)- Then the isotropy subgroup of K at c() for
0<t< %, isgiven by

denoted by J. The inner product

(X,Y):-%tr()()’), X, Yeso(n+tl)
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on ¢ C so(n + 1) is the desired inner product due to (4.17) in Chapter 2,
and we can take as an orthonormal basis {X,, ..., X,_,} of the orthogonal
complement m of j in ¢ with respectto (, ),

i+l

00--.—1--.0

(¢ )

5 0 0l 0
X;:=i+1| 1 0 JAgign=2, X, ;=( g0 -1 |.

; 7%

0

\" 0 10/
Then we get

W) =-=f_,t)=cost,  f,_,(1)=sint;

thus,
D(f) = (cos )" *sin 1.

Then dimK/J,=n-1, (0<t<}%),and £ =%,and (M, g)=(S", gm)
equiped with the action of K = SO(n — 1) x SO(2) satisfies conditions (I)
and (II).

Furthermore, let us consider as a homomorphism A of K into itself,

x 0 x 0

A=A,: K=S0(n-1)xS0(2) 3 (0 y) — (0 y") €SO(n+1),

for aeZ. As ®(t), we take
®(t) =cos r(t)e, +sin r(t)e,, 0<t<§,

where r(t) is a real-valued function on the open interval (0, §), and define
an A -equivariant mapping ¢, by

(i 9)e0)=n; 30

dA(X)=X,(1<i<n-2), dA,X,_,)=aX,_,,
(2.46) is reduced to the following ordinary differential equation:
2
z —22 - _a_z) sinrcosr=0. (2.49)
cos“t sin“¢
Furthermore, if r = r(t) satisfies the following condition (2.50), then the
above ¢, becomes a continuous mapping of S" into itself:
n n n n
0<r(n<y (0<z<§), r(0)=0,r(5)=5. (2.50)

Thus, it should be possible to show the existence of a solution r = r(¢) of
(2.49) with (2.50). This was studied by W.Y. Ding [Dg], and his results are:

Since

r' + (cos t - (n - 2)tan t)r'+(
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(i) If 3 < n <7, there exists a solution of (2.49) with (2.50) for all
aecl.

(ii) If n > 8, there is no solution of (2.49) with (2.50) except in the case
a=0, 1.

Thus, we obtain that if 3 < n < 7, we obtain the existence of a harmonic
mapping ¢, : (s", gs+) — (s", gs+) . Note that the mapping degree of ¢,
satisfies deg (¢,) = a.

Recall the definition of the mapping degree: In general, dim M = dim N
= n, the mapping degree deg (¢) of ¢ € C*°(M, N) is by definition

deg(¢) = /M Sv,/Vol(N, h), (2.51)

for Riemannian metrics g, h on M, N, respectively. Here ¢°v, = fv_,
f € C*(M), and the mapping degree is independent on the choices of g,
h and takes an integer value assuming M and N are orientable, i.e., they
admit C*-n-forms that are every where nonzero. Then it is known (see [M1],
[G.L.P]) that

(i) if ¢,, ¢, € C*(M, N) are homotopic, then

de8(¢|) = d°8(¢z)-
(ii) (Hopf's Theorem) If N =S", then for ¢,, ¢, € C*(M,S"),
#, and ¢, are homotopic <= deg(¢,) = deg(¢,).
(iii) If M =N =S", then [M, N] = n,(S") = Z and the correspon-
dance is given by
7 = [@] — deg(9).
To show deg (¢,) = a, we have only to calculate (2.51) and then
x/2 n—2
Vol(S”, ge) = cos ¢ (sin ¢)" " dt,
0
and also
. %/2 . . n-2
/.9'¢“ L =a/° Fcos r(sinr) “dt
r(x/2) . n-2 "
=a/ cos r(sinr)” “dr=aVol(S", g)
r0)

which yields deg (¢,) = a.

If n =2, the holomorphic mapping C 3 z — z° € C induces a harmonic
mapping ¢, : S’ — S? with deg(¢,) = a, regarding as S? = CU {cc}.

If n =1, the mapping S'5¢®— e’ eS' is a harmonic mapping with
deg(¢,) = a. Thus, we obtain
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THEOREM (2.52) (R. T. Smith [St2], 1975). If | < n < 7, then each
element n,(S") = Z can be represented by a harmonic mapping of (S", gs.)
into itself.

ExAMPLE 2. In the case (M, g) = (RZ/A, 8,)» where A =21ZxTZ, we
put
cos@ -—sinf) .
K-R/an—{(sino cos 0 ) ; oek}
of which action on R? /A is
KxR/A3 ([0, 2(8, 1) — n(6+ 6, 1) e R/A.

The constant T will be fixed as follows. Given a geodesic of (R2/A, &)
c(t) ==n(0,1), 0<t < T, the isotropy subgroup of K at c(1), J, = {e},
consider the following two homomorphisms:

(i) ForaeZ,

. _(cos8 -sin @ 1 0
A“Kex—(sino cos 6 )H(O xa)eSO(:i).
(ii) Fora, beZ,
. _f(cos@ —sin@ x 0
A‘-b'Kax—(sino ooso)H(O xb)eSO(4).
For (i), let

®(t) :=cos r(t)e, +sinr(t)e, € s? R
&(t, ) := cos r(t) e, + sin r(t)(cos ab e, + sin abe;) € s? ,
for (ii), let
P(1) :=cos r(t)e, +sin r(t) e, € s? ,
#(t, 6) :=cos afe, +sin afe,
+sin r(7)(cos bOe, +sin bfe,) € S°.
Then the differential equation for these ¢ to be harmonic is

r"—a’sinrcosr=0, (2.53)
r'+ (a2 - bz) sinrcosr=0, (2.54)
for (i) and (ii), respectively.

For the equivariant mapping to the solutions r = r(t) of (2.53), (2.54) to
be defined on all of RZ/A , it suffices for (cos r(t), sin r(¢)) to be periodic
in ¢:

(cos r(t+ T), sin r(t + T)) = (cos, sin r(t)),
forall ¢. This period T > 0 should be the T used to define A. Moreover, if
we put ¢(f) := 2r(t), then both (2.53) and (2.54) become to be the equation
of the pendulum:
¢ —ksing=0,
where k =a?, k = —(a® - b?) for (2.53), (2.54), respectively.
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nmy sing

my

(i) ml¢" = -mgsing  (ii) ml¢" = mgsing
FiGURE 6.4

(2.56) The pendulum. Here we consider the equation for the swing of a
pendulum of mass m and string length ¢. Denote by g the gravitational
constant.

(i) In the case (i) of Figure 6.4, the strength of force by the motion of angle
speed ¢ is m¢¢", and the force of gravitation is mg sin ¢ in the oposite
direction, and then to balance them, the equation should be

még" = —mg sin ¢.

Thus, we obtain

¢+ % sin ¢ = 0.
(ii) The equation for case (ii) is
¢'-£sing=0.

LEMMA (2.57). For a solution ¢ of (2.55),
E := %q&'z +k cos ¢
is a constant independent in t.
Proor. The proof is clear from
E=¢¢"-k¢' singp=¢(¢"-ksing)=0. O

Lemma (2.57) has the following implication: The sum of the kinetic energy
and the potential energy coincides with

%m(leﬁ')2 + mg! cos ¢ = constant. (2.58)

That is, the total energy of the pendlum is constant.
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On the other hand, we want solutions such that (cos ¢(r), sin ¢(¢)) is
periodic in 7. However, note that the position of the pendulum is given by
(cosp,—Lsingd) or (—€cos¢,?sing). (2.59)
Since the total energy of the pendulum is constant in time ¢, there are many
solutions for which positions are periodic in 7. Thus, we obtain
PROPOSITION (2.60) (cf. [St2], [Ur 11)). A4 solution of the equation of the
pendulum gives a harmonic mapping of a 2-dimensional flat torus (R2 /A, &)
into (S2 > 8g2) or (S3 » 8g1) -

§3. The case of symmetric spaces

3.1. Case of complex projective spaces. Let (P"(C), &) be the complex
projective space, and let A be an SU(n+ 1)-invariant Kihler metric on it (cf.
(3.17) in Example 9 in Chapter 4). Then any harmonic mapping of (S2 » 852)
into (P"(C), h) can be described by a holomorphic mapping as follows. Here
a harmonic or holomorphic mapping ¢ : (Sz > 8g2) = (P"(C), h) is said to
be full if the image ¢(S2 ) is contained in no (n — 1)-dimensional projective
subspace P"~'(C) of P"(C). Then

THEOREM (3.1) (A. M. Din-W. J. Zakrzewski [D.Z), V. Glaser-R. Stora
[G.S), J. Eelis-). C. Wood [E.W)). There is a one-to-one correspondance be-
tween the set of all fill harmonic mappings ¢ : (S, gs) — (P"(C), h) and

{(f, r); [ is full holomorphic of P'(C) into P’(C), r=0,1,...,n}.

The correspondance in Theorem (3.1) is given as follows.

Let n: C™' = (0) 3 z — [2z] € P"(C) be the canonical projection, and
let w be a complex coordinate on an open subset in S = P'(C) . Now let
f: P'(C) = §? = P"(C) be a full holomorphic mapping and let 0<r<n.
Then we may choose a holomorphic mapping

F:U—-C-(0) with f=moF.
We denote F(w) = (F,(w), ..., F,,,(w)), w € U, and the ith differentia-
tionof F, 1 <i < n, is written as

i i 8IF
%(w) = (‘;—::%(w), cees #(w)) ec™, weU

Forany ¢ =0,1,...,n, we denote by F,(w) the complex subspace of
C™*! generated by

&F 8'F
{F(w)9 o_w(w)) ceey m(w)}'
Then since f is full, we get
dim F(w)=¢+1, ¢=0,1,...,n
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This F, gives a holomorphic mapping of U into the Grassmann manifold,
F,: S 52U 3w~ F(w)€G,,,(C""),

Here G,,,(C™") is a compact complex manifold consisting of all (£ + 1)-
dimensional complex subspaces of C"*!, called a Grassmannian manifold.
Again using the assumption of fullness of f, it turns out that F, can be

extended to a holomorphic mapping of the whole S° into G, (€.
For all 0 <r < n, we define

F:={(U,V)eG(C™") xG,,(C""); Uc V).

¥, is a compact complex manifold and can be expressed as a homogencous
space
&, =Un+1)/(UN)xU(r)x U(n-r))
which admits a U(n + 1)-invariant Riemannian metric g’ such that
(i) (&, &) is a Kahler manifold, and
(ii) the canonical projection z, coming from

P"(C) = SU(n + 1)/S(U(1) x U(n)) = U(n + 1)/(U(1) x U(n)),

gives a Riemannian submersion #, : (%, g') — (P"(C), h) (cf. (3.7) in
Chapter 7).
Note that x, is given by

x:53U,V)~VeUeP'C),

where V © U is the orthogonal complement of U in V, and =, is not
holomorphic.
Consider the holomorphic mapping

®,:=(F,_,,F): S =P (C)3ww— (F,_,(w), F(w) €S,

which is harmonic due to (3.14) in Chapter 4. Moreover, it turns out that
®, is horizontal with respect to the Riemannian submersion =, : (¥, g)—
(P"(C), h) (cf. (ii) (2.36)). Thus, due to Proposition (2.36),

¢r =x,0 ¢r

is a harmonic mapping of (S, gg) into (P"(C), h).
Theorem (3.1) asserts that the converse of the above is true, that is, there
exists an inverse correspondance of the above.

3.2. The unitary group and chiral fields. Here we show there exists a one-
to-one correspondance between the set of all harmonic mappings of (.S‘2 » 852)
into the unitary group U(n) and the set of Yang-Mills connections (then flat
connections), called chiral fields with certain asymptotic conditions of the
trivial vector bundle over R? with the structure group U(n), E = R2xC".
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(3.2) The unitary group. Recall from subsection 4.2 in Chapter 4 that
U(n):={ae M(n,C); 'da=a'a=1},
(the unitary group of degree n),
u(n):={X € M(n,C); "X+ X =0}, (the Lie algebra of U(n)).
Define the inner product (, ) and the norm || on u(n) by
(X,Y):=-1tr(XY), X, Y €eu(n),
X1 = (X, X),
and the biinvariant Riemannian metric A on U(n) by
h(X,,Y,)=(X,Y), X, Y eu(n), ae U(n).
We denote the standard Riemannian metric on R’ by
g =dx®dx +dye®dy,

where (x, y) is the standard coordinate on R’. Let QCR? any domain in
R?. Fora C*™-mapping ¢ : Q — U(n), the energy E(¢) is given by

E@=3 [, (|¢"8¢

as we show below. Here for ¢ = (¢,j) (a unitary matrix of degree n), we
define the matrices of degree n

2= () 5-(3)

-10¢ -19¢
The norm | - | in the integrand of (3.3) is the norm of u(n). Then we obtain
(3.5) The energy density function e(¢) of a C* mapping ¢ : (Q, &) —
(U(n), h) is given by
¢-| 8¢ )

2
| "%l )dxdy, (3.3)

then
€ u(n). (3.49)

et = 5(|¢' 52

Proor. In fact, for pe Q,

(o (35), 0. (35),) =40 (35), e (35),)

- |¢(p)" 26"

and the same is true for bﬁy- . o
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(3.6) A sufficient and necessary condition for ¢ : (Q, g,) — (U(n), h)
to be a harmonic mapping is

i(¢-|8¢) + —(¢"%) =0 onQ.

ox x ay ay
PROOF. Let ¢, be a variation of ¢ with ¢, = ¢, and set
_d -1
A= a :-o¢ é,»
then A: Q — u(n). We can assume that
A=0 ondQ.
Then we obtain
d _ d -19¢, -|8¢>
il B0 = [ (7] 21 5e 0 “
d —|a¢‘ -1 8
+<dt,0¢ , }dxdy,
here we get
-|3¢ d -13¢,
Lﬂ@ 2% 3;‘oﬁ¢ 607" o}
-18¢ A -|8¢
=-Ad *ox +é ox A.

Therefore, denoting B :=¢~' 52, we get
<d ¢"8¢' B> =-(AB, B) + (a‘: >+ (BA, B)

dt|,_, ' ox’
aA
-(35-2)

(AB, B) = — tr (ABB) = - tr (BAB) = (BA, B).

In the same way, we can calculate (%|,_o¢; ' 5%, ¢ '3¢), and then we
obtain (+) as

%‘-OE(@)—/{(&X,,,,-'ZS < '¢_'a¢>}dxdy

fo{r a2('50) <5 (' 55) ) axer

which follows from Stokes’ theorem (subsection 3.3 in Chapter 1). Here A
is arbitrary; we obtain the desired. O

(3.7) Theenergy E(¢) for a Riemannian metric g := A’ 8, AECT(Q),
A>0 on Q, of a mapping

¢:(Q, g) = (U(n), h)

Because



218 6. EXISTENCE, CONSTRUCTION, AND CLASSIFICATION OF HARMONIC MAPS

coincides with (3.3) (cf. exercise 4.2), and it follows that

¢: (Q, g) = (U(n)) is harmonic
< ¢:(Q, g) — (U(n), h) is harmonic
<= the equation in (3.6) holds.

Now define
-10¢

—|8¢
8_)(’ _’¢

A =¢ (3.8)
Then 4, , A, are u(n)-valued functions on Q, and the equation in (3.6) is

equivalent to
2 4+24-0 ma
ax 7 ay
Next regard (3.8) as a system of differential equations with an unknown
function ¢, then we get :

99 9¢

/
e =04 G =04, (3.8)
and the integrability condition of (3.8'), 5‘1—23; = 3‘%1, becomes
V] V]
354~ 55 At A 41 =0, (39)

where [, ] means the commutator of matrices of degree n. Thus, we obtain

ProPOSITION (3.10). The problem of finding a harmonic mapping
¢: (Q,8) — (Un), h), is reduced to determining two u(n)-valued func-
tions A, , A, on Q satisfying

8 0

a5t 554 =0, (3.6)
0 (/]
sy~ gp s +lAe, 410, (39)

Given such A,. A,. there exists a unique solution ¢ of (3.8') on Q with

#(xy, ¥) = ¢o for every (Xo» ¥o) € Q. ¢ € U(n) such that ¢: (Q, g) —
(U(n), h) is harmonic. ({4, , A } zscalledachmlﬁeld.)

(3.11) Consider the trivial bundle (the product bundle) with structure
group U(n) on Q,

E=QxC".

Then the space I'(E) of all C™-sections of E is the set of all C"-valued
C*™-functions on Q. Connections of E are given as follows: For a chiral
field {4,, Ay} on Q, define 4 := 4 dx + Aydy. This is a u(n)-valued

1-form on Q, so we can define a connection “V on E by
49,0 = Xo + A(X)o =do(X)+ A(X)s, XeXQ)  (3.12)
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for 0 € I'(E). Here (A(X)o)(p) := A(X)(a(p)), p € Q the right-hand
side of which is the multiplication of a matrix and a vector since A(X) €
u(n), o(p) € C". Equation (3.12) can be written as

AV =d+ A (3.12)
For A =0, we write V :=d. Then we obtain
PROPOSITION 3.13. (i) It holds that:

:—xAx+%Ay=o=>a"’A=o.
(ii) Moreover, we get
RV =0, (3.9
where 6" A is the codifferential of a u(n)-valued \-form A with respect to V,
and R’V is the curvature tensor of *V (cf. subsection 2.2 of Chapter 5).
PROOF. Let V be the Levi-Civita connection of (R, g), and let {¢;}.,
be an orthonormal frame field with respect to g = 2 8, - Then we obtain

v 2
6 A== (V, A)e)

2
==Y (Y, (4(e)) - AV, €)}

i=1

2
==Y {e(Ale) - AV, €)}.

i=1

Heresince e, = } £, e, = { £,

e, (A(e)) = %aa (;Ax) , e(A(e)) = Iai(IA )
On the other hand, since

a=(4 %), @=(% ).

we calculate
in 2 (B 00
f‘ax ngx tingy dxadx adyay)’
SRS (B2 80
b"&y 12gx ting, dxdx ayay)

Hence, we get

Ve =l_";(l _";+_'.,1-'(§ii_ﬂi".)
o l7 20x\A/)dx 2 dxdx dydy)’
Ve =li(l)l -'(ﬂi_a_li)
@2" Jox\41)ax 22 dxdx dyody)’
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Thus, we obtain

v 1(8 0
6 A_—'1 {8xAx+ayA }

which yields (i).
(ii) Since V=V +4,

RY=R"+d%4+14, 4.
Here for X, Y € X(Q),
(4, A)X, Y) =[A(x), A(Y)).
For o e I'(E), we get

RY0=Vy(V,y0) - Vy(Vy0) - Viy y0
= X(Yo) - Y(Xo) - [X, Y]o = 0.

%)
5)) a5 (4(5)) - (e 351))

On the other hand,

(d A+[4, A])(
-(8((3))-
+[1(z%)- (5?)]

)
= a5y~ 5yhe + 14 4))

which yields (ii) due to (3.9). O

P slm

QD\./

Note that for any connection V on E, 4:=V -V isa u(n)-valued 1-
form on Q by the definition of connection. By Propositions (3.10), (3.13),

we obtain

THEOREM (3.14). There exists a one-to-one correspondance between the set

of all harmonic mappings of (Q, g,) into (U(n), h) with

E@) = [e@axdy=3 [ {|¢

-18 2
5 dxdy < o

and the set of all Yang-Mills connections *V = V + A on the trivial bundle

E=QxC" with 6YA=0 and
/|A|2dxdy < 00.
o]

If Q=R?, it is known that



§4. THE EELLS-SAMPSON THEOREM 221

THEOREM (3.15) (Sacks-Uhlenbeck [S. Uh]) A necessary and sufficient con-
dition for any harmonic mappmg ¢: (R » &) — (N, h) to be extended to a
unique harmonic one ¢ (S 8s1) = (N, h) is

E(¢) = /Rze(cﬁ)dxdy < oo.

Any harmonic mapping 5: (S2 » 8s2) = (N, h) can be obtained in this way.
Along with this theorem, we obtain
THEOREM (3.16). There exists a one-to-one correspondance between the set
of all harmonic mappings ¢ : (S?, 852) = (U(n), h) and the set of all flat
connections (Yang-Mills ones, themselves) on the trivial bundle E = R’xC",
A9 =V + A4 with 6°4=0 and

/z lAlzdxdy < oo.
R

REMARK. Two connections ¥V, V' on E = R? x C" are called gauge
equivalent, denoted V ~ V', if there exists a ¢ € C°(R?, U(n)) such that
v =V where

vli=6"'oV 0¢=V +¢'dg.
On the other hand, since “V =V + 4 and 4 = A4,dx + A,dy, we obtain

WAV = A=¢"'dg, ¢eC R’ Un)

-19¢ 198 4 Cv®?, Un)).

= A =¢ 5,4,,=¢ 3y’

See [Uh 5] for more details about harmonic mappings of (Sz, 8s:) into
(U(n), h).

§4. Proof of the Eells-Sampson theorem via the variational method

In this section, we give an outline of the the proof due to Uhlenbeck of
Eells-Sampson Theorem (1.2) using the method of variations. Recall

THEOREM (1.2) (Eells-Sampson). Let (M, g), (N, h) be compact Rie-
mannian manifolds, and assume that the curvaure of (N, h) is nonpositive.
Then each homotopy class in C™(M , N) can be represented by a harmonic
mapping which minimizes the energy in its homotopy class.

In the following, we assume h = x‘go ,where 1: NC RX is the inclusion
as a closed submanifold of R, g, is the standard Riemannian metric on
R, and we use the notation in (1.4) and §2 in Chapter 4. Then

THEOREM (4.1) (K.Uhlenbeck [Uh 1}, [Uh2)). For ¢ € C*(M, N) and
€ > 0, let us denote

E@)= [ oy, 1= [ oy,
E,(¢):= E(¢) +€J(9).
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Then E, is defined on L, .2(M, N), and we obtain

(i) f 1>, m=dim M, then E, isa C*-function on L, ,,(M, N)
and satisfies the Palais-Smale condition (C).

(ii) If 1 > £ and (N, h) has nonpositive curvature, then any critical
pointof E_ on L, , (M, N) belongs to C®(M,N).

(i) Under the situation of (ii), let ¢,, € > 0, be a critical point of E, .
Then the set {¢,; ¢ > O} has an accumulation point ¢, which minimizes
the energy in its homotopy class.

(4.2) Uhlenbeck's idea of the proof. We explain the idea of proof of The-
orem (4.1). See Figure 6.5. Regard L, ,,(M, N) as R* := (0, ), and E,
J, E, real-valued functions on it. Let E be a real-valued function on the
open interval (0, oo) defined by

1 1
E(X).—;—;, 0<x<oo.

Then E satisfies
(i) the only critical point of E, i.e., E'(x) =0 is x = 2 which attains
the minimum -}.

(ii) Butsince lim____ |E'(x)| =0, putting S :=[3, ),

X =00
inf|E'(x)| =0, suplE(X)| <L, and
S s 4

there is no point x such that E'(x) =0 on S =[3, o).

Therefore, E does not satisfy the condition (C).
(iii) However, consider

J(x):=x,

E(x):=E(x)+eJ(x)= S-S +ex, €>0
x X
Then s
€EX +x-2
E (x)= —
x
and lim____ E.(x) = ¢, E, satisfies the condition (C) and attains the mini-

mum at x, which satisfies ex’ +x -2 =0.

(iv) Thus,as € —» 0, x, convergesto x =2.

In this way, we can capture the minimizer x = 2 of E, even E does not
satisfy the condition (C). This method is not adequate to find the minimizer
of a function on a finite-dimensional space, but becomes a strong method to
search for a minimizer of a function on an infinite dimensional space.

Now let us begin a proof of Theorem (4.1).

(i) The proof of (i) in Theorem (4.1) may be carried out by the same
argument as in the proof of Theorem (3.3) in Chapter 3, so we omit it.
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graph of E,
[0} \‘:‘2// r

graph of E

!
|-

FIGURE 6.5

(i) To show “Any critical point of E, on L, , (M, N) is C* ™ in (ii)
Theorem (4.1), we first find the Euler-Lagrange equation for E, by applying
the method in the proof of Theorem (2.22) in Chapter 4 to E, .

PROPOSITION (4.3). The Euler-Lagrange equation for E, = E +¢J is given
by

8((1 + peldg|”~*)d¢) (4.4)

+(1+pe|d¢|"")}:4m(d¢( )d¢( )) Ly

i,j=1

Here the first term on the left-hand side is the codifferentiation of a \-form
which is given by

-2, _ 1 9
8((1 + peldg|?*)dg) = ,de (8x )
. = (X cee ,K)n

o= 3 VB 1+ peldo® ) do, (- 5 ). 1s4sk
Jj=1

Equation (4.4) makes sense for ¢ € L, (M, N) as a distribution solu-
tion, called a weak solution. The assemon (u) in Theorem (4.1) means that
we can choose a weak solution of (4.4) as a C™ solution. In the course of
the proof of (ii), the following lemma is essential. The proof can be carried
out by hard estimates and is omitted.

LEMMA (4.5). Let (N, h) be a compact Riemannian manifold whose
curvature is nonpositive. Assume that 1 > 1’% where m = dim M. For any
fixed € >0,let peL, »(M, N) be a weak solution of (4.4), i.e., a critical
point of E, on it. Then the supremum norm || ||, of the energy density
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Sfunction e($) of the weak solution ¢ can be estimated as

le(®)ll, < CE(d),
where |le(®)l|., := sup{le(®)|; x € M}, and the constant C does not depend
on ¢ butonlyon (M, g) and (N, h).

Now to prove (ii), applying Theorem 1.11.1 in Morrey [Mo] (cf. p. 36 in
[Mo)), e(¢)? = (1/2)°"*|d¢|” belongs to L, ,(M, R). By Lemma (4.5), it
turns out that if E(¢) is sufficiently small, then ¢ € L, (M, R¥ ). Then
(4.4) can be regarded a second order elliptic linear operator in an unknown
d¢ with Horder continuous coefficients and using Schauder’s theory, one can
conclude ¢ € C*°(M, N), but the details will be omitted.

(iii) Proof of (iii) of Theorem (4.1). Using Lemma (4.5), we show the
following:

PROPOSITION (4.6). Forany 6 >0 and b >0, set
S: ={p€L,,,(M,N);0<e<d, @ is a critical point of E, ,
Then the set Sg has a compact closure in L, ,2p(M ,N).
ProoF. From Lemma (4.5), we have
lle(®)ll, < Cb < oo (4.7)
forall g€ S;.

Now let {¢,};2, be an arbitrary sequence such that ¢, is a critical point of
E, satisfying 0<¢,<J and E, (¢;) < b. Then we shall show {¢,};2, has
a convergent subsequence in L,’ZP(M, N). Since ¢, €[0,4],i=1,2,...,
it has a convergent sequence, so we may assume {€;};-, is convergent. The
following two cases occur:

(1) €,—-€>0as i—oo.

(ii) €, —=0 as i— oo.

Case (i). In this case, since d(E, ), = d(E +¢€J), =0, dE, =
—€,dJ, . Thus, we get

IA(E +€J)y Il = (e —€)dJ, l| <l — €], | < C'le—¢],  (4.8)

where C' is a positive constant independent on é;-
Indeed, for ¢ € L, ,,(M, N) and we L, , (M,R"),

dJ,w)1 < 2p [ 140/ |(dw, de)lv,
M
<2p [ 4o ldulv,
M
< 2p(Cb)®~"2 / ldwlv, by (4.7)
M

’
< C'lwll, 5,
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from Holder’s inequality (cf. (3.6) in Chapter 3). Thus, we obtain ||dJ,|| <
C'.
Therefore, the right-hand side of (4.8) converges to zero as | — oc. So we
have that
inf{d(E,), ; i=1,2,...} =0.

Since E, satisfies the condition (C) in L, .2p(M, N), we can choose a con-
vergent subsequence, denoted by the same letter, of {4, } -1 » such that

$,—~¢ asi—oxc,

in L, 2,,(M N) and ¢ is a critical point of E, , which is the desired result.

Case (ii): €, —0 as i — oo. In this case, ¢, can be arbitrarily small as
I — o0o. So we ﬁx a small ¢; and denote it by €. We can rewrite the Euler-
Lagrange equation (4.4) for E¢ = E+e€J asfollows. By (ii) in Theorem (4.1),
we may assume each ¢ := ¢, is smooth, and denoting A¢ = (Ad, , ..., Ady)
for ¢ =(d,,..., dx)>

A$ + pe {6(|d¢|"’"d¢)

PR Aw)(dqb( ) ""’(ai)) u}

i.j=1

+ Z Aﬂx,(dd,(ax) d¢(8—‘17))g"' =0.

i, j=1
But this equation can be regarded as a form
Ap=€T -Vdo+ B, (4.9)

where T, B are tensors depending on (x, ¢(x), d¢(x)). We may assume
the sets [T, ||Bll,, are bounded where ¢ = ¢, runs over Sf,’ . Then for
¢ = ¢,, it follows that

16115, < 1ABI,, + (@), + 611,
< €Tl 181155, + 1Bl + lle(@], + 1],

by definition of || i, ,, and (4.9). Since € can be taken as arbitrarily small
and ||T}|,, is bounded, we can take

€T, <
which yields
1
(1= 3)191e.2, < 1B, + (@, + 61,
Here note that

le(d)ll, < C E(8) Vol(M , g) < CbVol(M, g),
I¢ll, < suplg| Vol(M., g).
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Moreover, since ¢ € C*(M, N) and M, N are compact, we have that
sup,, |¢| < C' < oc, where C' does not depend on ¢. Thus, [le(¢)ll, +I14ll;,
is uniformly bounded on Sf,’ . Together with the above inequality, we can
estimate
“¢"2‘2p <C<oo.
That is, {¢,};2, is a bounded setin L, ,,(M, N).
Due to Sobolev’s Lemma (4.30) in Chapter 2, the inclusion
Lz.b(Mi N) had LI.ZP(M’ N)

is completely continuous, so {¢,};c, has a convergent subsequence in
L ,,(M, N), We denote a convergent subsequence by the same letter as its
limit ¢ in L, ,(M,N).
In the equation
(dE + e,.d.l)¢‘ =0,

since ¢, — ¢ as i — oo, we obtain
llaJ, —dJ,ll < C"li¢; - 8ll, 5 — 0,
IdE, - dE |l < C"li, - 8l 5, = O,

and since ¢, -+ 0, we can conclude dE, = 0.
Thus, in both cases, {9, }i2, has a convergent subsequence in L,,,(M,N).

i=1

(n]

COROLLARY (4.10). Let (M, g), (N, h) be compact Riemannian man-
ifolds. Assume that the curvature of (N, h) is nonpositive and 1 > &
m = dim M. Then E attains a minimum on each connected component
X of L, ,,(M,N).

ProoF. E, = E + €J satisfies the condition (C) on L, ,,(M,N) for
all € > 0, so it attains a minimum on each connected component # of
L, ,,(M,N) (cf. Theorem (2.17) in Chapter 3). Solet ¢, € # be a
minimizer of E,. Then for each ¢ € #,

E(¢,) < E(¢,) +€J(o,)
< E(¢) +eJ(¢).
Let € — oo. By Proposition (4.6), if we denote the accumulation point of
{¢.; € >0} in L, (M N) by ¢,, then ¢, € &, since # is a closed
subset of L, 2‘,(M N ) . Moreover, by the above inequality,
E(¢,) = lim E(¢,) < Km(E(¢) + €J(¢)) = E(#),

so we can conclude that this ¢, € # is a minimizerof E. O
The ¢, in Corollary (4.10), satisfies
#o€ L, (M, N)C C (M, N)
since 1 > 2’% , m = dim M, and it is a critical point of E. Thus, by

Proposition (2.48), ¢, is C* and a harmonic mapping which minimizes
the energy in its homotopy class, which implies (iii) of Theorem (4.1).



Solutions to Exercises

11 (i) u, =0. (i) £ ?")=0. (iii) u, +epfLmr?")=0.
1.2. Putting g(x) = L [* f(s)ds, then y(x) = [ V;%ds.
13. If u(t, x) = F(t) G(x), then
pu, + pAu =0+ pF"(t) G(x) + u F(1)AG(x) = 0
pF'+2F=0 onR
HAG-AG=0 onQ,

where 4 is a constant. G is a function on Q vanishing on dQ. Then G is
expanded into

Glx) = ia,,c,,(x),
i=1

where {G,}%, is a complete orthonormal basis of L(2) with respect to the
inner product (f,, f;) = fo f;(x)f;(x)dx satisfying

uAG, =4,G, onQ,

G,(x) =0, xeaQ.
Note that 4, > 0.

Now u(z, x) satisfies the boundary condition u(t,x) = 0, (¢, x) €
R x 8Q, and it can be expanded into

u(t, x) = ibn(t) G,(x).

Then we get

pu, +pAu =0+ pib,','(t) G,(x) +pf:bn(t)AGn(x) =0

= f:(pb;'(z) +4,b,(1)G,(x)=0

< pbl(t)+4,b,(1) =0,

227
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using (G,,, G,) =9,,,. Since uy(x), u,(x) satisfy the boundary condition
uy=0, u, =0 on 9Q, we can expand them into

o0 o0
u(x)=Y_c,G,(x),  u(x)=)_d,G,(x).
n=1 n=1
The initial condition at ¢ = ¢, is

u(ty, X) = Ug(x) &= b,(t) G,(x) =Y ¢, G,(x)
n=1 n=|
<= b,(ty)=c,, n=1,2,...,

and

u,(ty, X) = uy(x) ==Y _b,'(t)G,(x) =Y _d,G,(x)

<=b/(ty)=d,, n=1,2,....
Thus, b(1), n=1,2,... should satisfy

b,"(t) = —%" b(t), bty=c,, b, (t,)=4d,.

Such b, are given by

b, (1) = Aﬂd" sin (‘/g (t- to)) +¢, cos (\/%(t - lo)) .

Substituting this into u(x, t) = 377, b,(1) G,(x), we obtain the desired so-
lution.

2.1. Use Zom’s proposition (1.12) and the formulas in (1.21).

2.2, We show completeness of L(E, F) with respect to the norm || ||.
Let {T,},-, be a Cauchy sequence. Since for x € E,

n=1
IT,(x) = Tl < IIT, - Tl lixl,

{T,,(x)}::, is a Cauchy sequence in F and since F is complete, there exists

y € F towhich T,(y) converges. Defining T(x) =y, T is the desired limit.
The boundedness of T can be seen as follows: Since (|7, — 7,,|| — O as
n, m— oo, {IT,l};2, is a bounded set, say ||T,||<C,n=1,2,.... As
n — oc in the inequality

1T, < Tl < Clixl s

we get ||T(x)|| < Clix|| since | |7, (x)l = IT(x)|] < IIT,(x) - T(x)ll = 0.
To show ||T, - T|| = 0 as n — oo, we take any ¢ > 0. Then there exists
an n, such that if n, m > n, such that ||7, — T, || <¢. Then for x € E,

1T, (x) = T,,(x)ll < €[lx]|.
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As m — oc, we get
17, (x) = T(x)|| < e lix|l.
Thus, if n > n,, we can conclude ||7, - T|| <e.

2.3. We first prepare with the following facts about the Lie derivaitve
LS, X € X(M) ofa (r, s)-tensor field S: Denoting by ¢,(x) the maximal
integral curve of X € X(M) through x € M, ¢, induces an isomorphism
between 7. M and 7_ M which induces also the one between T M and

#,(x)
T, xyM . Then ¢, induces an isomorphism between the tensor spaces 7;"*M

and T, M, denoted by

~ S S
¢,:T,"M— T’"mM.

Fora C™-(r, s)-tensor field S, define anew (r, s) tensor L,S € I(T""*M),
called the Lie derivative by

d| .-

(LyS), = !

Z; l=0¢‘ 5

0.(x)° xXEM.

Then

() Lyf=Xf, feC™(M),

(i) L,Y=[X,Y], Y € X(M),

(ili) Ly(S®T)=L,S®T+S®L,T, for C* tensor fields S, T on
M,

(iv) Ly(wAn)=LywAn+wALyn for C*® forms w, n on M,

(v) Fora C™-(0, s)-tensor w and X, ..., X, € X(M),

(Lyo)(X,, ..., X,)
= X(@(X,, ..., X)) =Y X, ... [X, X], ..., X,).
i=1

Indeed, for (ii) take U, (x,, ..., x,) a coordinate neighborhood around
x € M. Denote an integral curve of X =3, X(x,,...,xn);,% by
@,(x) = (9,(t, x), ..., 9,(t, x)). It follows that

ot x) = X0\t 3, 9,1, 1), 9,0, 1) =,

for 1 < i < n. Ignoring the higher order terms in ¢, the solution ¢, (¢, x)
is of the form

Pt x)=x;+ X;(x, ..., x,)t + 0(12).
Since ¢,(x)™' = ¢_,(x),

9.(—1, x)=x, - X,(x,, ..., X,)t + O(1’).
Thus, for ¥, =37, I(y)(f-) ,yeU,

o
¢_:. o (x) = 2)’(%()7))?_,.(8)‘ )'(x)

j=1
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where

¢_1°(%).‘(x) = ‘Z:; (%)mx) (x; ¢_')(aix‘)x
( )o,(x){ = XXy, ..., X))+ O(2 )}(ai)

Z
Z;{ (x,,.. , X, )t +O(t )}(:x)

and
Y(0,0) = Y,(x,, ..., x )+§ i (x,, s X)X (X s X+ O
So we get
d
(Lx¥)e= Zg| P-rTon

—Zdt

9
{ Yj(¢‘(x))¢—lo (Ex_.) }
Jj=1 '7 o)

_ZZ{_L(x)x(x)-Y(x) ()}(ax‘) X, Y,

i=1 j=ml

which yields (ii). For (v), let @ be a (0, s)-tensor field. Then

(Lyw) (X,, ..., X,) = 4 -o(p:w)x(Xl yeeer X,)

s /a D

_Pra®iXis e 0,X)

JOYRCANNE 4

: d
+d o, (x,, o 1), P i ...,x,) ,

i=]
the first term of which is equal to X, (w(X,, ..., X|)), and for Y € X(M),

d d
-7 ‘.oq)"Y = 7’- ?_..Y ) = =(LyY), =[X,Y],
which yields (v).

Now on any neighborhood (U, (x,, ..., x,)) in (M, g),
v=ygdx A---ANdx, =0, A---ANO,,
where {w,}] _, is a dual basis of a local orthonormal frame field {e;};_,,
ie., w(e ) = defines a global n-form, called the volume form of (M, g).

U’
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Then we get

div(X) = g(e,, V, X) =) _gle;, Vye,— X, ¢))
i=] i=1

=-) gle, [X,¢)) (since 0=Xg(e;, e) =28(Vye;, )

i=1
==Y (X, ¢)
i=]

-3

i=1

wl(e|) wl([X’ e,']) w|(e,,)
: : (ith column cofactor exp.)

w,(e) - w,(X,e]) - w,le,)
==Y (0, A Aw)e,....[X,€],....,€,)

i=]

= (Lyv)(e,,...,e,) (from X(v(e,,...,e,))=0 and (v))
1 7] 8
= \/—E(va)(a_xl’ ey E;)

) 20X, o
1 & 9
=7§§R(ﬁ )

24. (i) Since X =grad f satisfies g(X,Y) = Yf,Y € X(M),
8(X,e)=¢e,f, 1 <i<n. Thus, we get

n n
X=) g(X,e)e; =) (eNe;
i=] i=]
In the same way, since g(X, %):gﬁ, 1<j<n,
ij 7] ij 8f o
X= ‘Zj;lg g( ’8x)8x ‘§|g Bx 8x

(ii) Since df; = E,-. e(f))w;, grad f; = L0 e,(f))e;, j =1,2 and
g(wi,w)-g(e,.e)— j » We get

g(df,, dfy) =Y e, (f))e,(f;) = g(grad, , gradf)).

i=]
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2.5. By (3.24), (3.26), for X = grad S/,
Af = —divgrad f = — z ox (‘/—gu 8f)

l Jj=1
can be written as

divgrad f =) _2(e;, V, X) = D 2(e;, V., ((e,Ne)))

i=] i,)=1

=Y gle; (e eNe; +(e,NV,e)

i,j=1

im] j-l
Here since g(e;, V, e)= g(V, i1 €j), We get

S e,N8le, V,e) = -3 (e,N8(T, €)= =V, e, f

j=1 j=1
which implies divgrad f = ngl{e,-zf -V, f}.
The equation

: dx, ( Ug;:fj) =i§l U(axax _Z i dx, )

l Jj=1
can be obtained as follows. Since the left-hand side oomcndes with

of PUA A af
iJ ij
.';n {g ax,ax \/' ox; (‘/_ ) }’
it suffices to show

n i n i 3f
Z: VB Ox; (‘/_ J) p> ’I'f,ax.

i,j=1 i), k=1
To do this, it suffices to see

2 T3 5x o(vEs!) =~ Y &*T

i k=l
forall 1 <k<n. Here due to the differentiation rule of a determinant, we
obtain
1 \/_ 1 adet(g,’,) z: klagu
f&x 2det(gu) ox; -2 et 8x,.
Differentiate Zkal g,.,‘g =J;; in x,, then we get
88y xi 98" 08" _ _ §~ 198y ij
%{ ax, 8+ 8y dx, =0, ox, mg dx, &



SOLUTIONS TO EXERCISES 233

Thus, we should show the left-hand side coincides with
1 OVE ij og"} 1 i kB8 o~ s 108,
D VTt t 5= 38 8 > 8
il {\/E 9x; 8x,. ik,t=1 2 8x, i,s,t=1 8x
which is equal to the right-hand side using (3.7) in a similar way to what we

have done previously.
26. For ne A'(M),

—Z(v n)(e)--Z{e(n(e» n(v,e)}

-3l 8X, €) - g(X, v, e}
i=1
= -Zn:g(V,‘X, e;) = —div(X)
i=1
from the definition of X . Thus, by (i) of Proposition (3.29), we get
[ f-aivinyv, = [ gwmar, xrv,= [ siar. mo,.

since X =Y7 | n(e;)e; by means of n(Y) = g(X,Y) forall Y € X(M), so
that

glgrad f, X) = Ze(m(e)-de(e ne;) = g(df , n).

i=1
The above equality implies that én = -dlv(X ) by definition of dn.
2.7. The right-hand side of the equation to be proved coincides with

r+l

Y =)' XX, ..., X, X,,,))

=]

-E( 1)'*'2w(x,,... P SRR RN )|

i=2 Jj=1
i+l ad e
-E( D™ Y o K Y X X,
i=1 J=i+l

In the third term, changing the signs (—1)'*' and 2;_, .+1 » and the summa-
tions in i and j (cf. Figure 1 on next page), we get

rr+l i+ -

z;.z|(—l) OXy oo KV X X y)

im] jmi+
ad¥il i+l S
=DM, K Y XL X
j:21=l

r+l i-

-Z;Z< ,)ﬁ'w(x,...,i,,...,vx'x,.,...,x,“).
i=2 jel
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o

FIGURE |

Then making use of [X;, X;]=V X, X, -V X, X, the above is equal to

r+l ) .
Y =D X X, X X))
i=1

r+l

-Z( 1)‘+'Zw(x,,..., Xy Ky X))

r+l i—- ol

—ZZ( Y ex,, ..., X SV Xis s Xoy)
i=2 j=1

r+l

=Y -0 x (X, . X X))
i=1

+3-0MoX, X1 XL XL KX )
J<i
=dw(X,,..., X, ).

2.8. Compare two coordinates ZL, yiv;— (¥,,...,y,) with respect to

a basis {v }, ,» and Z, X, €~ (x,, ..., x,) with respect to the standard
basis {¢;},_, of R". Writing v, = > a we get

i=1"7ij l’

<vk,v,)_<2a,ke,.z a;, 1>=§aikai,,

i=1

Thus, x‘=):J 1@, and dx, —Z, . Udyj Hence,

ngN=8 = dei ®dx; = Z (Za:kdyk) ® (Z“izdyz)

i=1 i=l t=1

n n
= Z (Z“tk“it) dy, ®dy,.

k,t=1 \i=|
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Using n(X0,%,0) — ¥+, ¥,), we get g, = Tp ,_, &, dy, ® dy,,
where g, = (v,,v,).

29. (i) Toshow X isleftinvariant,ie, L X =X, .4, x € GL(n,R),
one may check this directly. Here we give an alternate proof. For X €

o/(n.R). put X, =% _ X, (;%), € T,GL(n,R) and X, := L, X,. I

1=l aee
suffices to show that X . is given by (4.12). To do this, we only have to see
XX, = Xk a; X, . Since (x,, o L)(b) = x, (ab) = T} _, x, (a)x,,(b) =
Yk-1dyby, . we have
- - n n
axij = La-Xexij = Xe(xu ° La) = Z aiszlak:‘su = Zalkxkj°
s. 0. k=1 k=1
(ii) To show [X, ¥] =[X, Y]~ by definition (2.22), we only have to

show
n

X, 7),= Y a,lx, Y]kjgi;—
i.).k=1 L)
for X = (X,;), Y =(Y,)), where [X, Y], is (k, j)-componentof [X.Y]=
XY-YX.
(iii) A curve o(t) = exp(tX’ ) in GL(n, R) is by definition a solution of

n
o'(1)=X,,, 0(0) =1 < g;xu(a(l)) =Y xu (60 X,,, 6(0)=1.
k=1
Considering Y(t) = X (which is convergent), we have g;)’(l) =YX,
Y(0) = I. Therefore, by a uniqueness theorem for the initial value problem,
weget o(f)=Y(1).

210. GL(n,C) := {Z € M(n,C); det Z # 0} is an open subset in
an = Rz"2 and so becomes a Lie group of real dimension 2n?, by check-
ing that the multiplication of matrices and the inverse operation are c™-
mappings with respect to the differential structure induced from R .

A set of n column vectors of any element x = (x, ;) in O(n) is a orthonor-
mal basis (R", (, )), and then IX,,I <1, 1<i, j<n. Thus, both O(n)

and SO(n) are bounded closed subsets in GL(n, R) C an , i.e., compact. By
a similar argument, all z = (z;;) € U(n) satisfy |z, | <1, 1 <i, j<n.So

both U(n) and SU(n) are compact subsets in GL(n) C C"2 ~ R? . Since
any closed subgroup K of a Lie group G is also a Lie subgroup of G, we
get the desired result.

To find the corresponding Lie subalgebras, it suffices to show that the Lie
algebra of GL(n, C) is gl(nC) = M(n, C) and one may make use of (4.7)
and exercise 2.9.

41. If ¢: (M, g) — (N, h) is an onto isometry, then 7(¢) = 0 since
¢ satisfies that "V, ,8.Y =V, Y, X, Y € X(M).
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4.2. If {e,, e,} is alocal orthonormal frame field, {w,, w,} is its dual,

e8(¢) is the energy density function of ¢ with respect to g, and v, is the
volume element, then

2
e, (v, =D 8'he;, e) v, Aw,.
i=]

On the other hand, since { Vliel , 7|1e2} is a local orthonormal frame field
of (M, Ag) and its dual is {Viw,, Viw,}, we get

2
(B v, = Zq&'h(%e, , %ez) Viw, A Viw,
i=1

2
=) #'h(e,, &0, Aw, =e,($)v,

i=1
which implies the desired result.

43. Take n € C*(M) with supp(n) ¢ U. Define a C* mapping
F:U—-Uby F(x,y):=(x+tn(x,y),y), (x,y) € U, extend it to the
whole M by F,(p) =p ¢ U, and define a variation ¢, of ¢ by ¢, :=@oF,.

Then changing the coordinate on U by ({, 7) = F,(x, y), we get

9¢, _9¢ an
o= SE e (1+632),
0

o= S G+ Sk .

By exercise 4.2, we get
2 a¢ 2
= It It
E$,) = /U {l | +| 5 }dxdy + /Mw e,(®),.

The second term does not depend on ¢, and the first term coincides with

-+

[ o2y g 2}

Therefore, we get

() o

* (Iac

+ )( g:)}d('dt
{(Ia_? |52 )b"} (5%, ?)a—;’}dw:
L3-8 22 2) 5 e
since (x,y)=({, 1) at t=0.
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By a similar argument, considering G,(x, y) = (x.y+n(x, y)), defining
a variation ¢, := ¢ o G, of ¢, and changing the coordinate as ({, 7) =
G/(x,y), we get

a
= S, ) + S (G x ye I
09, _ 09 on
= 26 exm(1+130),

so we get
_ (|2, |20

where the first term coincides with

9¢  9no¢ dCdt
e e )

Thus, by an argument similar to (1), we get
0¢

Tl = (5 50) o ”3—3 ) @
(‘ac 5 )ay}d““
oo

_ on(|os) 9¢ 09¢
=[-8 [ (5 ay>ax}d «dy

Carrying out the partial integrals, since 7 is arbitrary, we obtain

0=

N 9 ()0 9
6x(|dx dy )*25(<3—x’5>)=0 (by (1)),
d¢ d (/8¢ 9o\ _
(12 -[32]) -2 (32 52)) =0 evean.

which imply that the real and imaginary parts of y satisfy Cauchy-Riemann
equations, and then v is holomorphicin z = x + v-1y.

REMARK. y dz®dz gives a globally defined holomorphic quadratic form
on a Riemann surface M. If M = Sz, all holomorphic quadratic forms
vanish, so that ¥ = 0, and we obtain

e (325)-
dx ay| ~ dx’ Ay

44. (i) Let ,: M 3x— (X, y)EM x My, 1,: M3y (x,))€
M, xM,, n,: M| xM,3(x,y)—x€M,,and M xM,3(x,y)~
Yy € M, . Then we get

(¢)=m,, 1(P o 1)) + 7, T(¢ o 1y).
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By assumption (¢ o 1,) =0 and (¢ o 1,) =0, and we obtain 7(¢) =

(i) ¢ is an isometry in each variable, so it is harmonic in each variable.
We may apply (i).

(iii) It suffices to show S’ 5 x —» F(x,y) € $*' and S9! >
ym— F(x,y) € S""! are both harmonic. The former is linear in x and
then each ¢i(x) is also linear in x, i.e., an eigenfunction of the Lapla-
cian on (S - 8g»-1) with the eigenvalue p — 1. We denote here 1 0 ¢ =

(¢',...,¢"), where 1: "' c R" is the inclusion. By a theorem of Taka-
hashi (2.4) in Chapter 4 or (1.9) in Chapter 6, it is harmonic. That the latter
is harmonic is shown in the same way.

4.5. Show that Hopf’s mapping ¢ : (S°, &) — (2, 8:) is a Rieman-
nian submersion for which x € S2, df'(x) is a geodesic, i.e., a minimal
submanifold of (S3 » &) . By Proposition (3.10), ¢ is harmonic.

§1. (i) Since Ay =A+p, Jy=A-p=28-A,. Putting o(Y) =
g(X,Y), VY € X(M),

/‘;g(.lidX,X)v8=2/;lg(AX,X)vg—/ug(AHX,X)vg (1

=2 /M IvX|'v, - /M div(X)’v, - /M ldol* v, ,
and dw(Z, W) = (V,w)(W) - (V,w)(Z). The Lie derivation of L,g
satisfies
(LygNZ,W)=X-8(Z,W)-g(X,Z]),W)-g(Z,[X, W))
=8(VyZ, W)+ g(Z,V,W)-g(VyZ -V, X, W)
- 8(Z, VW -V, X)
=gV, X, W)+g(Z,V,X)
=Z-g(X,W)-g(X.V,W)+ W g(Z,X)-g(V,,Z,X)
=Z-0(W)-w(V,W)+ W -o(Z) -V, Z)
= (V) (W) + (V,,0)(Z).
So putting Vw(Z, W) := (V,w)(W), we get Vw = }{dw+ L,g}. Then

1 1
Vol = 5ldol’ + 71Lygl’, (2
since

Vol = Y (V,,wxe,)z,

1, j=1

|da)|2 = Zdw(ei ,

i<y 1

m
2 2
|L,\'g| = Z Lxg(e,‘a ej) .

1,)=1

dw(e;,

wl")s
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On the other hand, we get
2 2
Vo|” = |VX|", (3)

from the calculation

Vol = Z(v w)e,)’ = Z{e(we» (Ve

1. j=1 ig=l
=Y {e-8X,¢)-g(X,V,¢e)}) = Z'mv(,,)«,e,)2
i,j=1 1,)=

Zg(v X,V X)= VX

i=1
Therefore, substituting (2), (3) into (1), we obtain the desired equality.
(1) Due to the Kodaira-de Rham-Hodge decomposition, we get the or-
thogonal direct decomposition
A\ (M)={we A" (M); sw=0}@{df; feC°(M)},
X(M)={X € X(M); divX =0} & {grad f: f € C™(M)}.
If (M, g) is Einstein, i.e., p=c/, then

which preserves the two subspaces of X(M), {X € X(M); divX = 0},
{erad f; f € C™(M)} invariantly. In fact, if div X = 0, div(A,X) =
0 since putting g(X,Y) = w(Y), VY € X(M), we get g(A, X, Y) =
(A,w)(Y), and div (A, X) = —0A,w = —dddw = -A(dw) = —A(d:v X)=
Furthermore, A, grad f = grad(Aj) since g(A gradf,Y) = Aldf(Y) =
dodf(Y)=d(AN(Y) = g(grad(Af), Y) forall Y € X(M).

Case (i). For X € X(M) withdiv X =0,

1 .
/M g(JgX, X)v, =/M{§|Lxg|2—(dw/\’) }v = -/ ILyglv,

which implies that the eigenvalues of J;, are nonnegative on the subspace
{X € X(M), divX =0}.
Case (ii). On the subspace {grad f; f € C™ (M)}, we get

Jagrad f = (A, —2cI)grad f = grad(Af) - 2c grad f.
Here expanding f € C®°(M) into the eigenfunctions of A, we get

f=if,, Af,=0, Af,=Af, 2l
1=1

By the above, we obtain
Jygrad f; = (4, - 2c)grad f;, 21
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which yields that eigenvalues of J;;, on the subspace {grad f; f € X(M)}
are {4, —2c; i>1}.

Putting both cases together, we obtain that index(id) = 0 <= 4,(g) = 4, >
2c.

5.2. Since J,=A- p, we get

0= [ sUX. X)v,= [ £@X, X)v - [ gox), D),

= [ vxtto - [ gotx), v,

By the assumption p <0, weget 0< [, IVXI2 v, = Ty &8(p(X), X)v, <0.
Thus, we obtain VX 0.

53. Forwe A' (M), define X € X(M) by w(Y) = g(X, Y) for all
Y € X(M). We get Ajw = Aw + p(X), where Aw(Y) = g(AX, Y) for all
Y € X(M). Thus, for fe C™(M) with Af =4,f,

IVdf|’ + (grad f, p(grad f)) = (df , A(df)) + (grad S, p(grad /)

=(df,Adf)=(df,dAf) =(ddf,AS)

= (Af, AN =A,(f, AN =4, lldfI%.

By the assumption on p, we get

(grad f, p(grad f)) > a(grad f , grad f) = a|ldf])’.
Thus, we get

0> (- 1+ 2 )uAfn + Vs, (1)
since [|Af]| = 4,|df|* . On the other hand,
|
Ivasn’ z —liasf’ 2

since putting h := Vdf, for X, Y € X(M), we have
h(X,Y)=Vy(df)(Y)=X(df(Y))-df(V,Y)
=X(Y)= (YY) =Y(XN)+[X, Y1/ = (VyY)f
=Y(X[) = (V  X)f =V, (dN(X)=h(Y, X)
which implies that 4 is a symmetric (0,2) tensor field. Moreover, define

trh:= Zh("i , ei)ZV.,(df)(‘-’:) = Z{e',zf- Ve fl=-4f,
=1

z h(e;, e J

i,j=1
By Schwarz’ inequality, denoting h = h(e, ' €,),

(£ ()0 (£r)'- ()

i,j=1 i,j=1 Jj=1 i, j=1 i
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Thus, we obtain
IVdf > ~(ur vdf)’ = LIAST.
Integrating this over M , we obtain (2).
From (1) and (2), we obtain
1 « 2
0> (5-1+7)ias)

which implies 0 > %— 1+ f; since ||Af]| > 0. We obtain the desired result.
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